Maxwell-Klein-Gordon Fields in Black Hole Spacetimes by Roman J. W. Petryk Bachelor of Science, The University of Manitoba, 1996 Certificate of Advanced Study in Mathematics, The University of Cambridge, 1997 Master of Science, The University of British Columbia, 2000 A THESIS SUBMITTED IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY in THE FACULTY OF GRADUATE STUDIES (Physics)

THE UNIVERSITY OF BRITISH COLUMBIA November, 2005 © Roman J. W. Petryk, 2005

In presenting this thesis in partial fulfilment of the requirements for an advanced degree at the University of British Columbia, I agree that the Library shall make it freely available for reference and study. I further agree that permission for extensive copying of this thesis for scholarly purposes may be granted by the head of my department or by his or her representatives. It is understood that copying or publication of this thesis for financial gain shall not be allowed without my written permission.

(Signature)

Department of Physics and Astronomy

The University Of British Columbia Vancouver, British Columbia Canada

Date

ABSTRACT ii

ABSTRACT

In this thesis I present results for the evolution and dynamics of massive electromagnetically coupled Maxwell-Klein-Gordon fields in black hole spacetimes. The first part of my investigation for gravitationally and electromagnetically self-interacting fields in spherical symmetry reveals two distinct types of solution at the threshold of black hole formation. For fields with relatively small mass parameter I observe Type II discretely self-similar behaviour for the critical solutions and obtain the black hole mass and charge scaling relations. However, when the mass parameter is sufficiently large a different type of critical solution is obtained. This new solution is periodic and resembles a perturbed charged boson star solution. This new solution exhibits Type I critical behaviour and its lifetime obeys a well-defined scaling law.

The second aspect of investigation involves massive electromagnetically coupled scalar field perturbations in axial symmetry on a Kerr black hole spacetime. Here, results show that both the mass and charge coupling parameters play a significant role in the field dynamics on the spacetime background. For relatively weak parameter values the perturbations exhibit strong gravitational interaction through the phenomenon of orbiting resonances. In the case of pure electromagnetic perturbation there is also evidence of superradiant scattering when the black hole rotation is large. When the parameter values are large both the physics and complexity of the dynamics change. For intermediate values of the mass and charge parameter, the perturbations exhibit trapping and a preference for scattering along the axis of black hole rotation. Finally, all electromagnetically coupled solutions generically display charge separation and dynamo-like behaviour.

CONTENTS

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 Scalar Field Critical Collapse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Scattering and Scalar Accretion in Kerr Spacetime . . . . . . . . . . . . . . . . . . . 3 1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.4 Conventions and Units . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.5 Significant Figures and Uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.6 Web References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Physical Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1 The 3+1 or Arnowitt-Deser-Misner (ADM) Formalism . . . . . . . . . . . . . . . . . 7 2.1.1 Foliations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1.2 Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1.3 Covariant Derivatives on the Spacelike Hypersurface . . . . . . . . . . . . . . 8 2.1.4 Intrinsic and Extrinsic Curvature . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.1.5 The Spacetime Constraint Equations . . . . . . . . . . . . . . . . . . . . . . . 9 2.1.6 Time Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.1.7 Spacetime Evolution Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.1.8 Spherically Symmetric Spacetime in Polar Areal Coordinates . . . . . . . . . 12 2.2 The Initial Value Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2.1 The Initial Value Problem for Electromagnetism . . . . . . . . . . . . . . . . 15 2.2.2 The Initial Value Problem for General Relativity . . . . . . . . . . . . . . . . 18 2.3 Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.3.1 Conservation of Charge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.3.2 Conservation of Energy and Momentum . . . . . . . . . . . . . . . . . . . . . 19 2.4 Regularity Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.4.1 Regularity at r = 0 in Polar-Areal Coordinates . . . . . . . . . . . . . . . . . 20 2.4.2 Regularity at θ = 0 and θ = π in Kerr-Schild Coordinates . . . . . . . . . . . 21 2.5 The Sommerfeld Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.5.1 The Sommerfeld Condition in Polar Areal Coordinates . . . . . . . . . . . . . 22 2.5.2 The Sommerfeld Condition in Kerr-Schild Coordinates . . . . . . . . . . . . . 22

3 Charged Scalar Critical Collapse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.1 Preliminary Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.1.1 Context of This Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.1.2 Issues Regarding Horizons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.2 System of Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.2.1 The Matter Lagrangian and Equations of Motion . . . . . . . . . . . . . . . . 29 3.2.2 The Einstein Lagrangian and Field Equations . . . . . . . . . . . . . . . . . . 31 3.2.3 The Spacetime Metric and Equations . . . . . . . . . . . . . . . . . . . . . . 31 3.2.4 Matter Equations in First-Order Form . . . . . . . . . . . . . . . . . . . . . . 32 3.2.5 Physical and Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . . 34 3.2.6 Regularity, Boundary Conditions and Dissipation . . . . . . . . . . . . . . . . 34 3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.3.1 Initial Data Profiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.3.2 Results for e = 1.0 with m_Φ = 0.0 . . . . . . . . . . . . . . . . . . . . . . . . 38 3.3.3 Results for e = 1.0 with m_Φ = 1.0 . . . . . . . . . . . . . . . . . . . . . . . . 43 3.3.4 Code Testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Charged Scalar Accretion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 4.1 Scattering and the Physics of Black Hole Perturbations . . . . . . . . . . . . . . . . 59 4.1.1 The Effective Potential Formulation for Schwarzschild Spacetime . . . . . . . 59 4.1.2 The Glory Effect and Orbiting Resonances . . . . . . . . . . . . . . . . . . . 68 4.1.3 The Effective Potential Formulation for Kerr Spacetime . . . . . . . . . . . . 71 4.1.4 Polarization, Superradiance, and the Black Hole Bomb . . . . . . . . . . . . . 72 4.1.5 Late Time Decay, and the Coupling of Electromagnetic and Gravitational Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.1.6 Charged Scalar Perturbations in Static and Stationary Spacetimes . . . . . . 75 4.2 System of Equations for Charged Scalar Accretion . . . . . . . . . . . . . . . . . . . 76 4.2.1 The Spacetime Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.2.2 The Matter Lagrangian and Equations of Motion . . . . . . . . . . . . . . . . 79 4.2.3 Matter Equations in First-Order Form . . . . . . . . . . . . . . . . . . . . . . 79 4.2.4 Physical and Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . . 85 4.2.5 Regularity, Boundary Conditions and Dissipation . . . . . . . . . . . . . . . . 89 4.2.6 Strategies for AMR and Parallel Computation . . . . . . . . . . . . . . . . . 91 4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 4.3.1 Initial Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 4.3.2 Klein-Gordon Dynamics: Orbiting Resonances and Massive Mode Trapping for s = 0 Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 4.3.3 Maxwell Equation Dynamics: Orbiting Resonances and Superradiance for s = 1 Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4.3.4 Massless Maxwell-Klein-Gordon Equation Dynamics I: Orbiting Resonances, Charge Separation and Dynamo-Like Behaviour for e = 0.6 Electromagnetically Coupled s = 0 and s = 1 Perturbations . . . . . . . . . . . . . . . . . . 125 4.3.5 Massless Maxwell-Klein-Gordon Equation Dynamics II: Comparing Electromagnetically Coupled s = 0 and s = 1 Perturbations With Different Values of Parameter e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 4.3.6 Massive Charged Maxwell-Klein-Gordon Equation Dynamics: Collimation, Orbiting Resonances and Decay of m_Φ = 0.3, e = 0.6 Electromagnetically Coupled s = 0 and s = 1 Perturbations . . . . . . . . . . . . . . . . . . . . . 163 4.3.7 Convergence of Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . 189 4.3.8 Independent Residual Testing Dynamical Variables . . . . . . . . . . . . . . . 193 4.3.9 Testing The Sommerfeld Boundary Condition . . . . . . . . . . . . . . . . . . 194

5 Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

A Glossary of Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

B Difference and Discrete Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 B.1 Finite Difference Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 B.2 Other Discrete Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214 B.2.1 Quadratic Fix Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214 B.2.2 Interpolation and Extrapolation Operators . . . . . . . . . . . . . . . . . . . 215 B.2.3 Kreiss-Oliger Dissipation Operators . . . . . . . . . . . . . . . . . . . . . . . 216 B.2.4 Integration Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

C Numerics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 C.1 Finite Difference Techniques and Approximations . . . . . . . . . . . . . . . . . . . . 218 C.1.1 Basic Definitions and Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . 218 C.1.2 Convergence Testing and Independent Residual Evaluation . . . . . . . . . . 219 C.1.3 Deriving Finite Difference Formulae . . . . . . . . . . . . . . . . . . . . . . . 221 C.1.4 The Leap-Frog and Crank-Nicholson Schemes . . . . . . . . . . . . . . . . . . 223 C.1.5 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225 C.1.6 Kreiss-Oliger Dissipation Operators . . . . . . . . . . . . . . . . . . . . . . . 227 C.1.7 Iterative Solution Scheme for Evolutionary Equations . . . . . . . . . . . . . 228 C.2 Constraint Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229 C.2.1 The Poisson Equation in Spherical Symmetry . . . . . . . . . . . . . . . . . . 230 C.2.2 The Poisson Equation in Axial Symmetry . . . . . . . . . . . . . . . . . . . . 233 C.3 Adaptive Mesh Refinement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238 C.3.1 The Grid Hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238 C.3.2 The Time-Stepping Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 239 C.3.3 Dynamical Regridding via Relative Solution Error . . . . . . . . . . . . . . . 239 C.4 Parallel Computing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241 C.4.1 Parallel Program Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242

D MIB Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244 D.1 The Monotonically Increasingly Boosted (MIB) Coordinate System . . . . . . . . . . 244 D.2 Equations of Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252 D.2.1 Physical and Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . . 254 D.2.2 Regularity, Boundary Conditions and Dissipation . . . . . . . . . . . . . . . . 257 D.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259 D.3.1 Initial Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259 D.3.2 Testing the Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . 260 D.3.3 Maxwell-Klein-Gordon Fields on a Flat Background . . . . . . . . . . . . . . 263 D.3.4 Convergence of Conserved Quantities . . . . . . . . . . . . . . . . . . . . . . . 281

LIST OF TABLES vi

LIST OF TABLES

3.1 Classification hierarchy of critical solutions. . . . . . . . . . . . . . . . . . . . . . . . 25 3.2 Critical gravitational collapse initial data families A through F. . . . . . . . . . . . . 37 3.3 Black hole properties from gravitational collapse of slightly supercritical Type I solutions for families A through F when e = 1.0 and m_Φ = 1.0. . . . . . . . . . . . . 50

4.1 Predicted and observed physics of the s = 0 and s = 1 perturbations in Kerr spacetime. 58

A.1 Mathematical miscellanea. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211 A.2 Tensor notation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211 A.3 Derivative notation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212 A.4 Manifolds and Riemannian spaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212 A.5 Causal structure of spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

B.1 Centered difference operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 B.2 Forward difference operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214 B.3 Backward difference operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214 B.4 Quadratic fix operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 B.5 Adjacent quadratic fix operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 B.6 Interpolation and extrapolation operators. . . . . . . . . . . . . . . . . . . . . . . . . 216 B.7 Kreiss-Oliger dissipation operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216 B.8 Integration rules for equally spaced abscissae. . . . . . . . . . . . . . . . . . . . . . . 217

LIST OF FIGURES

2.1 A schematic depiction of the 3+1 decomposition. . . . . . . . . . . . . . . . . . . . . 11

3.1 Penrose diagram showing causal structure of Reissner-Nordström spacetime. . . . . . 26 3.2 Conformal diagram for gravitational collapse and apparent horizon formation for a spherical shell of charged dust when the charge is too small to prevent spacelike singularity formation in its interior. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.3 Conformal diagram for gravitational collapse and apparent horizon formation for a spherical shell of charged dust when the charge is large enough to prevent spacelike singularity formation in its interior. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.4 Conformal diagram for gravitational collapse and horizon formation for a spherically symmetric distribution of charged scalar field matter. . . . . . . . . . . . . . . . . . . 29 3.5 Discrete self-similarity for the critical solution of A with e = 1.0, m_Φ = 0.0. . . . . . 39 3.6 Power-law scaling of the black hole mass m_{BH} for family A with e = 1.0 and m_Φ = 0.0. 40 3.7 Power-law scaling of the black hole mass Q_{BH} for family A with e = 1.0 and m_Φ = 0.0. 41 3.8 Charge to mass scaling of the black hole solutions for family A with e = 1.0 and m_Φ = 0.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.9 max(2m(t, r)/r) of the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein- Gordon fields evolved from initial data family F. . . . . . . . . . . . . . . . . . . . . 44 3.10 A closer view of max(2m(t, r)/r) showing oscillations within the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from family F. . . . 45 3.11 A view of r(max(2m(t, r)/r)) within the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from family F. . . . . . . . . . . . . . . . . . . 46 3.12 Modulus of the scalar field amplitude at r = 0 for the critical periodic state of e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from family F. . . . . . . . . 47 3.13 Charge contained within spheres of radius r for the critical periodic state from e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F. . 48 3.14 Lifetime of the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F. . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.15 Mass gap for (supercritical) black hole solutions for e = 1.0, m_Φ = 1.0 Maxwell- Klein-Gordon fields evolved from initial data family F. . . . . . . . . . . . . . . . . . 51 3.16 Minimum charge of (supercritical) black hole solutions for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F. . . . . . . . . . . . . 52 3.17 max(2m(t, r)/r) and |Φ(t, 0)| in coordinate time t for family F. . . . . . . . . . . . . 54 3.18 max(2m(t, r)/r) and |Φ(t, 0)| in coordinate time t for family F. . . . . . . . . . . . . 55 3.19 Lifetime of the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F on three successive grid resolutions. . . . . . 56

4.1 The effective (Regge-Wheeler) potential for massless scalar perturbations in M = 0 Minkowski spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.2 The effective (Regge-Wheeler) potential for massless scalar perturbations in Schwarzschild spacetime with M = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.3 The effective potential for scalar massless perturbations in Schwarzschild spacetime with M = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.4 The effective potential for electromagnetic perturbations in Schwarzschild spacetime with M = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.5 The effective potential for m_Ψ = 0.3 massive scalar perturbations in Schwarzschild spacetime with M = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.6 The effective potential for m_Ψ = 0.6 massive scalar perturbations in Schwarzschild spacetime with M = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.7 The l = 5 mode effective potential for m_Ψ = 0.3 massive scalar perturbations in Schwarzschild spacetime with M = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . 66 4.8 The l = 10 mode effective potential for m_Ψ = 0.6 massive scalar perturbations in Schwarzschild spacetime with M = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.9 Fractional transmitted energy for spherically symmetric massless scalar perturbations scattering off a Schwarzschild black hole. . . . . . . . . . . . . . . . . . . . . . 69 4.10 The glory effect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.11 Orbiting resonances. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 4.12 Horizons of Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 4.13 Penrose diagram showing causal structure of Kerr spacetime. . . . . . . . . . . . . . 78 4.14 Adaptive mesh refinement (to a maximum of four levels) of the energy density for massive electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. . . 93 4.15 The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0 scalar perturbations. 98 4.16 The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0 scalar perturbations at late time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 4.17 Integrated normalized energy density for massless scalar perturbations. . . . . . . . . 100 4.18 Normalized energy density at t = 53.98 for a = M = 5, m_Φ = 0.0 scalar perturbations.101 4.19 Integrated normalized energy density for massive scalar perturbations. . . . . . . . . 103 4.20 Mode trapping and orbiting resonances for a = M = 5, m_Φ = 0.3 scalar perturbations.104 4.21 Mode trapping and orbiting resonances for a = M = 5, m_Φ = 0.3 scalar perturbations at late time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 4.22 Localization, tidal distortion, and rapid decay of m_Φ = 2.4 scalar perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 4.23 Integrated normalized energy density for m_Φ = 0.3 scalar perturbations. . . . . . . . 107 4.24 Integrated normalized energy density for m_Φ = 2.4 scalar perturbations. . . . . . . . 108 4.25 Initial magnetic field distribution for a = M = 5, electromagnetic perturbations. . . 109 4.26 The glory effect and orbiting resonances for a = M = 5, electromagnetic perturbations.111 4.27 The glory effect and orbiting resonances for a = M = 5, electromagnetic perturbations at late time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 4.28 Integrated normalized energy density for electromagnetic perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 4.29 Integrated normalized energy density for electromagnetic perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.30 Normalized energy density at the superradiant scattering peak time t = 53.98 for electromagnetic perturbations in an a = M = 5 Kerr spacetime. . . . . . . . . . . . . 115 4.31 B_aB^a for a = M = 5, electromagnetic perturbations. . . . . . . . . . . . . . . . . . . 117 4.32 E_aE^a for a = M = 5, electromagnetic perturbations. . . . . . . . . . . . . . . . . . . 118 4.33 Integrated squares of electric and magnetic fields in a = M = 5 Kerr spacetime. . . . 119 4.34 Angular momentum density for electromagnetic perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 4.35 Angular momentum density for electromagnetic perturbations at late time in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 4.36 Angular momentum density for electromagnetic perturbations at superradiant scattering peak time t = 53.98 in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . 123 4.37 Angular momentum density for electromagnetic perturbations in a = 0, M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.38 Angular momentum density for electromagnetic perturbations at late time in a = 0, M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 4.39 Angular momentum density for electromagnetic perturbations at t = 53.98 in a = 0, M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 4.40 Integrated angular momentum density for electromagnetic perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 4.41 Integrated angular momentum density for electromagnetic perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 4.42 The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 4.43 The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations at late time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 4.44 Integrated normalized energy density for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 4.45 Evolution of the scalar contribution to the total energy for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 4.46 Evolution of the electromagnetic contribution to the total energy for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . . . . . . . 135 4.47 Evolution of the coupling terms contributing to the total energy for a = M = 5, m_Φ = 0.0, e = 0.6 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136 4.48 Decomposition of integrated normalized energy density for e = 0.6 coupled massless perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . 137 4.49 B_aB^a for a = M = 5, e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . 138 4.50 E_aE^a for a = M = 5, e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . 139 4.51 Integrated squares of electric and magnetic fields in a = M = 5 Kerr spacetime for e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 4.52 Angular momentum density for a = M = 5, e = 0.6 coupled perturbations. . . . . . 141 4.53 Angular momentum density for a = 0, e = 0.6 coupled perturbations. . . . . . . . . . 142 4.54 Integrated angular momentum density for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 4.55 Charge density showing separation in the a = M = 5 spacetime for e = 0.6 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 4.56 Charge density showing separation in the a = 0, M = 5 spacetime for e = 0.6 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 4.57 Integrated charge density for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 4.58 Axial current, J_ϕ, oscillating in a = M = 5 Kerr spacetime for e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 4.59 Axial current, J_ϕ, oscillating in a = 0, M = 5 Kerr spacetime for e = 0.6 coupled perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 4.60 Global maxima of J_ϕ for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 4.61 Global minima of J_ϕ for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 4.62 Total normalized energy for massless electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 4.63 Total angular momentum for massless electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 4.64 Total charge for massless electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 4.65 Total normalized energy density in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations—early phase of evolution. . . . . . . . . . . . . . . . . . . . . . . . . . 158

4.66 Total normalized energy density at t = 16.06 in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 4.67 Total angular momentum density in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations—early phase of evolution. . . . . . . . . . . . . . . . . . . . . . . . . . 160 4.68 Total angular momentum density at t = 16.06 in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161 4.69 Charge density in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations— early phase of evolution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 4.70 Charge density at t = 16.06 in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 4.71 Total normalized energy density in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 4.72 Total normalized energy density at t = 77.11 and t = 154.22 in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . 166 4.73 Normalized scalar energy density in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 4.74 Normalized scalar energy density at t = 77.11 and t = 154.22 in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . 168 4.75 Normalized electromagnetic energy density in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 4.76 Normalized electromagnetic energy density at t = 77.11 and t = 154.22 in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . 170 4.77 Normalized coupling energy density in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 4.78 Normalized coupling energy density at t = 77.11 in a = M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 4.79 Decomposition of integrated normalized energy density for m_Φ = 0.3, e = 0.6 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . 174 4.80 Normalized total energy density at t = 77.11 in a = 0, M = 5 Kerr spacetime for e = 0.6, m_Φ = 0.3 perturbations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 4.81 Integrated normalized energy density for m_Φ = 0.3, e = 0.6 perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 4.82 Angular momentum density at t = 0, 77.11, 154.22 for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177 4.83 Angular momentum density at t = 77.11 for e = 0.6, m_Φ = 0.3 perturbations in a = 0, M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 4.84 Integrated angular momentum density for e = 0.6, m_Φ = 0.3 perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 4.85 Charge density at t = 0, 77.11, 154.22 for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180 4.86 Charge density at t = 77.11 for e = 0.6, m_Φ = 0.3 perturbations in a = 0, M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181 4.87 Integrated charge density for e = 0.6, m_Φ = 0.3 perturbations in M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182 4.88 Axial current component, J_ϕ, at t = 0, 77.11, 154.22 for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . 183 4.89 Axial current component, J_ϕ, at t = 77.11 for e = 0.6, m_Φ = 0.3 perturbations in a = 0, M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184 4.90 Global maxima of J_ϕ for e = 0.6, m_Φ = 0.3 perturbations in M = 5 Kerr spacetime. 185 4.91 Global minima of J_ϕ for e = 0.6, m_Φ = 0.3 perturbations in M = 5 Kerr spacetime. . 186 4.92 B_aB^a at t = 0, 77.11, 154.22 for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

4.93 E_aE^a at t = 0, 77.11, 154.22 for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188 4.94 Integrated squares of electric and magnetic fields for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189 4.95 Convergence of total normalized energy for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190 4.96 Convergence of total angular momentum for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 4.97 Convergence of total charge for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 4.98 Convergence factors, C, for energy density, angular momentum density and charge density of e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . 193 4.99 Independent residual norms ||r̃^h||_2 from the equations Ȧ_{rr}, Ȧ_{θr} and Ȧ_{ϕr}. . . . . . . . 195 4.100Independent residual norms ||r̃^h||_2 from the equation Φ̇_θ. . . . . . . . . . . . . . . . 196 4.101Relative errors for energy density, angular momentum density and charge density for e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . . . . . . . . 198 4.102Errors for normalized integrated energy, integrated angular momentum and integrated charge of e = 0.6, m_Φ = 0.3 perturbations in a = M = 5 Kerr spacetime. . . . 199

C.1 A schematic representation of the finite difference grid in one spatial and one temporal dimension. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222 C.2 The four-point stencil of the leap-frog scheme for the advection equation. . . . . . . 224 C.3 The four-point stencil of the Crank-Nicholson scheme for the advection equation. . . 225 C.4 The CFL condition for a stable leap-frog scheme. . . . . . . . . . . . . . . . . . . . . 227 C.5 The five-point stencil of the second order FDA for the Poisson equation off boundary in the two dimensions r and θ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235 C.6 The two-point stencil of the second order FDA for the Poisson equation in the two dimensions r and θ at boundary θ = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . 236 C.7 The two-point stencil of the second order FDA for the Poisson equation in the two dimensions r and θ at boundary r = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . 237 C.8 A schematic representation of the AMR grid hierarchy in two spatial dimensions. . . 240 C.9 Schematic representation of domain decomposition. . . . . . . . . . . . . . . . . . . . 243

D.1 MIB interpolating function f(ρ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246 D.2 MIB interpolating function g(z). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247 D.3 Radially outgoing geodesic λ^ρ_+(t, ρ) in the MIB coordinates. . . . . . . . . . . . . . . 248 D.4 Radially ingoing geodesic λ^ρ_−(t, ρ) in the MIB coordinates. . . . . . . . . . . . . . . . 249 D.5 Axially outgoing geodesic λ^z_+(t, z) in the MIB coordinates. . . . . . . . . . . . . . . . 250 D.6 Axially ingoing geodesic λ^z_−(t, z) in the MIB coordinates. . . . . . . . . . . . . . . . 251 D.7 MIB coordinates and dissipation acting on ρ_Q for m_Φ = 1.0, e = 1.0 Maxwell-Klein- Gordon fields. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262 D.8 Error in total normalized energy for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields. 263 D.9 Error in angular momentum for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields. . . 264 D.10 Error in charge for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields. . . . . . . . . . . 265 D.11 m_Φ = 0.0, e = 0.0 Klein-Gordon field dynamics in flat spacetime. . . . . . . . . . . . 267 D.12 m_Φ = 0.3, e = 0.0 Klein-Gordon field dynamics in flat spacetime. . . . . . . . . . . . 268 D.13 m_Φ = 2.4, e = 0.0 Klein-Gordon field dynamics in flat spacetime. . . . . . . . . . . . 269 D.14 Maxwell field dynamics in flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . 271 D.15 Angular momentum of the Maxwell fields in flat spacetime. . . . . . . . . . . . . . . 272 D.16 Massless e = 0.6 Maxwell-Klein-Gordon field dynamics in flat spacetime. . . . . . . . 274 D.17 Angular momentum of the massless e = 0.6 Maxwell-Klein-Gordon fields in flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

D.18 Angular momentum of the massless e = 0.6 Maxwell-Klein-Gordon fields in flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276 D.19 m_Φ = 0.3, e = 0.6 Maxwell-Klein-Gordon field dynamics in flat spacetime. . . . . . . 278 D.20 Angular momentum of the m_Φ = 0.3, e = 0.6 Maxwell-Klein-Gordon fields in flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279 D.21 Angular momentum of the m_Φ = 0.3, e = 0.6 Maxwell-Klein-Gordon fields in flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280 D.22 Convergence of total normalized energy for e = 0.6, m_Φ = 0.3 fields in the MIB flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281 D.23 Convergence of total angular momentum for e = 0.6, m_Φ = 0.3 fields in the MIB flat spacetime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282 D.24 Convergence of total charge for e = 0.6, m_Φ = 0.3 fields in the MIB flat spacetime. . 283

ACKNOWLEDGEMENTS xiii

ACKNOWLEDGEMENTS

I would like to express gratitude to my advisor Matthew Choptuik, and thesis committee members Kristin Schleich, Douglas Scott and William Unruh for their efforts and assistance. Thanks are also forwarded to Frans Pretorius for use of his parallel adaptive mesh refinement routine library. And I especially thank Andrea and Anastazia Petryk, along with family and friends for their encouragement and support.

Results presented in this thesis were computed primarily on the vn, vnp4 and WestGrid Glacier clusters located at the University of British Columbia. Substantial use was also made of the WestGrid Network Storage Facility at Simon Fraser University. The vn and vnp4 clusters are funded and supported by the British Columbia Knowledge Development Fund, the Canada Foundation for Innovation, the Canadian Institute of Advanced Research, the Natural Sciences and Engineering Research Council of Canada and the University of British Columbia. Funding and support for Westgrid Glacier and the Westgrid Network Storage Facility is provided by the Alberta Science and Research Authority, the British Columbia Knowledge Development Fund, the Canada Foundation for Innovation, the University of British Columbia, Simon Fraser University and TRIUMF. I also thank the Natural Sciences and Engineering Research Council of Canada, the R. Howard Webster Foundation and the University of British Columbia for their support.

CHAPTER 1

INTRODUCTION

Of all conceptions of the human mind perhaps the most fantastic is the black hole. Black holes are neither bodies nor radiation. They are clots of gravity.^1

This dissertation concerns the numerical study of black hole formation from charged, massive scalar fields in spherical symmetry, and the axially symmetric scattering and accretion of such matter onto rotating black holes. In the gravitational collapse to a black hole, and in accretion onto black holes, astrophysically realistic matter will likely be magnetohydrodynamic (MHD)— fluid-like, and ionized. Only in very few highly symmetric cases has the fully general relativistic problem (where matter sources dynamically influence the curvature of spacetime) been completely studied. Even then, computational techniques are required. Shock formation in fluid systems further complicates the details. Numerical simulation of general relativistic MHD systems is in its infancy, and insight gained through the study of MHD analogues like the charged, massive scalar field is required for progress. Furthermore, scalar field models can represent the pions π^0, π^+ and π^−, and have been proposed as candidates for early universe and dark matter. The study of charged, massive scalar fields is therefore interesting in and of itself. Finally, there is the connection to matter models in which critical behaviour has been studied at the threshold of gravitational collapse and open questions in that regard.

Essential to a complete understanding of the physics are both: (1) spherically symmetric investigation of the general relativistic problem; and (2) analysis of the dynamics in axial symmetry. While the spherically symmetric investigation provides information on how the matter dynamically influences spacetime curvature, the effects of magnetic fields and electromagnetic radiation can not be extracted until the imposed symmetry is (at most) axial. The charged, massive scalar field system has not been studied in much detail in these regards, so any additional insight regarding its physics will certainly be useful.

1.1 Scalar Field Critical Collapse

In 1993 Choptuik published the results of an interesting phenomenon in gravitational collapse [23]. There he gave answers to the questions “What happens at the threshold of gravitational collapse?” and “What happens in the limit of increasingly small mass black hole formation?” The system in which he first observed these critical phenomena was the massless scalar field minimally coupled to gravity. Since that time, critical phenomena have been observed in a variety of different matter models. Those I will mention are but a small subset of those studied, but they do form the set most important to the discussions which follow. Specifically, I will mention works by Hod and Piran [66], [68], Brady, Chambers and Goncalves [12], [16], Hawley and Choptuik [63], [64], [65], as well as an analysis by Gundlach and Martin-Garcia [57]. Finally, relatively complete overviews of critical phenomena in gravitational collapse have also been provided by Gundlach in [59] and [60].

In brief, for the minimally coupled massless Klein-Gordon field in spherical symmetry, Choptuik considered families of solutions S[p] with the property that the critical value of the parameter p = p^∗ separates solutions which form black holes from those which do not [23]. He found evidence that supported two conjectures. First, he obtained numerical evidence supporting the universality of the solution p → p^∗ and that it forms structure on arbitrarily small spatiotemporal scales. That

1Quoted from [116].

is, not only were all solutions approaching criticality “the same”, but they also exhibited a type of self-similarity in space and time as the evolution proceeded. Second, he observed that there exists a mass-relation for the solutions which formed black holes. Specifically, that the mass of the black hole obeyed a power law m_{BH} ∝ |p − p^∗|^{γm} , (1.1)

where γ_m ≈ 0.37, is a universal exponent. In principle, the mass of the black hole can be made arbitrarily small (i.e., there is no mass gap in the black hole spectrum). In analogy to phase transitions in condensed matter systems, this continuous scaling of the black hole mass has since been identified as Type II critical behaviour in black hole formation.

Key to the discussion of his results was the observation that, expressed in the usual (t, r, θ, ϕ) spherical coordinates, his system was invariant under the rescalings

t → kt , (1.2)

r → kr , (1.3)

k being an arbitrary positive constant. Expressing his variables in terms of the form-invariant quantities X(t, r) and Y (t, r), he found there exists a unique sequence of this set of variables [X, Y ] in the limit of the exactly critical solution [X, Y ] → [X^∗, Y^∗]. Expressing this sequence in terms of the logarithmic spatial and temporal variables τ = τ(t) and ρ = ρ(r), Choptuik found that for [X, Y ] → [X^∗, Y^∗]

[X^∗(τ − Δ_τ , ρ − Δ_ρ), Y^∗(τ − Δ_τ , ρ − Δ_ρ)] ≃ [X^∗(τ, ρ), Y^∗(τ, ρ)] , (1.4)

where Δ_τ ≃ Δ ≃ Δ_ρ is a universal constant with approximate value Δ ≈ 3.4. Specifically, Choptuik found Δ_τ ≈ 3.43 , Δ_ρ ≈ 3.44 . (1.5)

This means that every time the profiles X, Y are re-examined after evolution of geometric time interval δT_0, T_0 = T_0(t) being the proper time of a stationary observer at r = 0, the solutions essentially appear rescaled by a factor of exp(Δ) ≈ 30. Therefore, there exists a discrete selfsimilarity in the solution in the form of a series of ever-decreasing echoes as the scalar field evolves on the threshold of black hole formation.

The universality of critical phenomena can be understood in terms of perturbation theory. Consider linear perturbations of the exactly critical solution. The perturbed critical solution will have a number of modes, both stable and unstable. The stable modes decay, thus driving the perturbed solution to the critical solution. The unstable modes, however, drive the system away from the exactly critical solution. In the case at hand, the unstable modes would drive the system to either black hole formation or dispersal. The exactly critical solution has only one unstable mode. It is through the existence of this single mode that the universality of the solution can be explained—tuning similar families of initial data to the critical solution, the system is driven to the same critical point. Furthermore, perturbation theory analysis explains how the eigenvalue of the unstable mode is directly correlated with the black hole scaling exponent γ_m, and correctly predicts its value.

In subsequent research, Brady, Chambers and Goncalves examined critical phenomena in the case of a minimally coupled massive scalar field [12], [16]. Their results showed that, for the massive case, when the radial extent of the initial pulse λ is less than the Compton wavelength of the scalar field m^{−1}, then Type II critical behaviour is observed. The critical solution observed in this case is exactly that which was found by Choptuik. However, they also observed that there exists a minimum mass black hole that can be formed when the radial extent of the initial pulse is much greater than the Compton wavelength (that is, a mass gap exists in the black hole spectrum when λ ≫ m^{−1}). Again, in analogy to condensed matter systems, such behaviour has come to be known as Type I critical phenomena.^2 In the regime of Type I solutions, the exactly critical solutions are unstable soliton stars rather than the naked singularities of the Type II case. In fact, it is the presence of the mass parameter m which destroys the scaling of the system under transformations (1.3) and (1.2). Hence, a different type of critical solution is expected and observed. Noting similarities between the soliton stars examined by Brady, Chambers and Goncalves, and boson stars composed of massive complex scalar fields, Hawley and Choptuik investigated the behaviour of boson stars driven to the brink of black hole formation [63], [64], [65]. Hawley and Choptuik thereby found Type I critical behaviour for massive complex scalar fields, the exactly critical solutions being perturbed and periodically oscillating boson stars, their lifetimes obeying a well-defined scaling relation as p → p^∗.

Finally, Gundlach and Martin-Garcia [57] discussed the possibility that, as in the case of the massive minimally coupled scalar field, the presence of a parameter breaking the invariance under transformations (1.3) and (1.2) could lead to behaviour in the electromagnetically coupled complex scalar field different from that first found by Choptuik. The parameter in the electromagnetically coupled complex scalar field system which breaks this invariance is the charge coupling parameter e. However, Gundlach and Martin-Garcia performed an analysis which showed that, as the system evolves, the effects of charge will play a decreasingly significant role. Specifically, assuming a selfsimilar solution and also that field equations in this system always contain dominant contributions from e in the combination er, a rescaling r → exp(−Δ)r effectively scales e as e → exp(−Δ)e. Therefore, after each echo, the effects of the charge coupling will decrease exponentially with Δ. In fact, they showed that in critical collapse the black hole mass should scale as

m_{BH} ∝ |p − p^∗|^{γm} , (1.6)

where γ_m ≈ 0.37 (just as found by Choptuik [23]), and that the charge of the black hole should scale as Q_{BH} ∝ |p − p^∗|^{γQ} , (1.7)

where γ_Q ≈ 0.88. In fact, they predicted that for other charged matter models the relationship between γ_m and γ_Q should obey γ_Q ≥ 2γ_m. They also predicted the solutions would be universal. Furthermore, they postulated that if a second dimensionful parameter such as scalar field mass m_Φ is added to the system, then universality will not hold generically, but might be recovered in the limit when e/m_Φ → 0 or m_Φ/e → 0. In conclusion, they also suggested the value of |e|/m_Φ could determine whether the system displays a Type I mass scaling typical of perturbed boson star critical solutions.

Soon after Gundlach and Martin-Garcia published their results, Hod and Piran performed the numerical study of the charged massless minimally coupled scalar field [66], [68]. As predicted by Gundlach and Martin-Garcia, they found mass and charge scaling relations with exponents of about γ_m ≈ 0.37 and γ_Q ≥ 2γ_m. They also verified that the infinitesimal mass black holes formed were neutral or obeyed the relationship Q_{BH} ≪ m_{BH}.

To date, nothing has been published in the way of massive electromagnetically coupled scalar field critical phenomena, and only modest work has been presented in hypothesis of the details. The numerical results presented in Chapter 3 from my study of black hole critical phenomena of charged massive scalar fields are the first of their kind.

1.2 Scattering and Scalar Accretion in Kerr Spacetime

From the Rutherford scattering of alpha particles off atomic nuclei, to modern experiments like those at the Large Hadron Collider and proposed TeV electron-positron experiments at the Next Linear Collider, particle scattering has revealed, and will continue to reveal, the physical nature of

2It should be noted that, even before the results of Brady, Chambers and Goncalves, Type I critical phenomena was known to exist for the minimally coupled Yang-Mills field [26].

the subatomic world. Photon scattering in its various forms has also provided much information on the physics of matter—Thomson scattering has shown that atomic constituents can have both positive and negative charge, Rayleigh scattering explains why the sky appears blue, Compton scattering has revealed the corpuscular nature of the photon, Raman scattering provides information on the excited energy states of a target material, and Bragg scattering has determined the lattice spacing of crystalline substances. Particle and photon scattering experiments could, in principle, also be performed on black holes. Under the hypothesis that the details would reveal interesting physics, there has been rather detailed theoretical investigation of black hole wave scattering. While much of the work has involved obtaining closed-form solutions, there recently has been much effort in solving the black hole scattering problem using numerical techniques. Rather than provide a complete overview of the developments I will simply address previous work in the field when it pertains directly to the discussion of my results, and refer the reader to [49] and [51] for general reference.

There are essentially three phases in the dynamics of any matter scattering in a black hole spacetime: (1) an early phase which in many ways resembles the initial dynamics of the same matter in a Minkowski spacetime; (2) an intermediate phase in which curvature effects become apparent; and (3) an asymptotic late phase which can in many cases be described by a power law decay in time. The late phase evolution has been studied in some detail in the context of quasinormal (i.e., damped, complex frequency) black hole modes.^3 Since certain frequencies of the quasi-normal modes should be independent of the process that generates them, these frequencies are characteristic of, and directly connected to, the black hole parameters (mass, charge, and angular momentum). They thereby provide a means of identifying the black hole spacetime.

While, by definition, scattering involves dynamics governed predominantly by interactions over a limited range of space and a relatively short interval of time, the physics of interest in accretion is also over a relatively small region of space but now persists over a prolonged period of time. In black hole accretion, there are basically two modes of flow: (1) Bondi-like flow where angular momenta are low and centrifugal forces are too weak to balance gravitational attraction and provide an equilibrium state; and (2) thin-disc where angular momenta are sufficient to generate a stationary state. Bondi-like flow qualitatively resembles spherical accretion, while thin-disk is typified by matter in Keplerian and super-Keplerian orbits. Consequently, locally dissipated energy, entropy and angular momentum are advected or carried along by the flow and lost to the black hole in Bondi-like accretion. Meanwhile, in thin-disc accretion, matter exists at a fixed radius for many orbits allowing for the opportunity to locally transfer substantial energy, entropy and angular momentum.

In black hole accretion, astronomical evidence shows that a portion of inspiralling plasma and generated electromagnetic radiation collimate into bipolar jets from the black hole. Only modest progress has been made through the study of magnetohydrodynamical systems, and the details are not well understood. It is assumed electromagnetic fields play a significant role in the collimation process, but the details are again vague. Some notable computational simulations of this accretion and collimation process have been presented in [42], [82], [107], [83] and [84]. Since the knowledge is incomplete, there is clearly interest to investigate possible electromagnetic effects in black hole accretion and scattering phenomena through matter models simpler than magnetohydrodynamics. As a step towards this goal, and in order to distinguish between matter and gravitational effects— essential to discussion of the fully general relativistic system—Chapter 4 of this dissertation presents results from my axially symmetric study of charged, massive scalar field (i.e., the Maxwell-Klein- Gordon system) accretion and scattering in rotating black hole spacetimes. In this situation, I treat the scalar field as test matter (it evolves about the black hole, but does not itself contribute to the curvature of spacetime) and observe its dynamics. To my knowledge, this study is the first of its kind.

3[85] provides a good summary of the research before 1999.

1.3 Outline

In Chapter 2, I present methodology in terms of the Arnowitt-Deser-Misner (ADM) formalism, focusing specifically on the polar areal coordinate system. I then discuss the initial value formalism for electromagnetism and general relativity, and close with brief discussion of regularity conditions.

Chapter 3 presents the study of critical solutions for massive charged scalar fields in spherical symmetry, beginning with a presentation of the system of equations. Among the results are both Type I and Type II solutions and the scaling relations associated with each.

By far the most voluminous is Chapter 4 where I present the investigation of massive electromagnetically coupled scalar field dynamics in Kerr spacetime. I provide discussion of the effective potential formalism and its implications. Following that, I provide the system of equations, and then proceed with presentation of my results. Included in the results are electromagnetically uncoupled (i.e., e = 0) Klein-Gordon field dynamics, Maxwell field dynamics, and finally, electromagnetically coupled Maxwell-Klein-Gordon equation dynamics in Kerr spacetime. These results cover a range of scalar field mass, electromagnetic coupling, and black hole angular momentum parameters. Among the results shown are orbiting resonances, superradiant scattering and trapping of fields in the black hole spacetime. Also included are solutions demonstrating the preference for Maxwell-Klein-Gordon fields to scatter along the axis of black hole rotation under a certain set of conditions, and also the generic emergence of charge separation and dynamo-like behaviour when the Maxwell and Klein-Gordon fields are coupled electromagnetically through charge.

Chapter 5 provides a summary and outlook, Appendix A provides a glossary of notation, and Appendix B provides a summary of finite difference and discrete operators used throughout the dissertation. Appendix C provides discussion of the numerical and computational techniques used to obtain all the presented results. Finally, Appendix D provides a detailed account of Maxwell- Klein-Gordon dynamics in Minkowski spacetime. There I discuss the Monotonically Increasingly Boosted (MIB) coordinate system and its utility in treating outer boundary conditions. Along with a presentation of the equations, I provide results to compare and contrast flatspace dynamics to those for the black hole background. These results include Klein-Gordon fields, Maxwell fields, and the Maxwell-Klein-Gordon system for a variety of field mass and charge coupling parameter values.

1.4 Conventions and Units

Throughout this dissertation I employ the index notation, where, for example,

T^{abc...}

def... (1.8)

designates the abc... contravariant components and def... covariant components of tensor T . Indices a, b, c, d, e, f, ... take on values 0, 1, 2, 3, where 0 typically designates the temporal component and 1, 2, 3 designate the spatial components in a given coordinate system. In a situation where indices are repeated, the Einstein summation convention is implied as per

T^{abc...}

daf... ≡ 3� a=0 T^{abc...}

daf... . (1.9)

I also employ the metric signature (−, +, +, +), and use Planckian units where ℏ = G = c = 1. A quantity with dimension length^m × mass^n × time^p in ordinary units is therefore dimensionless in Planckian units. To retrieve an equation valid in ordinary units one simply multiplies each quantity in Planckian units by its conversion factor

c^p � G c^2

�_n � c^3 Gℏ �_{(m+n+p)/2} . (1.10)

In SI units the fundamental constants have values c = 3.00×10^8m s^{−1}, G = 6.67×10^{−11}m^3 kg^{−1} s^{−2}, and ℏ = 6.626 × 10^{−34}J s.

1.5 Significant Figures and Uncertainties

Finally, where other’s numerical results are quoted, all significant figures are assumed accurate. For example, Choptuik’s original result, Δ_ρ ≈ 3.44, is accurate in all three digits. My numerically computed results, however, are usually accurate in all figures but the last significant digit. Thus, my Δ ≈ 3.47 is accurate in the first two digits but uncertain in the last. The exception is in cases where my result has but one significant digit. The quantity is then accurate in that single digit. For example, in my k ≈ 1 × 10^{−2}, uncertainties would enter at the level of subsequent figures.

1.6 Web References

In the body of this thesis there are a number of references to files found in the World Wide Web. While the availability of all files cannot be guaranteed in the future, efforts will be made to maintain access to those whose Uniform Resource Locator (URL) currently has laplace.physics.ubc.ca for host. While there will be a change in file URL in the event of a host change, the path should be preserved. Thus, file URLs like http://$WWW/People/petryk/animations/9.mpeg will still be valid in the future, but $WWW may differ from its current value laplace.physics.ubc.ca .

CHAPTER 2

PHYSICAL FORMALISM

2.1 The 3+1 or Arnowitt-Deser-Misner (ADM) Formalism

In this section I introduce the so-called 3+1 or Arnowitt-Deser-Misner (ADM) formulation of relativity. Relevant historical references are [47], [33], [4], and [148]. While the 3+1 formalism was originally developed for use in quantum gravity (see [4]), this approach has perhaps seen its greatest successes in numerical relativity. I employ the 3+1 approach in my investigations and now just briefly cover some of its key points. The following exposition is based upon [27] which is itself a reworking of the results in [148].

2.1.1 Foliations

Start with a spacetime manifold M endowed with a metric g_{ab}. Assume the metric is expressed in coordinates, where t is the temporal parameter. The spacetime can always be foliated as a sequence {Σ_t} which are isosurfaces to t. These spacelike hypersurfaces are locally described by the dual vector field Ω_a defined Ω_a = ∇_at, (2.1)

and has norm g^{ab}Ω_aΩ_b = −α^{−2}, (2.2)

where α is known as the lapse function (or simply the lapse). Given this, I can construct a unit-norm dual vector, n_a, as per n_a = −αΩ_a = −α∇_at, (2.3)

where the sign is chosen so that the related unit-norm vector, n^a,

n^a = g^{ab}n_b (2.4)

is future-directed. n^a can be viewed as the four-velocity of an observer moving orthogonally to the hypersurfaces of Σ_t. Finally, such an observer will have a four-acceleration, a^a, according to

a^a = n^b∇_bn^a. (2.5)

2.1.2 Projections

In the 3+1 formalism I aim to decompose tensors into their single temporal (hypersurface-normal) and three spatial (hypersurface-tangential) parts. To extract the temporal part of vector W^a I simply contract with n_a as per W^{n̂} = −W^an_a. (2.6)

For a covector W_a I contract with n^a

W_{n̂} = +W_an^a. (2.7)

There are two items to note in the preceding pair of equations. First, the superscripts and subscripts n̂ designate the original tensor index has been contracted with n_a or n^a. Second, the choice of sign − or + is a convention adopted directly from that of [148]. Meanwhile, partial components are extracted with the rank-two projection tensor ⊥^a_b ≡ δ^a_b + n^an_b. (2.8) Then any tensor T^{abc...}_{def...} which has had all its free indices projected out with ⊥^a_b in the manner

⊥T^{abc...}_{def...} ≡ ⊥^a_g ⊥^b_h⊥^c_i · · · ⊥^j_d⊥^k_e⊥^l_f · · · T^{jkl..}_{ghi...} (2.9) is referred to as a spatial tensor. Above and onwards ⊥ (with no indices) is shorthand to designate that spatial projection is applied to all free indices in the trailing tensor.

When applied to all free indices of the metric tensor, g_{ab}, projection yields the spatial metric γ_{ab}, γ_{ab} = ⊥g_{ab} = g_{ab} + n_an_b. (2.10) By extension, the contravariant spatial metric is given by γ^{ab} = ⊥g^{ab} = g^{ab} + n^an^b. (2.11) Note that tensor indices of T^{abc...}_{def...} continue to be raised and lowered with spacetime metric g_{ab}—not with γ_{ab}—as γ_{ab} and γ^{ab} are not inverses in the four-dimensional spacetime manifold. The only time γ_{ab} can be used to raise or lower indices is when the tensor acted upon is spatial (i.e., it has no temporal piece).

2.1.3 Covariant Derivatives on the Spacelike Hypersurface

The spatial projection tensor can then be applied to the operator ∇_a to define the natural derivative operator D_a for spatial tensors, D_a ≡ ⊥∇_a. (2.12) The action of D_a on a spatial tensor ⊥T^{abc...}_{def...} would then be D_j ⊥T^{abc...}_{def...} ≡ ⊥∇_j ⊥T^{abc...}_{def...} , (2.13) where shorthand ⊥ again indicates I apply the projection operator to all free tensor indices. Since D_aγ_{bc} = ⊥∇_aγ_{bc} = ⊥∇_a(g_{bc} + n_bn_c) = ⊥∇_a(n_bn_c) = ⊥(n_c∇_an_b + n_b∇_an_c) = · · · = 0, (2.14) and similarly for D_aγ^{bc}, D_a is clearly the natural derivative operator for the spatial metric γ_{ab}.

2.1.4 Intrinsic and Extrinsic Curvature

Given the covariant derivative on the spacelike hypersurface D_a, it is natural to define the curvature of the spacelike hypersurface, R^d_{abc} , via (D_aD_b − D_bD_a) ⊥W_c = R^d_{abc} ⊥W_d, (2.15) where W_a is some covariant vector. R^d_{abc} is referred to as the intrinsic curvature. R^d_{abc} is itself a spatial tensor and possesses the expected symmetries R_{(ab)cd} = R_{ab(cd)} = 0, (2.16) R_{abcd} = R_{cdab}, (2.17) and R_{[abc]d} = 0. (2.18)

In continuation, the spatial Ricci tensor , R_{ab}, and scalar, R, are defined via R_{ab} = R^c_{acb} (2.19) and R = R^a_a . (2.20) While the intrinsic curvature describes the geometry of the spacelike hypersurfaces, it is the extrinsic curvature that describes how spacelike hypersurfaces are embedded in the spacetime. The extrinsic curvature, K_{ab}, is defined either through covariant differentiation as per K_{ab} = −⊥∇_an_b, (2.21) or equivalently via Lie differentiation along the normal vector field as in K_{ab} = − 1 2 ⊥£_ng_{ab}. (2.22) Using the (easily derived) property ⊥∇_an_b = ∇_an_b + n_aa_b (2.23) in the first form of K_{ab}, I obtain K_{ab} = −∇_an_b − n_aa_b, (2.24) which makes clear a relationship between the spatial extrinsic curvature tensor, and the fourvelocities and four-accelerations of observers moving orthogonally to the spacelike hypersurfaces.

2.1.5 The Spacetime Constraint Equations

Having introduced the necessary elements of the 3+1 formalism, I are now in a position to derive the evolution of spacetime from Einstein’s field equations, G_{ab} = R_{ab} − 1 2 g_{ab}R = 8πT_{ab}. (2.25) I begin by defining three projections of the stress-energy tensor, T_{ab}, ρ ≡ T_{n̂n̂} = T_{ab}n^an^b, (2.26) j^a ≡ ⊥T^{an̂} = −⊥ � T^{ab}n_b � , (2.27) S^{ab} ≡ ⊥T^{ab}. (2.28) ρ, j^a, and S^{ab}, can respectively be interpreted as the local energy density, momentum density and spatial stress tensor as seen by an observer with four-velocity n^a.

Omitting the detailed algebra, I simply state that contracting Einstein’s equations twice with n^a obtains the Hamiltonian constraint R + K^2 − K^a_bK^b_a = 16πρ , (2.29) where K ≡ TrK ≡ K^a_a. Likewise, contracting Einstein’s equations once with n^a and then projecting onto the spacelike hypersurface, I obtain the momentum constraint D_bK^{ab} − D^aK = 8πj^a. (2.30) Notice the preceding two equations contain only spatial tensors and derivatives, and no explicit temporal derivatives, as they are truly equations of constraint. Being constraints, they must be satisfied at every time or hypersurface in the foliation {Σ_t} by the values of γ_{ab} and K_{ab} (the fundamental 3+1 variables).

2.1.6 Time Derivatives

While the spacetime history could, in principle, be obtained from the constraint equations alone, it is often useful to obtain the solutions from evolutionary equations instead. To this end, I must first define the appropriate time derivatives. It turns out that vector field N^a defined

N^a = αn^a (2.31)

is a natural vector along which I could Lie differentiate. Since

n^a = −αΩ^a, (2.32) and Ω^aΩ_a = 1, (2.33) contracting N^a with Ω^a is a unit norm,

N^aΩ_a = 1. (2.34)

However, there is no reason to be so restrictive, and I could, in principle, construct a more general vector field, t^a, appropriate for Lie differentiation,

t^a = N^a + β^a. (2.35)

Providing the shift vector β^a is spatial β^an_a = 0, (2.36) I prove t^a =^∂_{∂t} is an equally valid choice, since

t^aΩ_a = (N^a + β^a) Ω_a = N^aΩ_a + β^aΩ_a = N^aΩ_a = 1 (2.37)

also has the desired property.

The vector β^a I just introduced can be interpreted as follows. Four-velocity t^a represents a congruence of observers moving in the future direction. In moving from one spacelike hypersurface to the next in foliation {Σ_t}, the observers move into the future an amount n^a perpendicular to the original hypersurface Σ_t. But on the future hypersurface Σ_{t+dt}, the position of the observers has been spatially shifted by an amount β^a. So, only if β^a = 0 is the propagation purely perpendicular to Σ_t. This scenario is depicted in Figure 2.1 below.

2.1.7 Spacetime Evolution Equations

With all the preliminaries developed, I are now in a position to state the equations of spacetime evolution. The derivation of evolution equations for the spacetime begins with the Lie derivative definition of the extrinsic curvature, K_{ab},

K_{ab} = − 1 2 £_tg_{ab}, (2.38)

where for full generality I Lie differentiate along vector t^a rather than n^a. I thus obtain

£_tγ_{ab} = −2αK_{ab} + £_β γ_{ab}, (2.39)

PSfrag replacements

Figure 2.1: A schematic depiction of the 3+1 decomposition. n^a is the unit normal to Σ_t at coordinate (t, x^a). Moving in the future direction amount dt, an observer with fourvelocity

�_∂ ∂t �_a = t^a = N^a+β^a = αn^a+β^a ends up on hypersurface Σ_{t+dt} at coordinate (t + dt, x^a). α is the lapse function and measures movement into the future. The shift vector β^a measures the spatial displacement of coordinates in going from Σ_t to Σ_{t+dt}.

which are the evolution equations of the spatial metric.

The procedure to obtain the evolution of the extrinsic curvature is somewhat more lengthy and involves, among other things, contractions of Einstein’s field equations and projections of the curvature tensor R_{abcd} (and its contractions) onto the spacelike hypersurfaces. For brevity I omit the details and simply state the results.^1 Evolution equations for the extrinsic curvature thus obtained are

£_tK_{ab} = £_βK_{ab} − D_aD_bα + α � R_{ab} + KK_{ab} − 2K_{ac}K^c_b − 8π � S_{ab} − 1 2 γ_{ab} (S − ρ) � , (2.40)

where S ≡ TrS ≡ S^a_a. Finally, raising an index produces the often more useful form

£_tK^a_b = £_βK^a_b − D^aD_bα + α � R^a_b + KK^a_b + 8π � 1 2 ⊥^a_b (S − ρ) − S^a_b � . (2.41)

2.1.8 Spherically Symmetric Spacetime in Polar Areal Coordinates

In a following chapter I study the evolution of spherically symmetric spacetime in the context of critical gravitational collapse of a massive electromagnetically coupled complex scalar field. Since the study employs the 3+1 formalism in the polar areal coordinate system, it is natural now to present the spacetime constraints and evolution equations for that choice of metric.

The most general spherically symmetric spacetime metric in (t, r, θ, ϕ) coordinates is given by line element ds^2 = � −α^2 + a^2β^2 � dt^2 + 2a^2βdtdr + a^2dr^2 + r^2b^2dΩ^2, (2.42) where α = α(t, r), β = β(t, r), a = a(t, r), b = b(t, r), and where

dΩ^2 = dθ^2 + sin^2 θdϕ^2 (2.43)

is the usual metric on the unit sphere. In the special case

β = 0, b = 1 (2.44)

the line element reduces to that of the polar areal coordinate system

ds^2 = −α^2dt^2 + a^2dr^2 + r^2dΩ^2. (2.45)

The future-directed unit-norm spatial hypersurface orthogonal vector is n^a = (1/α, 0, 0, 0). The term polar is used because of the usual association of r, θ, and ϕ with the polar coordinate system in flat spacetime, while areal is used because the proper area of a two-sphere of radius r, centered at r = 0, is 4πr^2. r is thus a geometric quantity. This polar slicing condition places a restriction on the trace of the extrinsic curvature tensor, K_{ab},

K ≡ TrK ≡ K^a_a = K^r_r. (2.46)

It is straightforward to show (algebra omitted) this in turn implies

K^θ_θ = K^ϕ_ϕ = 0. (2.47)

Finally, since a generalized Birkhoff’s theorem tells us that spherically symmetric electrovac solutions are uniquely Reissner-Nordström, I can identify polar areal metric functions α and a outside

1I refer the reader to [148] or [27] for the full procedure.

sources through^2 α^2 = � 1 − 2m r + q^2 4πr^2 � , (2.50)

a^2 = � 1 − 2m r + q^2 4πr^2

�_{−1}

, (2.51)

where parameters m = m(t, r) and q = q(t, r) respectively represent the gravitational mass and electric charge of the source. Then, rewriting (2.51) I obtain m = r 2 � 1 − 1 a^2 + q^2 4πr^2 � , (2.52)

the so-called mass aspect function [28]. In an evolutionary problem, the divergence of a^2 signals the formation of an apparent horizon—and therefore existence of a black hole—for this choice of coordinates.^3 In the limit r → ∞ the mass aspect function is then interpreted as the total effective mass of the black hole, consisting of the usual ADM mass (see [4]) less the difference of total ingoing and outgoing matter flux at the time of apparent horizon formation [56].^4 As noted in [21], this total effective mass is the natural measure in the signal of black hole formation for time-dependent problems. Once a^2 has diverged, I can integrate the charge density to obtain q(t, r). Knowing all the functions on the right hand side of (2.52) I can immediately deduce m(t, r) for the solution.

I now state (without derivation) the values of D^aD_bα, K^a_b, K, D_bK^{ab}, D^aK, R^a_b and R required by the equations of spacetime constraint and evolution. The non-vanishing contributions are D^rD_rα = 1 a � α^′ a �_′

, D^θD_θα = D^ϕD_ϕα = α^′ a^2r

, (2.57)

K^r_r = − ȧ aα , (2.58)

2The last term employs a common convention different from those of [62], [145], [40], [49], and [17]. The factor 1 4π has been inherited by the current term since I use the Maxwell equation convention

∇^aF_{ab} = −J_b, (2.48)

rather than ∇^aF_{ab} = −4πJ_b. (2.49)

3The equation for a trapped surface is [44] “ γ^{ab} − s^as^b ” (D_as_b − K_{ab}) = 0 , (2.53)

where s^a is a spacelike, outward-pointing, unit-norm to the surface. Using the polar areal coordinate system in spherical symmetry s^a is given by s^a = „ 0, 1 a , 0, 0 « . (2.54)

In polar areal coordinates, expression (2.53) then evaluates to 2 ar = 0 . (2.55)

Since a becomes arbitrarily large, but never reaches the limit a → ∞, apparent horizons never actually form in this coordinate system. However, apparent horizon formation is imminent as a increases to arbitrarily large values. With some confidence, the location at which a diverges can then be used to estimate the eventual location of the apparent horizon. Finally, if an apparent horizon forms, an event horizon is known to exist at or outside the location of the apparent horizon. It is in this sense that I refer to the formation of a black hole.

4As can be seen from results that follow, choosing polar areal coordinates allows the Hamiltonian constraint in the q = 0 limit to be rewritten in the suggestive form dm dr = 4πr^2ρ. (2.56)

K = − ȧ aα , (2.59)

D^aK^r_a = − � ȧ aα �_′ − 2ȧ raα , (2.60)

D^rK = − ȧ a^3α

, (2.61)

R^r_r =

2a^′ ra^3

, R^θ_θ = R^ϕ_ϕ = 1 ar^2 � a − � r a �_′�

, (2.62)

R = 2 ar � −2 � 1 a �_′ + a r � 1 − 1 a^2 � , (2.63)

where prime,^′, designates partial differentiation with respect to radial coordinate r, and overdot, ˙, designates partial differentiation with respect to time coordinate t. Substituting these quantities into the results of subsections 2.1.5 and 2.1.7 I obtain the Hamiltonian constraint

a^′ a + a^2 − 1 2r − 4πra^2ρ = 0, (2.64)

and the momentum constraint ȧ − 4πraαj_r = 0. (2.65) Rather than directly using the evolution equations for the spatial metric and extrinsic curvature, I find the so-called slicing condition more useful in the calculations. This equation can be derived from the evolution equations for K^a_b . First note that, since the spacetime metric is torsion-free, Lie derivatives of K_{ab} with respect to N^c reduce to covariant derivatives as per

£_N K^a_b = (D_cK^a_b) N^c − K^c_b (D_cN^a) + K^a_c (D_bN^c) . (2.66)

For polar areal metric (2.45) this reduces (2.41) to

D_tK^a_b = −D^aD_bα + α � R^a_b + KK^a_b + 8π � 1 2 ⊥^a_b (S − ρ) − S^a_b � . (2.67)

Then, using K^θ_θ = K̇^θ_θ = 0, and substituting Hamiltonian constraint (2.64) where appropriate, (2.67) becomes α^′ α − a^2 − 1 2r − 4πra^2 � S − 2S^θ_θ � = 0 . (2.68)

However, using the Einstein field equations, it is possible to show that here

T^θ_θ = T^ϕ_ϕ , (2.69)

from which it follows S^θ_θ = S^ϕ_ϕ , (2.70) reducing the slicing condition to

α^′ α − a^2 − 1 2r − 4πra^2S^r_r = 0 . (2.71)

The set of equations (2.64), (2.65), (2.71) is sufficient to solve for the entire evolution of spacetime geometry. The method by which to choose appropriate data from which to begin evolution is the initial value problem of general relativity. It is the topic of the next section.

2.2 The Initial Value Problem

The Cauchy problem of a theory amounts to (1) the determination of a boundary and conditions on that boundary along with (2) equations which yield unique solutions for these boundary conditions. The boundary of the Cauchy problem is known as a Cauchy surface. In an evolutionary theory like general relativity or electromagnetism where a 3 + 1 formulation has been adopted, the Cauchy surface is the spatial hypersurface Σ_{t=0} on which initial conditions are specified, from which the system is deterministically evolved.^5 In fact, the Cauchy problems of electromagnetism and general relativity are remarkably similar. Both the Einstein equations and the Maxwell equations with sources form sets of coupled nonlinear partial differential equations, both sets containing evolutionary equations of hyperbolic character as well as constraint equations of elliptic type. And not only are the same solution methods applicable to the hyperbolic equations of both electromagnetism and general relativity, but also similar are the methods for solving the elliptic constraints and initial value problems of both theories. The next chapter provides a rather detailed account of the numerical techniques used to solve the initial value and evolutionary equations. I now demonstrate well-posedness of the Maxwell equations as discussed in [145] and outline the solution of the initial value problem as developed by [149]. Since this thesis involves only the solutions of Einstein’s equations in spherical symmetry, but the Maxwell equations in both spherical symmetry and axial symmetry, I focus discussion primarily on the initial value problem of electromagnetism.

2.2.1 The Initial Value Problem for Electromagnetism

In covariant form the Maxwell’s equations for non-polarizable, non-magnetizable media are

∇^aF_{ab} = −J_b , (2.72)

∇_aF_{bc} + ∇_cF_{ab} + ∇_bF_{ca} = 0 , (2.73)

where F_{ab} is the electromagnetic field-strength tensor and J_a is the four-current. (2.72) are the inhomogeneous equations and (2.73) are the homogeneous Maxwell equations. Since F_{ab} is antisymmetric, contracting (2.72) with the covariant derivative obtains

0 = ∇^b∇^aF_{ab} = −∇^bJ_b , (2.74)

demonstrating J_a is conserved current. I can use

F_{ab} = ∇_aA_b − ∇_bA_a (2.75)

to write them in terms of the four-vector potential A_a as

∇^a(∇_aA_b − ∇_bA_a) = −J_b , (2.76)

∇_a(∇_bA_c − ∇_cA_b) + ∇_c(∇_aA_b − ∇_bA_a) + ∇_b(∇_cA_a − ∇_aA_c) = 0 . (2.77)

The inhomogeneous Maxwell equations are exactly what I derive for A_a using the Euler-Lagrange equations. In addition, it is clear that by substituting

(∇_a∇_b − ∇_b∇_a) T^{c1...ck}_{d1...dl} = − k� i=1 R^{ci}_{abe} T^{c1...e...ck}_{d1...dl} + l� j=1 R^e_{abdj} T^{c1...ck}_{d1...e...dl} (2.78)

5The one caveat is occurrence of a Cauchy horizon marking the boundary of the domain of dependence beyond which the evolution will not be determined by data supplied on the Cauchy surface. While Cauchy horizons occur in black hole spacetimes, such as Reissner-Nordström and Kerr, they are typically shrouded by event horizons. Furthermore, as discussed in Chapter 3, the Cauchy horizon is known to be unstable in the case of Reissner- Nordström, and it is also debatable whether one will form during the gravitational collapse of a realistic matter distribution.

CHAPTER 2. PHYSICAL FORMALISM 16

into the left hand side of (2.77) I obtain ∇_a(∇_bA_c − ∇_cA_b) + ∇_c(∇_aA_b − ∇_bA_a) + ∇_b(∇_cA_a − ∇_aA_c) = − (R_{bdac} + R_{adcb} + R_{cdba}) A^d = (R_{dbac} + R_{dacb} + R_{dcba}) A^d = 0 , (2.79) and so the homogeneous Maxwell’s equations hold by construction, by virtue of the vector potential formulation of the theory.^6 However, I have still not discussed the character of these equations.

Because the homogeneous equations hold by construction, there is no need to examine them in any more detail. However, since the inhomogeneous equations must be solved explicitly, it is useful to examine their character, as it will determine how I must solve for the dynamics of the system. First, notice that, because of antisymmetry, the inhomogeneous equations ∇^aF_{ab} = ∇^a(∇_aA_b − ∇_bA_a) = −J_b (2.84) contain no nonvanishing terms ∇^i∇_iA_i, where summation over repeated indices is in this instance not implied, and index i designates a specific component living in the n-dimensional spacetime. Because of this, (2.84) can only provide evolution equations for n − 1 of the n components A_a. Specifically, if A_t is the temporal component, then the inhomogeneous equation ∇^aF_{at} = ∇^a(∇_aA_t − ∇_tA_a) = −J_t (2.85) is an elliptic equation of constraint for the electromagnetically coupled system.^7 (2.85) must be satisfied at all times. The question which naturally arises, is, “If (2.85) is satisfied at the initial time, will the evolution equations preserve the solution of (2.85) for all time?” The answer to this question is “yes”, and it is reasonably straight-forward to demonstrate. To obtain the answer, I first choose a gauge. For the current purposes, Lorentz gauge ∇_aA^a = ∇^aA_a = 0 (2.87)

6In electromagnetism texts this proof is typically presented for stationary observers in flat spacetime as follows. In (spatial) three-vector notation the homogeneous Maxwell’s equations terms of the magnetic field, ⃗B, and electric field, ⃗E, are written ⃗∇ · ⃗B = 0 , (2.80)

⃗∇ × ⃗E + ∂ ⃗B ∂t = 0 . (2.81)

In terms of the three-vector potential ⃗A and scalar potential φ, the ⃗B and ⃗E are ⃗B = ⃗∇ × ⃗A , (2.82)

⃗E = − ∂ ⃗A ∂t − ⃗∇φ . (2.83)

Then, since the divergence of the curl of any vector field is identically zero (i.e., ⃗∇ · “ ⃗∇ × ⃗A ” = 0) and since the curl of the gradient of any scalar field is also identically zero (i.e., ⃗∇ × ⃗∇φ = 0) equations (2.80) and (2.81) hold by construction.

7Using the (spatial) three-vector nomenclature of flat space, this constraint equation is simply Gauss’ law of electrodynamics, ⃗∇ · ⃗E = ρ_Q , (2.86) where ρ_Q is the charge density.

is the most convenient. Then, substituting ∇^aF_{ab} = ∇^a(∇_aA_b − ∇_bA_a) = ∇^a∇_aA_b − R^c_{acb}A^a = ∇^a∇_aA_b − R^a_bA_a , (2.88) (which has incorporated in it the Lorentz gauge condition) into (2.76) I obtain the form ∇^a∇_aA_b − R^a_bA_a + J_b = 0 , (2.89) a wave equation for the field A_b. Since I are generally allowing gravitational back-reaction, the Ricci tensor R^a_b will be dependent on the stress-energy tensor. Now, covariantly differentiating (2.89) I obtain ∇^b∇^a∇_aA_b − ∇^aR_{ae}A^e = 0 , (2.90) where I have used the symmetries of the Ricci tensor and ∇^aJ_a = 0 to get the result. Next, using (2.78) I find that ∇^b∇^a∇_aA_b = ∇_b∇_a∇^aA^b = ∇_a∇_b∇^aA^b − R^a_{bae} ∇^eA^b − R^b_{bae} ∇^aA^e = ∇^a∇_b∇_aA^b − R^a_{bae} ∇^eA^b − R^b_{bae} ∇^aA^e = ∇^a∇_a∇_bA^b − ∇^aR^b_{bae} A^e − R^a_{bae} ∇^eA^b − R^b_{bae} ∇^aA^e = ∇^a∇_a∇_bA^b + ∇^aR_{ae}A^e . (2.91) Then, substituting (2.91) into (2.90) I find ∇^a∇_a � ∇_bA^b � = 0 . (2.92) Clearly, the Euler-Lagrange equations for vector potential A_a (i.e., the inhomogeneous Maxwell equations) can be written as a linear, diagonal second-order hyperbolic system. As such, it has a well-posed initial value formulation as proven by theorems (see [145] for details). Then, given both an initial data set (A_a,^{∂Aa}_{∂t} ) satisfying (2.85) and the Lorentz gauge condition on a Cauchy surface Σ_{t=0}, this system is guaranteed to satisfy the Maxwell equations and Lorentz gauge condition everywhere for all time.

To solve constraint equation (2.85) I implement the procedure outlined by York and Piran [149], described in terms of the electric field^8 E_a = F_{ab}n^b (2.94) as follows. Since the constraint equation is essentially Gauss’ law for the electric field, I start by decomposing the electric field into its longitudinal (divergenceful) and transverse (divergenceless) parts, L_a and T_a respectively, E_a = L_a + T_a . (2.95) Now, I introduce a scalar field U and define it to be the potential for the electric field, L_a = D_aU , (2.96)

8Here the magnetic field would be expressed

B_a = − 1 2 ϵ^{cd}_{ab} F_{cd}n^b , (2.93) where ϵ_{abcd} is the totally antisymmetric tensor of positive orientation.

where D_a is again the spatial covariant derivative operator. Then, clearly,

D^aE_a = D^a (L_a + T_a)

= D^aL_a

= D^aD_aU , (2.97)

where D^aD_a is the (spatial) 3-dimensional Laplacian operator.^9 Then, since

D^aD_aU = D^aE_a = ρ_Q , (2.99)

where ρ_Q = −n^aJ_a is the electric charge density,^{10} I recognize this constraint equation as the usual Poisson equation. As expected, it is of elliptic type. Once I have solved elliptic differential equation (2.99) for U, I can determine E_a up to a transverse component T_a as

E_a = L_a + T_a = D_aU + T_a . (2.100)

The electromagnetic initial value problem thus has been reduced to a single equation (2.99). Now, while the longitudinal component L_a is explicitly involved in the solution of U, the transverse component T_a (which represents the radiative degrees of freedom) is freely specifiable. I could just as well choose it to be vanishing at initial time. Thus, given charge density ρ_Q, I can solve for U via (2.99). Having found U, I can then determine L_a via (2.96). Meanwhile, I are free to specify any reasonable (i.e., smooth, differentiable, and satisfying regularity conditions discussed in section 2.4) initial values for any remaining variables not determined by gravitational constraints.

2.2.2 The Initial Value Problem for General Relativity

The Einstein, Einstein-Klein-Gordon and Einstein-Maxwell equations are known to possess wellposed initial value formulations.^{11} The initial value problem of the Einstein equations is in many ways analogous to that of electromagnetism. Where in electromagnetism a choice of gauge condition had to be made for four-vector potential A_a, the gauge choice for the Einstein equations amounts to a choice of coordinates along with a slicing condition that determines the embedding of hypersurfaces Σ_t. Furthermore, while the well-posedness of electromagnetism was dependent on the ability to cast the inhomogeneous Maxwell equations as a linear, diagonal second-order hyperbolic system, well-posedness for general relativity requires the reformulation of Einstein’s equations as a quasilinear, diagonal second-order hyperbolic system (see [145] for details). Well-posedness of the Einstein equations was first demonstrated in [33]. Further developments of special significance were produced in [34], and [35].

While the inhomogeneous Maxwell equations (2.85) form the initial value constraints of electromagnetism, for Einstein’s equations they are furnished by the Hamiltonian constraint (2.29) and momentum constrains (2.30). Then, by theorem, providing an initial data set (Σ_{t=0}, h_{ab}, K_{ab}) satisfying (2.29) and (2.30) is supplied on a Cauchy surface diffeomorphic to Σ_{t=0}, the system is guaranteed to satisfy the Einstein equations on subsequent Σ_t. Here γ_{ab} is the spatial three-metric as defined in subsection 2.1.2 and K_{ab} is the extrinsic curvature as defined in subsection 2.1.4.

9The 3-dimensional Laplacian in polar areal coordinates acting on U(t, r) is

D^aD_aU(t, r) = „ 1 a^2 « » 2 r (∂_r U) − 1 a (∂_r a) (∂_r U) + (∂_r ∂_rU) –

= „ 1 a « 1 r^2

∂_r » r^2 a (∂_r U) – . (2.98)

10In polar-areal coordinates, ρ_Q = −n^aJ_a = −^1_α J_t.

11The equations of Chapter 3 form an Einstein-Maxwell system where the sources are given by an electromagnetically coupled complex scalar field.

The solution of (2.29) and (2.30) can be carried out by decomposing extrinsic curvature, K_{ab}, into longitudinal and transverse components, and then freely specifying the divergenceless (transverse) component while solving the required elliptic for the divergenceful (longitudinal) part. This is closely analogous to the preceding decomposition and solution of the electric field where the transverse component represented the radiative degrees of freedom for the electromagnetic field. In the case of Einstein’s equations, the transverse component of the extrinsic curvature encodes gravitational radiation content of the spacetime.^{12}

2.3 Conserved Quantities

If a given tensor T^{abc···}_{def ···} is divergenceless, for example

∇_aT^{abc···}_{def ···} = 0, (2.101)

it has associated with it zero or more conserved quantities, depending on the symmetries (and thus Killing vectors) of the spacetime. If the divergenceless tensor is the stress-energy, T_{ab}, then the conserved quantities will be energy and a component of the momentum. If the tensor is instead the current four-vector J_a, the conserved quantity will be a charge.

2.3.1 Conservation of Charge

Consider first the case of a conserved current four-vector, J_a,

∇_aJ^a = 0, (2.102)

an example being the electromagnetic current. Then, contracting this vector with the hypersurface orthonormal n_a yields charge density, ρ_Q,

ρ_Q = −n_aJ^a, (2.103)

as measured by an observer with four-velocity n_a. Using Gauss’ theorem, the total charge, Q, can be obtained by integrating (2.103) over one of the spacelike hypersurfaces Σ_t,

Q = − � Σ_t � |γ|n_aJ^ad^3x, (2.104)

where |γ| is the determinant of the spacial metric γ_{ab}, and d^3x is the invariant volume element on Σ_t. This integrated charge will then be a constant, regardless of any dynamics. Observe how conservation is manifest for divergenceless four-vectors regardless of spacetime symmetry. The situation is different for tensors of rank-two or more—conservation there depends on the existence of Killing vectors.

2.3.2 Conservation of Energy and Momentum

The (rank-two) stress-energy tensor T_{ab} is by construction divergenceless,

∇_aT^{ab} = ∇_aT^{ba} = 0. (2.105)

12For the spherically symmetric spacetime in polar-areal coordinates, the constraint equations and slicing condition have been reduced to ordinary differential equations (2.64), (2.65) and (2.71) which can easily be integrated. In this case, the system also possesses no radiative degrees of freedom.

In situations where the spacetime possesses a timelike Killing vector field t_a, the contraction

ρ_T = n_at_bT^{ab} (2.106)

is the energy density measured by an observer with four-velocity n_a. And when the spacetime possesses a spacelike Killing vector field s_a, the quantity

ρ_S = −n_as_bT^{ab} (2.107)

represents the momentum density in the direction of s_a. Then integrals T = � Σ_t � |γ|n_at_bT^{ab}d^3x (2.108) and S = − � Σ_t � |γ|n_as_bT^{ab}d^3x (2.109)

respectively represent the total conserved energy and total conserved component of momentum. For instance, S could be the radial, angular, or other-directional momentum, the specifics depending on Killing vector s_a.

2.4 Regularity Conditions

In simulations presented later in this dissertation I employ coordinate systems which become degenerate over finite sets of spatial coordinate values. Specifically, in the spherically symmetric simulation of charged scalar critical collapse in Chapter 3, I use the (t, r, θ, ϕ) polar-areal coordinate system over a range which includes r = 0. Similarly, in Chapter 4, I study axially symmetric charged scalar accretion in (t, r, θ, ϕ) Kerr-Schild coordinates over a range which includes θ = 0 and θ = π. The system of equations to be evolved sometimes become singular at r = 0 for the polar-areal coordinates, and at θ = 0 or θ = π for Kerr-Schild. In cases where the equations do not explicitly diverge, the evolution often becomes numerically unstable at the degenerate points unless the equations are recast in a more appropriate form. The form they take on is determined by so-called regularity conditions at the degenerate coordinate values [6], [45].

2.4.1 Regularity at r = 0 in Polar-Areal Coordinates

Following [6], I say a tensorial quantity is regular at r = 0 of the (t, r, θ, ϕ) polar-areal coordinate system if and only if its components can there be expanded in non-negative integer powers of the (x, y, z) spatial Cartesian components defined

x = r sin θ cos ϕ , (2.110)

y = r sin θ sin ϕ , (2.111)

z = r cos θ . (2.112)

Clearly, assuming neither the spacetime nor matter are anywhere singular, I should ensure that all physical quantities are in this sense regular. Once the regularity conditions have been determined for the physical quantities, their consequences should be consistently propagated through the equations of any unphysical auxiliary variables. For example, under this definition, a physical rank-zero tensor quantity such as electric charge density, ρ_Q, or scalar field amplitude, Φ = Φ(t, r), would to leading order have to be an even function of radial coordinate at r = 0. This would in turn imply that an auxiliary variable such as

Φ_r(t, r) ≡ ∂_rΦ (2.113)

would by consequence have to be an odd function of r and therefore vanishing about r = 0. Furthermore, as the electric field is a rank-one tensor, the radial component E_r would have to be odd in r in order to be regular there. Indeed, if I were to integrate charge density ρ_Q over space, I would find that E_r would have to be odd about r = 0 by consequence of ρ_Q being even there (cf. Appendix C). This line of argument is similarly applied to determine the nature of each function about r = 0 in the evolution leading to critical collapse of charged scalar fields in Chapter 3.

2.4.2 Regularity at θ = 0 and θ = π in Kerr-Schild Coordinates

Extending the definition, I say a tensorial quantity is regular at θ = 0 and θ = π of the (t, r, θ, ϕ) Kerr-Schild coordinate system if and only if its components can be expanded in non-negative integer powers of its (x, y, z) spatial Cartesian components at these coordinate values. As a consequence, physical rank-zero tensors such as the scalar field, Φ = Φ(t, r, θ), or charge density, ρ_Q, are to leading order in θ even functions about θ = 0 and θ = π. By definition, auxiliary quantity

Φ_θ(t, r, θ) ≡ ∂_θΦ (2.114)

would then have to be odd at these degenerate coordinate values. The components of a physical rank-one tensor can similarly be determined. For example, regularity requires the radial and axial components, E_r and E_ϕ, of the electric field vector be even to leading order in θ, and the angular component, E_θ, be odd in θ about θ = 0 and θ = π. The regularity conditions are obtained and enforced for all functions in Chapter 4.

2.5 The Sommerfeld Condition

When studying a dynamical system—or any system, for that matter—on a finite spatial domain, properties of the system on the domain boundary must be considered. The exact properties may or may not be known. If not known, the only choice is to apply approximate boundary conditions and examine whether they are sufficient for the purpose of current investigation.

As an example of a system where exact boundary conditions can be determined, consider the spherically symmetric massless Klein-Gordon equation

∇^a∇_aΦ(t, r) = 0 (2.115)

in Minkowski spacetime. In the usual (t, r, θ, ϕ) spherical polar coordinates, the spacetime is described by line element ds^2 = −dt^2 + dr^2 + r^2dΩ^2 , (2.116)

where dΩ^2 = dθ^2 + sin^2 θdϕ^2 . (2.117)

The spherically symmetric massless Klein-Gordon equation (2.115) can then be written

∂_{tt}(rΦ) = ∂_{rr}(rΦ) , (2.118)

where ∂_{tt} denotes the second partial derivative with respect to temporal coordinate t, and ∂_{rr} designates the second partial derivative with respect to radial coordinate r. There are both ingoing and outgoing solutions to (2.118), the ingoing being given by

(rΦ)(t, r) = f(c_−t + r) , (2.119) f(c_−t + r) being an arbitrary function of its single variable, while the outgoing solution is given by

(rΦ)(t, r) = g(c_+t − r) , (2.120)

g(c_+t − r) again being an arbitrary function of just one variable, c_− being the ingoing wave speed and c_+ being the outgoing wave speed. The wave speeds are given by solutions of the radial null geodesic equation, here � dr dt � ± = c_± = ±1 . (2.121)

From (2.119) it follows that ingoing solutions can be written

∂_t(rΦ) − (c_−)∂_r(rΦ) = 0 , (2.122)

while from (2.120) it can be shown that outgoing solutions have the form

∂_t(rΦ) + (c_+)∂_r(rΦ) = 0 . (2.123)

A radial inflow boundary condition for (2.115) then is given exactly by (2.122), while radial outflow is given exactly by (2.123). When applied at the domain boundary, equation (2.123) is commonly known as an outgoing radiation boundary condition or the Sommerfeld condition (cf. [135], [136]).

2.5.1 The Sommerfeld Condition in Polar Areal Coordinates

In the spacetime described by polar areal metric

ds^2 = −α^2dt^2 + a^2dr^2 + r^2dΩ^2 , (2.124)

where α = α(t, r), a = a(t, r), and dΩ^2 again is given by (2.117), the Sommerfeld condition (2.123) will exactly describe outflow conditions of the massless Klein-Gordon equation when α = 1 and a = 1 on the boundary. The Sommerfeld condition can still be applied when the spacetime is curved, but the quality of its approximation to perfect outflow will have to be tested. In the case of curved spacetime, radial null geodesics satisfy � dr dt � ± = c_± = ± �α a � , (2.125)

and so the (now approximate) condition (2.123) becomes

∂_t(rΦ) + � α a � ∂_r(rΦ) = 0 . (2.126)

In Chapter 3 (2.126) is used to study the critical gravitational collapse of charged massive complex scalar fields in spherical symmetry. While only approximate, the condition is sufficient for the choices of scalar field parameters and coordinate range, as demonstrably little inflow or reflection is observed from the domain boundary.

2.5.2 The Sommerfeld Condition in Kerr-Schild Coordinates

Suppose, instead, the massless Klein-Gordon equation is evolving in the spacetime of a rotating black hole described by the Kerr metric. In (t, r, θ, ϕ) Kerr-Schild coordinates, this spacetime is described by the line element

ds^2 = − � 1 − 2Mr Σ � dt^2 + � 1 + 2Mr Σ � dr^2 + Σdθ^2 + sin^2 θ � r^2 + a^2 +

2Mra^2 sin^2 θ Σ � dϕ^2 + � 4Mr Σ � dtdr − � 4Mra sin^2 θ Σ � dtdϕ − 2a sin^2 θ � 1 + 2Mr Σ � drdϕ , (2.127)

where Σ ≡ r^2 + a^2 cos^2 θ , (2.128) a ≡ J M , (2.129)

t is the temporal coordinate, and r, θ and ϕ are respectively the radial and angular spatial coordinates, M represents the total mass of the black hole spacetime and J its total angular momentum. In this case, the radial null geodesics satisfy equation

0 = − � 1 − 2Mr Σ � dt^2 + � 4Mr Σ � dtdr + � 1 + 2Mr Σ � dr^2 , (2.130)

and so the wave speeds are � dr dt � ± = c_± = � −2Mr/Σ ± 1 1 + 2Mr/Σ � . (2.131)

Assuming the scalar field wavefronts are nearly spherical at the domain boundary, the approximate Sommerfeld condition can then be written

∂_t(rΦ) + � −2Mr/Σ + 1 1 + 2Mr/Σ � ∂_r(rΦ) = 0 . (2.132)

This approximate boundary condition is used in Chapter 4 when studying the dynamics of electromagnetic radiation and charged massive scalar fields on a Kerr spacetime background. As discussed above, the implementation must be tested for inflow and reflections off the outer boundary. In doing so (2.132) is found sufficient for the purposes of the study.

To conclude, the Sommerfeld condition is often acceptable in practice. The computational boundaries can always be moved sufficiently far from regions of physical interest that partial reflections at late time will add only a tolerably small error to the solution. In situations where more precisely outgoing conditions are required on the boundary of a finite domain, a technique using boosted coordinates in conjunction with numerical dissipation can be applied. However, as the Sommerfeld condition is sufficient for the investigations presented in Chapters 3 and 4, discussion of this boosted coordinate method is reserved for Appendix D.

CHAPTER 3

CHARGED SCALAR CRITICAL COLLAPSE

3.1 Preliminary Discussion

3.1.1 Context of This Study

The near-critical collapse of a charged massive scalar field in spherical symmetry is studied in this chapter. Critical phenomena in gravitational collapse have been briefly discussed in the Chapter 1. More important, the interested reader can access a significant amount of review work on this subject, most notably due to Gundlach [59], [60], along with other detailed accounts of previous studies of critical phenomena in spherical symmetry. The latter include Ph. D. theses of many of Choptuik’s former students (specifically, Liebling [93], Neilsen [106], Hawley [64], Honda [77], Pretorius [127], Ventrella [144], Noble [108], Olabarrieta [117] and Lai [92]).

Briefly, the reader is reminded that, in traditional critical behaviour, a critical solution has come to be identified as a type of separatrix (in solution space) between solutions modelling collapse to a black hole from those which do not. This separatrix has a small number of unstable modes— indeed, often only a single unstable mode—in perturbation theory. Even within the context of spherical symmetry, in which the bulk of critical phenomena computations—including those in this chapter—have been carried out, critical solutions are characterized by additional symmetry relative to generic solutions admitted for the model. To date, the additional symmetry has been of one of two types, each of which is further sub-typed as to whether the symmetry is discrete or continuous.

This has lead to the following classification hierarchy of critical solutions. In the top of this hierarchy, the phase transition between black hole spacetimes and those that are not are classified first or second order (Type I or Type II respectively) depending on whether or not the minimum black hole mass above threshold is finite or infinitesimal. Historically, this motivation through observation that the mass could be viewed as an order parameter traces back to Christodoulou [36] and Evans [46]. Now, in the second level of this hierarchy, the solutions are further subclassified as either discrete or continuous, depending on their symmetry. As discussed in Chapter 1, one of the additional symmetries of Type II solutions is spatiotemporal discrete self-similarity (DSS). Continuously self-similar (CSS) and static solutions have also been found for Type II case in spherical symmetry. On the other hand, Type I solutions in spherical symmetry have been found to additionally possess a time-translational symmetry, which manifests as either (discrete) periodic or (continuous) static evolution. This classification hierarchy is presented with examples in Table 3.1.

One of the more novel features of the model studied in this chapter—shared with those of [24], [12] and [16] (for the massive real scalar field), [26] and [29] (for SU(2) Yang-Mills), [9] and [10] (for the SU(2) Skyrme model), [63], [64], [65] and [92] (for massive complex scalar fields), and [114] and [108] (for perfect fluids)—is the existence of both Type I and Type II behaviour. This arises from dimensionful terms in the matter Lagrangian that set a length scale which factors into the type critical solution obtained. In the limit of small scalar field mass m_Φ, and for an appropriate range of electric coupling parameter e, the massive charged scalar field solutions at black hole threshold should observe the Type II scaling relations noted in [66], [68] and [58]. The existence and properties of charged boson star solutions (see [79], [80], [81]), together with the current understanding of massive scalar critical phenomena, suggest that Type I critical solutions resembling perturbed charged boson stars should exist for an appropriate set of initial conditions and range of parameter values e and m_Φ [31]. However, details regarding the emergence and critical solution additional symmetry example (from spherical symmetry) Type I continuous (static) SU(2) Yang-Mills [26], [29] SU(2) Skyrme [9] perfect fluids [108] discrete (periodic) massive real scalar field [12], [16] Type II continuous (static) SU(2) Skyrme [10] continuous (CSS) perfect fluids [114], [108] discrete (DSS) massive real scalar field [24] SU(2) Yang-Mills [26], [29]

Table 3.1: Classification hierarchy of critical solutions. At the top of the hierarchy, the solutions are classified as either Type I or Type II. In Type I, near-critical black hole masses are finite. The spherically symmetric Type I solutions are further sub-typed by additional symmetry as either continuous (static) or discrete (periodic). In Type II, near-critical black hole masses are infinitesimal. The spherically symmetric Type II solutions are further sub-typed by additional symmetry as either continuously self-similar (CSS) or static, or discretely self-similar (DSS). Examples are given from spherically symmetric computations for each of these sub-types. All of the tabulated example models allow both Type I and Type II solutions, depending on parameter values and initial conditions.

properties of such solutions have not been documented elsewhere.

Note that the study described below has much in common with those of Brady, Chambers and Goncalves [12], [16], Hod and Piran [66], [68], Gundlach and Martin-Garcia [57], Hawley and Choptuik [63], [64], [65] and Lai [92]. Also note that, for the case of the Type II behaviour described herein, the results of Hod and Piran [66], [68] are expected to be significantly more accurate, and possessive of better convergence properties due to the fact that they were computed using a highorder unigrid technique, originally due to Garfinkle [52], tailored to the critical solution. The value of this particular study then, has been largely one of providing further confirmation of the view described by Gundlach and Martin-Garcia [57], and Hod and Piran [66], [68] with regards to charge scaling in the model, as well as completeness, as yet another case of critical collapse has been examined and the basic theoretical understanding of the phenomenology found solid. Perhaps most important, this study has provided valuable experience and insight into the nature of critical phenomena. This experience is likely to be vital in the studies of non-spherical charged collapse planned for the future.

3.1.2 Issues Regarding Horizons

Before solving the Einstein-Maxwell-Klein-Gordon equations with electromagnetically coupled complex scalar field sources, it is prudent to first consider what global structure one could expect for the spacetime. Even the spherically symmetric gravitational collapse of simple charged matter is nontrivial. The spacetime that results is one of a spherically symmetric charge-carrying black hole with some dynamic spherically symmetric charged matter distribution in its exterior. However, a generalization of Birkhoff’s theorem guarantees the spacetime external to all matter is represented by the static Reissner-Nordström solution. While the maximal analytic extension of Reissner-Nordström spacetime is described by the Penrose diagram 3.1, it does not actually depict the spacetime generated by the realistic collapse of charged matter in spherical symmetry.

The dynamical evolution of a charged spherical shell of dust has been described in detail by

PSfrag replacements

Figure 3.1: Penrose diagram showing causal structure of Reissner-Nordström spacetime (cf. [62]). I and I’ depict asymptotically flat regions of the spacetime outside the black hole. II and II’ are interior to the event horizon at r = r_+, while interior regions III and III’ are separated from II and II’ by the Cauchy horizons at r = r_−. I^+ represents future null infinity and I^− past null infinity, while i^− represents past timelike infinity, i^+ future timelike infinity and i^0 spacelike infinity. The singularity at r = 0 is timelike, and can thus be avoided by a timelike trajectory.

PSfrag replacements

Figure 3.2: Conformal diagram for gravitational collapse and apparent horizon formation for a spherical shell of charged dust when the charge is too small to prevent spacelike singularity formation in its interior (cf. [11]). I^+ represents future null infinity, I^− is past null infinity, i^0 is spacelike infinity, and i^+ represents future timelike infinity. An apparent horizon forms at radial coordinate r = r_+, and r = r_− represents a Cauchy horizon. The spacetime singularity is spacelike and appears in the interior at r = 0.

Boulware [11] for various values of total mass, M, total charge, Q, and total rest mass M.^1 While the spacetime interior to the spherically symmetric distribution is flat, the complete structure of spacetime is generally complicated and dependent on the values M, Q and M. For example, if the charge carried by the matter is sufficiently small, it will not be able to prevent the formation of a spacelike spacetime singularity in its interior by electrostatic repulsion. In this case, the collapse will follow the evolution shown in Figure 3.2, which is a conformal diagram showing formation of an apparent horizon at radial coordinate value r = r_+ during evolution. The spacetime singularity appears in the interior at r = 0, and there exists a Cauchy horizon at r = r_− beyond which spacetime is not determined by Einstein’s equations with the given initial data. In the case where charge Q is large enough to prevent spacelike singularity formation, the evolution proceeds as depicted in Figure 3.3. An apparent horizon still forms at r = r_+, and a Cauchy horizon at r = r_−. A singularity again forms within the apparent horizon, but outside the charged matter. This singularity is now timelike and therefore can be avoided by the evolving matter. In fact, once inside r = r_+, the matter can pass through r = r_−, and, avoiding the singularity, re-expand into a second asymptotically flat region of space.

However, the case where a charged shell collapses to leave a black hole spacetime with timelike singularity is thought to be unrealistic. In fact, Penrose was first to notice that an observer crossing Cauchy horizon r = r_− would see the entire history of asymptotically flat regions in a finite time [122], implying that r = r_− should be unstable to small perturbations as later demonstrated in [100]. Meanwhile, by studying generic self-gravitating charged scalar field collapse, Hod and Piran were the first to demonstrate that in addition to the spacelike singularity at r = 0, a null singularity forms along the Cauchy horizon which then contracts and meets the spacelike singularity

1Novikov similarly studied the evolution of a shell of charged matter in [115].

PSfrag replacements

Figure 3.3: Conformal diagram for gravitational collapse and apparent horizon formation for a spherical shell of charged dust when the charge is large enough to prevent spacelike singularity formation in its interior (cf. [11]). I^+ represents future null infinity, I^− is past null infinity, i^0 is spacelike infinity, and i^+ represents future timelike infinity. An apparent horizon forms at radial coordinate r = r_+, and r = r_− represents a Cauchy horizon. A spacetime singularity again appears at r = 0, but it is now timelike and exterior to the matter.

PSfrag replacements

Figure 3.4: Conformal diagram for gravitational collapse and horizon formation for a spherically symmetric distribution of charged scalar field matter (cf. [72], [73]). I^+ represents future null infinity, I^− is past null infinity, i^0 is spacelike infinity, and i^+ represents future timelike infinity. An apparent horizon forms at radial coordinate r = r_+, and r = r_− represents a Cauchy horizon. A spacelike singularity forms in the interior at r = 0. Meanwhile, a weak null singularity forms along the Cauchy horizon and then contacts to meet the spacelike singularity at r = 0.

at r = 0 [72], [73]. This scenario is depicted in Figure 3.4. These results were confirmed and analyzed in somewhat greater detail by Oren and Piran [119]. Furthermore, their investigations demonstrated the contracting null singularity is weak, in that an observer crossing it will experience only finite tidal forces (cf. [120], [121]). So while their future is unpredictable after crossing r = r_−, observers can ultimately still escape to a causally disconnected region of spacetime which may also be asymptotically flat.

The salient feature of all these charged matter collapse scenarios is the appearance of the apparent horizon, outside which the spacetime is still predictable, regardless of any details within the Cauchy horizon. This property is what allows the use of any of a large number of coordinates to model processes leading up to the formation of a black hole by charged matter. Providing I am not interested in evolution beyond apparent horizon formation, non-penetrating coordinates are a completely suitable choice. The system of equations used in simulations of critical gravitational collapse of charged massive scalar fields now follows.

3.2 System of Equations

3.2.1 The Matter Lagrangian and Equations of Motion

The Lagrangian for a massive electromagnetically coupled complex scalar field is given by [62]

L_M = √ −g[−(∇_aΦ − ieA_aΦ)(∇^aΦ^∗ + ieA^aΦ^∗) − 1 4 F^{ab}F_{ab} − m^2_Φ Φ^∗Φ] , (3.1) where m_Φ is the scalar field mass parameter, e sets the strength of electromagnetic coupling between the real and imaginary components of complex scalar field Φ = Φ(t, r), the symbol^∗ denotes complex conjugation, A_a = A_a(t, r) is the electromagnetic vector potential, and F_{ab} is the antisymmetric electromagnetic field strength tensor defined according to

F_{ab} = ∇_aA_b − ∇_bA_a . (3.2)

In terms of its real and imaginary components (respectively ϕ_1 = ϕ_1(t, r) and ϕ_2 = ϕ_2(t, r)) the scalar field is written

Φ = ϕ_1 + iϕ_2 . (3.3)

To make connection with the physical fields, an observer moving with four-velocity n^a would measure an electric field E_a = F_{ab}n^b (3.4) and a magnetic field B_a = − 1 2 ϵ^{cd}_{ab} F_{cd}n^b , (3.5)

where ϵ_{abcd} is the totally antisymmetric tensor of positive orientation.^2

The set of Euler-Lagrange equations for the system described by (3.1),

∂L_M ∂Φ − ∇_a � ∂L_M ∂(∇_aΦ) � = 0 ,

∂L_M ∂Φ^∗

− ∇_a � ∂L_M ∂(∇_aΦ^∗) � = 0 , (3.6)

∂L_M ∂A_b

− ∇_a � ∂L_M ∂(∇_aA_b) � = 0 , (3.7)

yields equations of motion^3

∇^a∇_aΦ^∗ + 2ie(∇_aΦ^∗)A^a − e^2Φ^∗A_aA^a + ieΦ^∗∇_aA^a − m^2_Φ Φ^∗ = 0 , (3.8)

∇^a∇_aΦ − 2ie(∇_aΦ)A^a − e^2ΦA_aA^a − ieΦ∇_aA^a − m^2_Φ Φ = 0 , (3.9)

∇^aF_{ab} − ie(Φ^∗∇_bΦ − Φ∇_bΦ^∗) − 2e^2ΦΦ^∗A_b = 0 . (3.10)

I have the freedom to choose an electromagnetic gauge condition. I choose the Lorentz gauge condition ∇_aA^a = 0 . (3.11) This provides me with an equation of evolution for the temporal component of A_a.

Furthermore, since it can be demonstrated that

∇_aJ^a = 0 , (3.12)

where

−J^b ≡ ∇_aF^{ab} = ie(Φ^∗∇^bΦ − Φ∇^bΦ^∗) + 2e^2ΦΦ^∗A^b, (3.13)

I conclude J^a is a conserved current.^4

2ϵ_{abcd} has norm given by ϵ_{abcd}ϵ^{abcd} = −24, and ϵ_{0123} = 1 in a right-handed orthonormal basis. 3Under decomposition (3.3) it is clear that (3.8) and (3.9) are completely equivalent. 4The choice of sign and normalizing factor on J^b are somewhat arbitrary. A different choice of sign would later introduce a factor of −1 in the value of the electric charge density ρ_Q.

3.2.2 The Einstein Lagrangian and Field Equations

The Einstein Lagrangian is L_G = √ −gR , (3.14) and the total Lagrangian is given by minimally coupling the matter Lagrangian to the geometry via L = L_G + α_ML_M , (3.15) where coupling constant α_M will have to be chosen to give the correct normalization for the stressenergy tensor of the matter field.

The Einstein field equations are obtained by variation of the action

S[g_{ab}, Φ, Φ^∗, A_a] = � Ld^4x (3.16)

with respect to g_{ab}. They are

G_{ab} = R_{ab} − 1 2 g_{ab}R = 8πT_{ab} , (3.17)

where the stress-energy tensor T_{ab} is given by

T_{ab} = α_M 8π 1 √ −g � − ∂L_M ∂g^{ab} + 1 2 g_{ab}L_M � . (3.18)

Using (3.1) and (3.18) I explicitly obtain

T_{ab} = 1 2 (∇_aΦ∇_bΦ^∗ + ∇_bΦ∇_aΦ^∗) − 1 2 ie [(Φ∇_bΦ^∗ − Φ^∗∇_bΦ) A_a + (Φ∇_aΦ^∗ − Φ^∗∇_aΦ) A_b]

+e^2ΦΦ^∗A_aA_b + 1 2 F_{ac}F_{bd}g^{cd} − 1 2 g_{ab}[(∇_cΦ − ieA_cΦ)(∇^cΦ^∗ + ieA^cΦ^∗) + 1 4 F^{cd}F_{cd}

+m^2_Φ Φ^∗Φ] , (3.19)

where α_M = 8π has been chosen in order that I retrieve the Einstein-Maxwell-Klein-Gordon equations from (3.17).

3.2.3 The Spacetime Metric and Equations

While many coordinate systems could be used to study the critical collapse of a massive charged scalar field, one convenient choice is polar-areal. As presented in subsection 2.1.8, the line element of a spherically symmetric spacetime in polar-areal coordinates is

ds^2 = −α^2dt^2 + a^2dr^2 + r^2dΩ^2, (3.20)

where α = α(t, r), a = a(t, r), dΩ^2 = dθ^2 + sin^2 θdϕ^2, t is the temporal coordinate, and r, θ and ϕ are respectively the radial and angular spatial coordinates. Again, the future-directed unit-norm spatial hypersurface orthogonal vector is n^a = (1/α, 0, 0, 0), and the spatial metric is

γ_{ab} = diag � a^2, r^2, r^2 sin^2 θ � . (3.21)

Clearly, as the divergence of a^2 marks the formation of an apparent horizon, this coordinate system becomes singular and is therefore horizon non-penetrating. With the choice I’ve made for normalization of the electromagnetic field Lagrangian density, the mass aspect function takes on the form m = r 2 � 1 − 1 a^2 + q^2 4πr^2 � , (3.22)

where m = m(t, r) is the gravitational mass and q = q(t, r) is the electric charge of the source. Finally, the Hamiltonian constraint is

a^′ a + a^2 − 1 2r − 4πra^2ρ = 0, (3.23)

the momentum constraint is ȧ − 4πraαj_r = 0, (3.24) and the polar slicing condition is

α^′ α − a^2 − 1 2r − 4πra^2S^r_r = 0, (3.25)

where prime,^′, designated partial differentiation with respect to radial coordinate r, overdot, ˙, designates partial differentiation with respect to temporal coordinate t.^5 The explicit forms of ρ (energy density), j_r (momentum density) and S^r_r (stress tensor) are

ρ = T_{ab}n^an^b = 1 2 � 1 a^2 � [Π_ΦΠ^∗_Φ + (Φ_r − ieΦA_r) (Φ^∗_r + ieΦ^∗A_r)] + 1 4 (Π_r)^2 + 1 2 m^2_Φ ΦΦ^∗ , (3.26)

j_r = −⊥ (T^a_r n_a) = − 1 2 � 1 a � [(Φ^∗_r + ieΦ^∗A_r) Π_Φ + (Φ_r − ieΦA_r) Π^∗_Φ] , (3.27)

S^r_r = ⊥T^r_r = 1 2 � 1 a^2 � [Π_ΦΠ^∗_Φ + (Φ_r − ieΦA_r) (Φ^∗_r + ieΦ^∗A_r)] − 1 4 (Π_r)^2 − 1 2 m^2_Φ ΦΦ^∗ , (3.28)

where Π_Φ = Π_Φ(t, r), Φ_r = Φ_r(t, r), and Π_r = Π_r(t, r) are defined below in equations (3.30), (3.31) and (3.38).

3.2.4 Matter Equations in First-Order Form

I can rewrite equation of motion (3.9) as

∇^a (∇_aΦ − ieA_aΦ) − ieA^a (∇_aΦ − ieA_aΦ) − m^2_Φ Φ = 0 . (3.29)

Then, computing covariant derivatives of (3.29) for metric (3.20), the equation of motion is a relatively simple expression. I choose to re-express it in first order form. Defining

Π_Φ(t, r) ≡ n^aa (∇_aΦ − ieA_aΦ) , (3.30) Φ_r(t, r) ≡ ∂_rΦ , (3.31)

5However, to eliminate divergences and loss of numerical precision when a and α approach values close to zero, the Hamiltonian constraint and slicing condition are best solved using logarithmic variables A ≡ ln a and L ≡ ln α.

where ∂_r designates partial differentiation with respect to coordinate r, equation of motion (3.29) becomes the following triplet

Π̇_Φ = 3∂_{r3} � r^2 α a (Φ_r − ieA_rΦ) � − ie �α a (Φ_r − ieA_rΦ) A_r − Π_ΦA_t � − αam^2_Φ Φ , (3.32)

Φ̇_r = ∂_r � α a (Π_Φ) + ieA_tΦ � , (3.33)

Φ̇ = � α a (Π_Φ) + ieA_tΦ � , (3.34)

where overdot, ˙, again designates partial differentiation with respect to t, and I have used the chain rule to rewrite the partial derivative with respect to r as a partial derivative with respect to r^3, designated ∂_r3 .^6

As with the scalar field, I choose to write and evolve the spatial part of A_a in first order form.^7 Defining

Π_r(t, r) ≡ n^a 1 a (∇_aA_r − ∇_rA_a) , (3.38)

A_{tr} (t, r) ≡ ∂_rA_t , (3.39)

the Euler-Lagrange equation for the spatial component of A_a becomes the following set of three equations

Π̇_r = α a (J_r) , (3.40)

Ȧ_r = [αa (Π_r) + A_{tr}] , (3.41)

A_{tr} = ∂_r (A_t) , (3.42)

where (3.13) gives J_r = −ie(Φ^∗Φ_r − ΦΦ^∗_r ) − 2e^2ΦΦ^∗A_r . (3.43) Finally, while the Lorentz gauge condition is already in first order form, I find it convenient to define

Ω_t(t, r) ≡ n^aaA_a , (3.44)

Π_t(t, r) ≡ Ω̇_t , (3.45)

6By using the chain rule as per ∂f ∂r = ∂r^n ∂r ∂f ∂r^n

= nr^{n−1} ∂f ∂r^n

(3.35) numerically unsuitable forms such as 1 r^2 ∂f ∂r (3.36) at r = 0 can be rewritten more appropriately as 1 r^2 ∂f ∂r = 3 ∂f ∂r^3

. (3.37)

The first appearance in the literature of numerical relativity for this application of the chain rule was [45].

7It can be demonstrated that in spherical symmetry the components A_θ and A_ϕ must completely decouple from the system of equations. I am therefore free to set them both to zero for all time.

and recast the gauge condition as the triplet

Π_t = 3∂_r3 � r^2 α a (A_r) � , (3.46)

Ω̇_t = Π_t , (3.47)

A_t = α a (Ω_t) , (3.48)

where the chain rule has again been applied to recast the differential equation in a more appropriate form.

3.2.5 Physical and Conserved Quantities

The only non-vanishing electromagnetic field component measured by an observer with four-velocity n^a can be expressed E_r = −aΠ_r , (3.49) the temporal component of the current four-vector can be written

J_t = ie α a (Φ^∗Π_Φ − ΦΠ^∗_Φ) , (3.50)

and the conserved electric charge density expressed

ρ_Q = −ie 1 a (Φ^∗Π_Φ − ΦΠ^∗_Φ) . (3.51)

Outside gravitational sources, where t^a = (1, 0, 0, 0) is a timelike Killing vector field, the quantity

ρ_T = 1 2 � α a^2 � [Π_ΦΠ^∗_Φ + (Φ_r − ieΦA_r) (Φ^∗_r + ieΦ^∗A_r)] + 1 4 α (Π_r)^2 + 1 2 αm^2_Φ ΦΦ^∗ (3.52)

is a conserved energy density. Then, from (2.104), the total charge, Q = �_{2π} ϕ=0 �_π θ=0 �_∞ r=0 ρ_Q � ar^2 sin θ � drdθdϕ , (3.53)

will be constant. Similarly, from (2.108), the total energy, T = �_{2π} ϕ=0 �_π θ=0 �_{r2}

r=r_1

ρ_T � ar^2 sin θ � drdθdϕ , (3.54)

will also be constant if no gravitational sources reside within r_1 ≤ r ≤ r_2.

3.2.6 Regularity, Boundary Conditions and Dissipation

According to the definitions of section 2.4 (cf. [6], [45]), the regularity conditions for functions listed above require that matter variables Φ, Π_Φ, A_t, Ω_t, Π_t J_t, ρ_Q and ρ_T are, to leading order, even in r about r = 0. Variables Φ_r, A_r, Π_r, A_{tr}, J_r and E_r will to leading order be odd. For the leadingorder-even variables I enforce regularity at the grid point corresponding to r = 0 by applying a quadratic fix as listed in Appendix C. Meanwhile, the regularity condition of the leading-order-odd variables is enforced by setting the functions equal to zero at the degenerate point.

I apply the (approximate) Sommerfeld outgoing radiation condition to Φ at the computational domain boundary r = r_{max}. As discussed in Chapter 2, this condition adopts the form

∂_t(rΦ) + �α a � ∂_r(rΦ) = 0 (3.55)

for the spherically symmetric metric in polar areal coordinates. Assuming spacetime is essentially flat at r = r_{max}, condition (3.55) reduces to

∂_t(rΦ) + ∂_r(rΦ) = 0 . (3.56)

Observe how (3.55) and (3.56) assume both e and m_Φ have an insignificant effect on scalar field dynamics at the boundary. It can be shown that, under these assumptions, an approximate Sommerfeld condition can also be written for Π_Φ as per

∂_t(rΠ_Φ) + ∂_r(rΠ_Φ) = 0 . (3.57)

Assuming r = r_{max} is sufficiently large, an approximate Sommerfeld condition can similarly be written for Φ_r. I implement the these equations (and all others containing partial derivatives in r) using backwards spatial differencing operators.

Since the Hamiltonian constraint is solved by integrating outwards, I impose the inner boundary condition a(t, 0) = 1 (3.58)

on metric function a(t, r). Function a is set to unity here because this is the flat-space value the metric takes interior to a spherically symmetric matter distribution. Meanwhile, for α(t, r) I impose an outer boundary condition α(t, r_{max}) = 1 a(t, r_{max})

. (3.59)

The condition is for the outer boundary because I solve the slicing condition by integrating inwards from r = r_{max}. Furthermore, the specific choice a^{−1}(t, r_{max}) is used because of the analogy with Reissner-Nordström spacetime in which the temporal and radial metric functions are reciprocal. Finally, regularity for metric functions a and α requires they be even to leading order in coordinate r about r = 0.

I employ Kreiss-Oliger dissipation as discussed in Appendix C. The dissipation is added to all functions whose evolutionary equations explicitly include derivatives with respect to t. The complete set is Φ, Φ_r, Π_Φ, A_r, Π_r, Ω_t and a_{mom}, where a_{mom} represents the metric function a(t, r) when solved using the momentum constraint (3.24). Since the Kreiss-Oliger dissipation operator has a stencil^8 five points wide, it is only applied at locations two grid points from the bounds of the computational domain (r = 0 and r = r_{max}). Finally, I find the value ϵ = 0.5 a good choice for the adjustable dissipation parameter in all simulations presented. With the choice of Courant factor λ = 0.5, the system of equations evolves stably under the Crank-Nicholson iterative scheme.

3.3 Results

3.3.1 Initial Data Profiles

The basic idea is to choose a family of initial data parametrized by a single variable p and let the system evolve. Observing the dynamics, I note whether or not the outcome is formation of a black hole at some future time. I then successively adjust the value of p to the critical value p^∗ which marks the threshold of black hole formation: if p > p^∗ the system forms a black hole, if p < p^∗ it does not.

8A stencil is essentially a list of the set of points on which a finite difference operator is dependent. Details and discussion can be found in Appendix C.

Now, since the scalar field is complex

Φ = ϕ_1 + iϕ_2 , (3.60)

its conjugate momentum must also be complex

Π_Φ = Π_1 + iΠ_2 , (3.61)

where Π_1 = Π_1(t, r) and Π_2 = Π_2(t, r). From definition (3.30) it is evident the complex components of Π_Φ are explicitly Π_1 = a α � ϕ̇_1 + eA_tϕ_2 � , (3.62) and Π_2 = a α � ϕ̇_2 − eA_tϕ_1 � . (3.63)

In terms of the field variables, electromagnetic coupling parameter, and metric components, the electric charge density (3.51) is explicitly

ρ_Q = − 2e a (ϕ_1Π_2 − ϕ_2Π_1) = − 2e α � ϕ_1ϕ̇_2 − ϕ_2ϕ̇_1 − eA_t(ϕ^2_1 + ϕ^2) � . (3.64)

So while it may be tempting to ascribe positive charge to, say, scalar field component ϕ_1 and negative charge to ϕ_2, the dependencies of Π_1 and Π_2 on both ϕ_1 and ϕ_2 indicates that positive and negative charge must simultaneously be attributed to both scalar field components. Families of initial data can therefore possess a variety of charge density profiles, depending on the choice of ϕ_1, ϕ_2, Π_1, Π_2 and e, and generic initial data will evolve to a state with both positive and negative charge density distributed within some volume of space.^9

For given values of e and m_Φ, I choose from one of six different initial data families tabulated below and tune a single free parameter to its critical value. Each of the six families are constructed from initial Gaussian profiles for ϕ_1, ϕ_2, Π_1, Π_2, A_t and A_r.^{10} That is,

ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2) , (3.65)

ϕ_2(t = 0, r) = a_2 exp(−((r − r_2)/δ_2)^2) , (3.66)

Π_1(t = 0, r) = a_3 exp(−((r − r_3)/δ_3)^2) , (3.67)

Π_2(t = 0, r) = a_4 exp(−((r − r_4)/δ_4)^2) , (3.68)

A_t(t = 0, r) = a_t exp(−((r − r_t)/δ_t)^2) , (3.69)

9Furthermore, assume that a system is assembled from two species of massive complex scalar field, both with the same charge coupling parameter e, but one having a large mass parameter m_Φ and the other a small one. Data could always be constructed where the field with large mass parameter contributes a positive charge density at initial time, while the field with small mass parameter contributes a negative charge density. However, as evident from equation (3.64), generic evolution of the field with initial positive charge density will soon appear to carry a component of negative charge, while the initially negative charge density field will appear to contribute some amount of positive charge. While total charge of the ensemble will be conserved, neither positive nor negative contributions by either field need remain separately constant. This behaviour is borne out by numerical simulation. It is in this sense that massive charged scalar fields are incapable of modelling the generic behaviour of an ionized gas composed of heavy, always positively charged ions amid a cloud of light, always negatively charged electrons.

10From equation (3.43) a nonzero radial electric current requires e, Φ and Φ^∗ to be nonzero. In addition, the conditions for a nonzero current are either A_r be nonzero, Φ_r be nonzero, or Φ^∗_r be nonzero. Clearly, families A, B, C and D of Table 3.2 satisfy the nonzero current condition at initial time if e ≠ 0. Charge separation in these four cases can therefore be said to originate at initial time t = 0. Furthermore, since families E or F do not satisfy the requirements for nonzero radial current at initial time, charge separation can only occur when t > 0.

and A_r(t = 0, r) = a_r exp(−((r − r_r )/δ_r)^2) . (3.70) The tuning parameter is always a_1, a_t = a_r = 0.0132, and depending on the family, a_2, a_3 and a_4 take on values either 0.0 or 0.0132. For all families

r_1 = r_2 = r_3 = r_4 = 10.0 (3.71) and δ_1 = δ_2 = δ_3 = δ_4 = 2.0 . (3.72) The spatial coordinate range is always 0 ≤ r ≤ 80. Finally, all solutions are computed on a finite difference grid with at least J = 3201 grid points in the radial direction, and using adaptive mesh refinement as outlined in Appendix C.

family ϕ_1, ϕ_2, Π_1, Π_2 ρ_Q(t = 0, r; e ≠ 0) A ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2), ≠ 0 ϕ_2(t = 0, r) = a_2 exp(−((r − r_2)/δ_2)^2), Π_1(t = 0, r) = a_3 exp(−((r − r_3)/δ_3)^2), Π_2(t = 0, r) = a_4 exp(−((r − r_4)/δ_4)^2) B ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2), ≠ 0 ϕ_2(t = 0, r) = 0, Π_1(t = 0, r) = a_3 exp(−((r − r_3)/δ_3)^2), Π_2(t = 0, r) = a_4 exp(−((r − r_4)/δ_4)^2) C ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2), ≠ 0 ϕ_2(t = 0, r) = a_2 exp(−((r − r_2)/δ_2)^2), Π_1(t = 0, r) = a_3 exp(−((r − r_3)/δ_3)^2), Π_2(t = 0, r) = 0 D ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2), = 0 ϕ_2(t = 0, r) = 0, Π_1(t = 0, r) = a_3 exp(−((r − r_3)/δ_3)^2), Π_2(t = 0, r) = 0 E ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2), = 0 ϕ_2(t = 0, r) = a_2 exp(−((r − r_2)/δ_2)^2), Π_1(t = 0, r) = 0, Π_2(t = 0, r) = 0 F ϕ_1(t = 0, r) = a_1 exp(−((r − r_1)/δ_1)^2), = 0 ϕ_2(t = 0, r) = 0, Π_1(t = 0, r) = 0, Π_2(t = 0, r) = 0

Table 3.2: Critical gravitational collapse initial data families A through F. The first column lists the family and the second column specifies the initial data profiles for ϕ_1, ϕ_2, Π_1 and Φ_2 of that family. The third column lists whether or not the initial data can carry nonzero electric charge density when e ≠ 0.

3.3.2 Results for e = 1.0 with m_Φ = 0.0

As expected, I recover Choptuik’s original discretely self-similar and universal solution [23] in the limit e → 0 and m_Φ → 0. For values e = 1.0 with m_Φ = 0.0 I again observe a discretely self-similar and universal solution, but the near-critical solution now carries electric charge.

Discrete Self-Similarity and Universality

The solution represents itself as an infinite series of echoes as the scalar field repeatedly attempts to collapse to a black hole, but never quite makes it. With each failed attempt some scalar field is shed, and the succeeding echo occurs on an exponentially smaller spatial scale after an exponentially shorter interval of time.

The discrete self-similarity of the critical solution is apparent in successive maxima of the quantity 2m(t, r)/r = (1 − a^{−2}) + Q^2/(4πr^2) , (3.73)

where Q = Q(t, r) is the net charge enclosed by a sphere of radius r at time t. For example, having tuned to |p − p^∗| ∼ 10^{−16}, I take the profile of 2m(t, r)/r at the maximum of its third echo for family A and spatially rescale it by a factor exp(Δ), Δ ≈ 3.47. I then find the rescaled third echo profile matches that of the preceding (second) echo, consistent with the findings of [66] and [68]. This is displayed below in Figure 3.5. Meanwhile, universality of the solution is manifest in the fact that all critical solutions exhibit like profiles and that the scaling exponents Δ are essentially the same for all families A through F.

Mass and Charge Scaling

As the critical solution is approached from above, it would appear the back holes formed become arbitrarily small as p → p^∗. This is supported by the results presented in Figure 3.6. Down to machine precision, black hole masses there observe a power-law behavior

ln(m_{BH}) = γ_m ln ((p − p^∗)/p^∗) + c_1, (3.74)

where c_1 is a family dependent constant. For family A I find a value γ_m ≈ 0.385, consistent with the results of [66], [68] and analysis of [57]. Not only do black hole masses observe a power-law relationship with respect to the critical parameter, but so do the black hole charges. Supporting numerical results are presented in Figure 3.7. Similarly, this power-law has the functional form

ln(|Q_{BH}|) = γ_Q ln ((p − p^∗)/p^∗) + c_2, (3.75)

where c_2 is another family dependent constant.^{11} However, γ_Q > γ_m so the black hole sheds charge more rapidly than mass with each successive echo as the critical solution is approached from above. For family A I find γ_Q ≈ 0.854, again consistent with [66], [68] and [57], and also their prediction that γ_Q ≥ 2γ_m. Explicitly, I show the charge to mass ratio of the black hole solutions in Figure 3.8. Clearly, while the ratio |Q_{BH}|/m_{BH} decreases exponentially as p → p^∗, it is possible to form black holes with 0 ≲ |Q_{BH}|/m_{BH} ≲ 1 when sufficiently far from the critical solution.

11The data of Figure 3.7 suggest a small periodic wiggle superimposed on the otherwise straight line fit, consistent with the predictions and results of [57], [66] and [68]. While a similar periodic wiggle is known to exist for the mass scaling relationship of both charged [57], [66], [68] and uncharged [58], [67] massive scalar fields, the behaviour is not apparent in Figure 3.6. The absence of a wiggle can there be attributed to numerical inaccuracy arising with the divergence of polar areal radial metric function a(t, r) just before apparent horizon formation. Of course, the periodic wiggle could be explored further by examining maximum spacetime curvature of subcritical solutions as p → p^∗ from below.

Figure 3.5: Discrete self-similarity for the critical solution of family A with e = 1.0, m_Φ = 0.0 as demonstrated by spatially rescaling the third echo of 2m(t, r)/r by exp(Δ) and comparing it to the unscaled second echo. The two echo profiles agree so closely their differences are not apparent on the scale of this figure.

Figure 3.6: Power-law scaling of the black hole mass m_{BH} as the critical solution is approached from above for family A with e = 1.0 and m_Φ = 0.0. Here, the scaling exponent is γ_m ≈ 0.385.

Figure 3.7: Power-law scaling of the black hole charge Q_{BH} as the critical solution is approached from above for family A with e = 1.0 and m_Φ = 0.0. Here, the scaling exponent is γ_Q ≈ 0.854.

Figure 3.8: Charge to mass scaling of the black hole solutions as the critical solution is approached from above for family A with e = 1.0 and m_Φ = 0.0. The charge of black hole solutions decreases more rapidly than black hole mass as p → p^∗, indicating the exactly critical solution will be uncharged. Furthermore, solutions with 0 ≲ |Q_{BH}|/m_{BH} ≲ 1 can be obtained when p is sufficiently far from its critical value p^∗.

3.3.3 Results for e = 1.0 with m_Φ = 1.0

When the scalar field mass parameter m_Φ is sufficiently larger than zero, the critical solution ceases to be discretely self-similar. Rather, it becomes periodic—resembling an oscillating perturbed boson star with nonzero electric charge. Again, the existence of such solutions is not surprising—not only are charged boson star solutions known to exist [79], [80], [81], but the current understanding of massive scalar critical phenomena would also suggest that critical solutions resembling perturbed charged boson stars should exist for an appropriate set of initial conditions and range of parameter values e and m_Φ [31]. However, the emergence and details of such solutions were not previously observed.

Figures 3.9, 3.10 and 3.11 show the maximum of 2m(t, r)/r and its location for an e = 1.0, m_Φ = 1.0 supercritical evolution of the family F when |p − p^∗| ∼ 10^{−16}. Examining Figures 3.10 and 3.11 it is clear the nearly critical solutions are composed of a high frequency component with period ≈ 4t modulated by a lower frequency of period ≈ 40t. Assuming the results from [63], [64] and [65] carry over to the situation presented here, the low frequency period ≈ 40t can likely be attributed to excitation of the first harmonic mode of an unstable boson star. However, the occurrence of an additional higher frequency period (≈ 4t or otherwise) has not been noted in previous studies of critical gravitational collapse in massive complex scalar field systems. But note those previous studies involved perturbation of (static) boson star initial conditions when obtaining critical solutions. It is entirely possible initial conditions of that sort may actually disallow the additional high frequency components as observed in this study. Finally, note the presence of the high frequency mode throughout the entire evolution (not just over the critical phase 140 ≲ t ≲ 450) here indicates it is not unique to the critical solution, and so must be associated with more generic properties of the scalar field evolution.

To investigate further consequences of the additional high frequency mode, the scalar field modulus at r = 0 is plotted as a function of time in Figure 3.12. It is there apparent how the maxima of |Φ(t, 0)| follow a low frequency period likely equal to that of the first harmonic mode of an unstable boson star. However, the scalar field amplitude also oscillates with a period ≈ 4t, dropping to nearly zero with each oscillation.^{12} Furthermore, careful examination reveals that while the low frequency maxima of |Φ(t, 0)| occur in phase with the low frequency mode maxima of max(2m(t, r)/r), the high frequency extrema of |Φ(t, 0)| occur exactly out of phase with those of max(2m(t, r)/r). This opposing phase correlation is observed throughout evolution, not just during the critical phase 140 ≲ t ≲ 450. Furthermore, the high frequency opposing phase correlation is observed between functions |Φ(t, 0)| and max(2m(t, r)/r) for (generic) evolution of this family when p is far from p^∗.

To examine possible correlation of the two dominant modes of oscillation and electric charge, Figure 3.13 displays Q(t, r), the total charge contained within spheres of r, for family F when |p − p^∗| ∼ 10^{−16}. The chosen values for r are r = r̄, r = 2r̄, r = 3r̄ and r = 4r̄, where r̄ ≈ 2.7 is the average radius of max(2m(t, r)/r) over 150 ≲ t ≲ 360. This figure shows how, just as for |Φ(t, 0)|, the low frequency local maxima in Q(t, r̄) and Q(t, 2r̄) correlate with the low frequency local maxima in max(2m(t, r)/r). Furthermore, a high frequency component is observed in Q(t, r̄) and Q(t, 2r̄), as would be expected from the relationship between charge density and scalar field amplitude. Notice how integration of charge density over larger radii effectively averages the dynamics observed in Q(t, r). Finally, it is clear the average value of Q(t, r) tends towards zero from above, indicating small net leakage of positive charge (or inflow of negative charge) from smaller (larger) radii during critical evolution.

Finally, to investigate whether the additional high frequency mode stems from electromagnetic coupling, the critical solution was obtained for family F when m_Φ = 1.0 and e = 0.0. In doing so, it found the high frequency oscillation of period ≈ 4t was again present, as was the fundamental

12Similar behaviour has been noted for the so-called (uncharged, non-critical) phase-shifted boson star solutions documented in Hawley’s dissertation [64]. There, numerical evolution suggested the oscillations in scalar field amplitude were likely stable and quasi-periodic.

Figure 3.9: max(2m(t, r)/r) of the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein- Gordon fields evolved from initial data family F when |p − p^∗| ∼ 10^{−16}. After an initial phase of evolution, the solution enters its critical state which lasts over the period 140 ≲ t ≲ 450. The sharp increase of max(2m(t, r)/r) at late time corresponds with a(t, r) → 1, the signal of imminent apparent horizon formation. An MPEG animation of 2m(t, r)/r over the period 0 ≤ t ≲ 507 leading to black hole formation is available at http://$WWW/People/petryk/animations/1.mpeg where

$WWW is currently laplace.physics.ubc.ca .

Figure 3.10: A closer view of max(2m(t, r)/r) showing oscillations within the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from family F when |p − p^∗| ∼ 10^{−16}. The average value of max(2m(t, r)/r) over 150 ≲ t ≲ 360 is approximately 0.30. The periodicity of the solution is clearly evident as a low frequency component with period ≈ 40t along with a high frequency component with periodicity ≈ 4t.

Figure 3.11: A view of r(max(2m(t, r)/r)) within the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from family F when |p − p^∗| ∼ 10^{−16}. Clearly, the location of max(2m(t, r)/r) oscillates about an average radius of approximately r̄ ≈ 2.7 for 150 ≲ t ≲ 360 during the critical phase of evolution.

Figure 3.12: Modulus of the scalar field amplitude at r = 0 for the critical periodic state of e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from family F when |p − p^∗| ∼ 10^{−16}. Unlike previously studied boson star critical solutions where just the first harmonic mode is excited and |Φ(t, 0)| remains far from zero, the central scalar field amplitude of the highly excited periodic critical solution drops to nearly zero with each high frequency oscillation of period ≈ 4t.^{14} Furthermore, while previous perturbed boson star critical solutions displayed coincident peak values of max(2m(t, r)/r) and |Φ(t, 0)|, just the local maxima associated with the low frequency excitation remain coincident for the solution displayed here. In fact, local maxima associated with the high frequency mode of |Φ(t, 0)| are precisely coincident with the local minima associated with the high frequency mode of max(2m(t, r)/r).

Figure 3.13: Charge contained within spheres of radius r for the critical periodic state from e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F. A frame displaying max(2m(t, r)/r) is provided for reference. Subfigure (a) displays Q(t, r) for r = r̄ where r̄ ≈ 2.7 is the average radius of max(2m(t, r)/r) over 150 ≲ t ≲ 360. Meanwhile, (b) displays Q(t, r) for r = 2r̄, (c) displays Q(t, r) for r = 3r̄, and (d) shows Q(t, r) for r = 4r̄. From (a) and (b) it is clear that, at small radii, Q(t, r) fluctuates with a low frequency component period ≈ 40t and a high frequency component period of ≈ 4t. While the low frequency mode becomes somewhat irregular at later time, the high frequency component is persistent and very regular throughout evolution. Integration over larger radii effectively averages the fluctuations in Q(t, r). In doing so, it makes clear a tendency for the net charge within r = 4r̄ to slowly decrease in time during the critical phase of evolution.

Figure 3.14: Lifetime of the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F. The exponential scaling of τ with |p − p^∗| is typical of perturbed boson star critical solutions [63], [64], [65], [92], and the scaling exponent is here γ_τ ≈ 12.3.

harmonic mode of period ≈ 40t. The critical solutions for family F with m_Φ = 1.0 and e = 1.0, and m_Φ = 1.0 and e = 0.0 are very similar in all but two regards. The first being the obvious lack of charge for case e = 0.0. The second is the lifetime of the critical state for |p − p^∗| ∼ 10^{−16}. While the critical phase of evolution for the e = 1.0 charged case was 140 ≲ t ≲ 450, the critical phase of the e = 0.0 uncharged case was merely 140 ≲ t ≲ 240, indicating the unstable mode of the charged critical solution appears to grow more slowly than that of the uncharged critical solution when the adjustable parameter of this family is tuned to its critical value to within one part in 10^{−16}.

This brings discussion to the lifetimes of the charged periodic critical solutions. Figure 3.14 displays the scaling of the critical solution lifetime, τ, with ln |p − p^∗|. Clearly, the relationship of lifetime with tuning parameter is

τ = −γ_τ ln |p − p^∗| + c_3 , (3.76)

where γ_τ and c_3 are solution-dependent constants (cf. [63], [64], [65], [92]).^{15} The lifetime of the critical solution is measured from the time it takes to form a black hole from the slightly supercritical data. In the present case γ_τ ≈ 12.3.

15This constant is known to be related to the growth factor of unstable modes for uncharged boson stars. The relationship can be verified through perturbation theory analysis about equilibrium boson star solutions. While it is likely that a similar relationship exists for weakly charged boson stars, I am unaware how this relationship could carry over for boson stars with strong electromagnetic coupling. Investigation along these lines are certainly of interest for future calculation.

Typical of such periodic critical solutions is the presence of a mass gap in the black hole spectrum when tuning to p^∗ from above (i.e., they exhibit Type I critical behaviour). This means there is a minimum mass for the black holes formed from supercritical evolution. This behaviour is clearly depicted in Figure 3.15 where the average black hole mass limit is m_{BH} ≈ 0.48. A least-squares fit of the data to m_{BH} = c_4 ln |p − p^∗| + c_5 yields values c_4 ≈ −9.2 × 10^{−4} and c_5 ≈ 4.6 × 10^{−1}. Also provided is Figure 3.16 displaying how the average charge of these black holes approaches the limit Q_{BH} ≈ 0.0032. A least-squares fit to Q_{BH} = c_6 ln |p − p^∗| + c_7 here yields c_6 ≈ 3.6 × 10^{−5} and c_7 ≈ 4.1 × 10^{−3}. These results together imply a charge to mass ratio Q_{BH}/m_{BH} ∼ 10^{−2} as p → p^∗ for this family of solutions. These periodic solutions carrying electric charge represent a new result, because the only critical solutions found prior to this investigation have been uncharged. Finally, the oscillation periods of the critical solution are dependent on e and m_Φ, and the scaling exponent γ_τ depends on the initial data family. Of course, the family dependence of perturbed boson star solutions is well known [63], [64], [65], [92] and means the critical solutions are not universal. Table 3.3 lists the properties of black holes formed from slightly supercritical Type I solutions for each of the families A through F when e = 1.0 and m_Φ = 1.0. Each family exhibiting Type I critical behaviour has a scaling exponent γ_τ ≈ 12 and forms a black hole of mass m_{BH} ≈ 0.5. However, the black hole charges vary widely, and the charge to mass ratios of the black holes range from |Q_{BH}|/m_{BH} ∼ 0.006 for family D to |Q_{BH}|/m_{BH} ∼ 0.3 for family B.

family ρ_Q(t = 0, r) Q(t = 0, r) γ_τ m_{BH}(p → p^∗) Q_{BH}(p → p^∗) A − − − − − B < 0 ≈ −0.46 ≈ 12.4 ≈ 0.48 ≈ −0.16 C − − − − − D = 0 = 0 ≈ 11.9 ≈ 0.45 ≈ 0.0026 E = 0 = 0 ≈ 12.3 ≈ 0.47 ≈ 0.0032 F = 0 = 0 ≈ 12.3 ≈ 0.48 ≈ 0.0032

Table 3.3: Black hole properties from gravitational collapse of slightly supercritical Type I solutions for families A through F when e = 1.0 and m_Φ = 1.0. The first column lists the family (cf. Table 3.2), the second column specifies whether the initial charge density is nonzero and the third column lists the total charge carried by the initial data. The fourth column lists the lifetime scaling exponent for the Type I critical solution. The scaling exponents are all close in value. The fifth and sixth columns respectively list the black hole mass and charge from gravitational collapse of slightly supercritical solutions. The black hole masses are all close in value, but the charges cover a wide range of values. The charge to mass ratio of the black holes range from |Q_{BH}|/m_{BH} ∼ 0.006 for family D to |Q_{BH}|/m_{BH} ∼ 0.3 for family B. The entries for families A and C are left blank, since those initial data profiles do not exhibit Type I critical solutions for any value of tuning parameter ϕ_1.

Concluding discussion of the results, I now comment on the final fate of subcritical periodic solutions. In the earlier studies [63], [64] and [65] it was assumed the subcritical periodic solutions were simply described by dispersal of the scalar field to large distances. Since then it was found that slightly subcritical periodic solutions may actually begin dispersal, only to gravitationally recontract to a more compact distribution at later time [92]. After such recontraction to a more compact state, the scalar field distribution may either collapse to form a black hole or again expand to larger radii. If a second dispersal is attempted, the scalar field distribution will again recontract to a more compact compact state before either collapsing to a black hole or repeating the process of expansion and contraction. The results I now present displaying this behaviour were found

Figure 3.15: Mass gap for (supercritical) black hole solutions for e = 1.0, m_Φ = 1.0 Maxwell- Klein-Gordon fields evolved from initial data family F. The average minimum mass of black holes formed from slightly supercritical data remains fairly constant about m_{BH} ≈ 0.48 as p → p^∗. The best fit line is shown for reference.

Figure 3.16: Minimum charge of (supercritical) black hole solutions for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F. The average charge of black holes formed from slightly supercritical data remains fairly constant about Q_{BH} ≈ 0.0032 as p → p^∗. The best fit line is shown for reference.

independent, and without knowledge, of those eventually published in [92]. Figure 3.17 shows max(2m(t, r)/r) and |Φ(t, 0)| in time for the slightly subcritical evolution of family F with e = 1.0 and m_Φ = 1.0. Meanwhile, Figure 3.18 shows max(2m(t, r)/r) and |Φ(t, 0)| in time for the slightly subcritical evolution of family F with e = 0.0 and m_Φ = 1.0. In both cases, the displayed evolution is for a state with |p − p^∗| ∼ 10^{−16}. Observe how the solution with e = 1.0 enters its critical phase of evolution from 140 ≲ t ≲ 450 before attempting dispersal. The solution then attempts recollapse and max(2m(t, r)/r) peaks at t ≈ 660. The charged scalar field attempts a second dispersal, but then undergoes complete gravitational collapse at t ≈ 960. Also observe how the high frequency oscillations with period ≈ 4t persist throughout the evolution. Furthermore, note the correlation between the high frequency oscillations of |Φ(t, 0)| and those of max(2m(t, r)/r), and how the amplitude |Φ(t, 0)| drops to nearly zero with each oscillation period ≈ 4t from the beginning to the end of evolution. Meanwhile, Figure 3.18 demonstrates how the slightly subcritical evolution of for e = 0.0 enters the critical phase of evolution which lasts from 140 ≲ t ≲ 250 before attempting a seemingly infinite series of attempted dispersals and collapses. The high frequency oscillations of period ≈ 4t are again observed throughout evolution in both max(2m(t, r)/r) and |Φ(t, 0)|. While the |Φ(t, 0)| drops to nearly zero with each oscillation, the cycle averaged value of |Φ(t, 0)| shows direct correlation with the cycle averaged value of max(2m(t, r)/r). Finally, with each attempted dispersal and contraction on the scale of ≈ 230t (similar to that found in [92]), the value of max(2m(t, r)/r) asymptotes towards a value ≈ 0.14. Similar behaviour is seen in |Φ(t, 0)| as its peak values tend to approach ≈ 0.04. While only presented for family F initial conditions, similar behaviour can be observed for periodic solutions of all families A through F when m_Φ = 1.0 and 0.0 ≤ e ≤ 1.0.

3.3.4 Code Testing

Finally, the adaptive mesh code I use to obtain the results is demonstrably convergent to second order, and through convergence of conserved quantities can be shown to be accurate to well within a percent for a typical evolution. Also, the suitability of the approximate Sommerfeld boundary condition was briefly investigated and found to contribute an error on the order of a percent in worst case scenarios. Detailed investigation of these boundary condition effects is certainly of interest in future calculation.

In conclusion I provide in Figure 3.19 an explicit demonstration that the code, being convergent, generates lifetime scaling exponents that asymptote towards a specific value. In this figure are plotted the lifetime of the nearly critical periodic solutions for family F when e = 1.0 and m_Φ = 1.0. The lifetimes were calculated using the adaptive code, but with the mesh refinement effectively disabled by setting a large solution error tolerance.^{16} Results were thus obtained on fixed finite difference meshes with J = 1601, J = 801 and J = 401 grid points. Since the critical parameter value p^∗ is resolution dependent, this required recalculation of the critical parameter value for each of the three resolutions. Fitting a liner function to the results at each resolution generates values of γ_τ ≈ 12.5 for J = 1601, γ_τ ≈ 13.0 for J = 801 and γ_τ ≈ 17.5 for J = 401. Clearly, as resolution is increased, the lifetime scaling exponent approaches the value γ_τ ≈ 12.3 obtained using the adaptive code. Of course, this behaviour is entirely expected.

16See Appendix C for discussion of the adaptive algorithm and refinement by solution error.

Figure 3.17: max(2m(t, r)/r) and |Φ(t, 0)| in coordinate time t for the e = 1.0, m_Φ = 1.0 fields for slightly subcritical initial data family F, specifically |p − p^∗| ∼ 10^{−16}. After the critical phase of evolution 140 ≲ t ≲ 450, the charged massive scalar field attempts dispersal twice before eventually collapsing to form a black hole at t ≈ 960. The high frequency oscillations of period ≈ 4t are apparent throughout evolution for both max(2m(t, r)/r) and |Φ(t, 0)|, and |Φ(t, 0)| drops to nearly zero with each of these oscillations.

Figure 3.18: max(2m(t, r)/r) and |Φ(t, 0)| in coordinate time t for the e = 0.0, m_Φ = 1.0 fields for slightly subcritical initial data family F, specifically |p − p^∗| ∼ 10^{−16}. The massive scalar field exits its critical period of evolution and undergoes an apparently infinite series of dispersals and contractions. The high frequency oscillations of period ≈ 4t are apparent throughout evolution for both max(2m(t, r)/r) and |Φ(t, 0)|, and |Φ(t, 0)| drops to nearly zero for each of these oscillations. It appears that max(2m(t, r)/r) and |Φ(t, 0)| gradually relax to a less excited state as the evolution proceeds.

Figure 3.19: Lifetime of the critical periodic state for e = 1.0, m_Φ = 1.0 Maxwell-Klein-Gordon fields evolved from initial data family F on three successive grid resolutions. The lifetime scaling exponent of the nearly critical solution on a grid of J = 401 points is γ_τ ≈ 17.5, on a grid of J = 801 points is γ_τ ≈ 13.0, and on a grid of J = 1601 points is γ_τ ≈ 12.5. With increase in resolution, the scaling exponent thus approaches a value near γ_τ ≈ 12.3 as found with the adaptive code.

CHAPTER 4

CHARGED SCALAR ACCRETION

To summarize, Chapter 1 introduced and motivated the research and results to be presented in this dissertation, Chapter 2 covered the physical formalism to be used in the investigations of following chapters, and Chapter 3 provided discussion and results for the critical gravitational collapse of spherically symmetric charged massive scalar fields. This chapter will cover the scattering and accretion of axially symmetric charged massive scalar fields in Kerr spacetime. The length of this chapter warrants outline of the physics to be investigated and results obtained through numerical solution. Table 4.1 has also been provided for reference and summary.

In this chapter, I first provide discussion of theory and previous work on the subject of s = 0 (scalar) and s = 1 (electromagnetic) perturbations of black hole spacetimes. Specifically, §4.1.1 outlines the effective potential formulation for Schwarzschild spacetime, the trapping of massive scalar perturbations in the effective potential formulation, and the scattering of both scalar and electromagnetic perturbations from the effective potential perspective. §4.1.2 outlines the physics of glories and orbiting resonances in Schwarzschild spacetime from the perspective of the effective potential formulation. §4.1.3 outlines the effective potential formulation of s = 0 and s = 1 perturbations in Kerr spacetime, and §4.1.4 covers the physics of superradiant scattering and some related topics. §4.1.5 and §4.1.6 close discussion of the underlying theory by respectively covering the topic of black hole perturbation decay at late time and reviewing related work in the area of charged scalar perturbations. Table 4.1 references these subsections in the context of physics investigated through numerical simulation as presented later in the chapter.

Following the theory is a section which details the system of equations to be used in numerical simulation. This includes discussion of the Kerr spacetime (§4.2.1), the matter Lagrangian and equations of motion (§4.2.2 and §4.2.3), physical fields and conserved quantities (§4.2.4). The section ends by discussing some aspects of the numerical solution method, including regularity, boundary conditions and dissipation (§4.2.5), and then strategies for adaptive mesh refinement and parallel computation (§4.2.6).

The remainder of this chapter presents numerical solution of the equations presented in §4.2 to investigate the theory of §4.1. Specifically, §4.3.1 outlines the prescription of initial data, §4.3.2 presents results for orbiting resonances and mode trapping of massive s = 0 perturbations and §4.3.3 presents results displaying orbiting resonance and superradiant scattering of s = 1 perturbations. §4.3.4, §4.3.5 and §4.3.6 then present solutions for electromagnetically coupled s = 0 and s = 1 perturbations which display orbiting resonance, charge separation, dynamo-like behaviour and collimation along the axis of black hole rotation. Again, Table 4.1 provides quick and convenient summary of the observed physics in relation to predictions from the theory of black hole perturbations. The last few subsections of the chapter provide validation of the numerical solutions through convergence testing (§4.3.7) and independent residual testing (§4.3.8) the numerical implementation, and by testing the approximate outgoing radiation boundary condition used throughout (§4.3.9).

s phenomenon, m_Φ, e, a/M detail(s)

subsection(s) 0 orbiting resonance, 0.0, 0.0, ≥ 0.0 orbital period ≈ 70t, §4.1.1, §4.1.2, §4.1.3, orbital attenuation ∼ 10^{−1}, §4.3.2 log(T ) ∼ −kt, k ≈ 1 × 10^{−2} mode trapping, 0.3, 0.0, ≥ 0.0 log(T ) ∼ −kt, k ≈ 5 × 10^{−3} §4.1.1, §4.1.3, §4.3.2 rapid infall, 2.4, 0.0, ≥ 0.0 log(T ) ∼ −kt, k ≈ 7 × 10^{−2} §4.1.1, §4.1.3, §4.3.2 energy collimation, 0.3, 0.0, ≥ 0.0 � ρ_T (t, r, 0)dtdr §4.3.2 ≈ � ρ_T (t, r, π)dtdr ≫ � ρ_T (t, r, π/2)dtdr 1 orbiting resonance, 0.0, 0.0, ≥ 0.0 orbital period ≈ 70t, §4.1.1, §4.1.2, §4.1.3, orbital attenuation ∼ 10^{−1}, §4.3.3 log(T ) ∼ −kt, k ≈ 1 × 10^{−2} superradiant scattering, 0.0, 0.0, 0.8 amplification ≈ 0.05% §4.1.3, §4.1.4, §4.3.3 0.0, 0.0, 0.98 amplification ≈ 1.3% 0.0, 0.0, ≥ 0.998 amplification ≈ 1.6% 0, 1 orbiting resonance, 0.0, ≤ 0.6, ≥ 0.0 orbital period ≈ 70t, §4.1.1, §4.1.2, §4.1.3, orbital attenuation ∼ 10^{−1}, §4.3.4, §4.3.5 log(T ) ∼ −kt, k ≈ 1 × 10^{−2} orbiting resonance, 0.6, 0.6, ≥ 0.0 orbital period ≈ 70t, §4.1.1, §4.1.2, §4.1.3, orbital attenuation ∼ 10^{−1}, §4.3.6 log(T ) ∼ −kt, k ≈ 6 × 10^{−3} charge separation, ≥ 0.0, > 0.0, ≥ 0.0 ∂_tρ_Q(t, r, θ) ≠ 0 for t ≥ 0 §4.3.4, §4.3.5, §4.3.6 dynamo-like behaviour, ≥ 0.0, > 0.0, ≥ 0.0 ∂_tJ_ϕ(t, r, θ) ≠ 0 for t ≥ 0 §4.3.4, §4.3.5, §4.3.6 energy collimation, 0.3, 0.6, ≥ 0.0 � ρ_T (t, r, 0)dtdr §4.3.6 ≈ � ρ_T (t, r, π)dtdr ≫ � ρ_T (t, r, π/2)dtdr, � ρ_{T (Φ)}(t, r, 0)dtdr ≫ � ρ_{T (A)}(t, r, 0)dtdr ≫ � ρ_{T (ΦA)}(t, r, 0)dtdr

Table 4.1: Predicted and observed physics of the s = 0 (scalar) and s = 1 (electromagnetic) perturbations in Kerr spacetime. The second column lists phenomena which arise and chapter subsections covering the relevant theory and numerical solutions. The third column specifies the scalar field mass parameter m_Φ, the fourth lists the value of electromagnetic coupling parameter e, and the fifth column lists a/M where M is the black hole mass and a is the black hole angular momentum per unit mass. The sixth column summarizes some of the most significant details from numerical simulation. This table is to be treated as an index, and the reader is referred back to the listed chapter subsections for notation, detail and complete discussion.

4.1 Scattering and the Physics of Black Hole Perturbations

4.1.1 The Effective Potential Formulation for Schwarzschild Spacetime

The programme of quasi-normal mode analysis has provided insight that, in part, helps explain the early and intermediate time behaviour in the scattering phenomena I study. Consider a perturbation Ψ = Ψ(t, r, θ, ϕ) in the form of a massless, uncharged Klein-Gordon field in Schwarzschild spacetime. Recall this spacetime is described by the line element

ds^2 = − � 1 − 2M r � dt^2 + � 1 − 2M r �_{−1}

dr^2 + r^2dΩ^2 (4.1)

in the usual (t, r, θ, ϕ) Schwarzschild coordinates, where M determines the black hole mass and

dΩ^2 = dθ^2 + sin^2 θdϕ^2 . (4.2)

By instead choosing to use the (t, r_∗, θ, ϕ) radial tortoise coordinate system, defined in relation to the (t, r, θ, ϕ) coordinates by d dr_∗ = � 1 − 2M r � d dr , (4.3)

and expanding the perturbing field in spherical harmonics Y_{lm}(θ, ϕ) as per

Ψ(t, r, θ, ϕ) = � l,m ψ_l(t, r) r Y_{lm}(θ, ϕ) , (4.4)

the radial equation of motion for the perturbing field is simply � ∂^2 ∂r^2_∗ − ∂^2 ∂t^2

− V_l(r) � ψ_l(t, r) = 0 , (4.5)

where V_l(r) is the effective or Regge-Wheeler potential (cf. [132])

V_l(r) = � 1 − 2M r � � l(l + 1) r^2 + 2M r^3 � . (4.6)

Furthermore, if a harmonic time decomposition

ψ_l(t, r) = � ~ψ_l(ω, r)e^{−iωt}dω (4.7)

is assumed, then equation (4.5) becomes the ordinary differential equation � d^2 dr^2_∗

+ ω^2 − V_l(r) � ~ψ_l(ω, r) = 0 , (4.8)

where V_l is again given by (4.6). More generally, for axial perturbations (i.e., those which transform as (−1)^{l+1} under a change of parity)

V_l(r) = � 1 − 2M r � � l(l + 1) r^2 + 2(1 − s^2)M r^3 � , (4.9)

where s = 0, 1, 2 is the spin of the perturbing field. For massless Klein-Gordon fields s = 0, for electromagnetic radiation perturbations s = 1, and for gravitational perturbations s = 2. The term 2M/r is interpreted as the Newtonian contribution, l(l + 1)/r^2 is the so-called centrifugal barrier,

Figure 4.1: The effective (Regge-Wheeler) potential for massless scalar perturbations in M = 0 Minkowski spacetime. Displayed is the potential for modes l = 0 through l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. Since M = 0, only the centrifugal barrier contributes to scattering of scalar perturbations. This indicates scalar modes cannot be trapped in the Minkowski spacetime.

and 2(1 − s^2)M/r^3 is the additional term from relativistic effects. Notice how the relativistic term is dominant for sufficiently small r. Purely radial modes are those with l = 0. Equations (4.6) and (4.9) show the effective potential has a peak near r = 3M (corresponding with the unstable circular photon orbit from the null geodesic equations). Figures 4.1, 4.2 and 4.3 show the effective potential for scalar modes l = 0 through l = 10 for M = 0, M = 1 and M = 5 spacetimes, respectively. Except for the case M = 0, it is clear that a change in black hole mass M rescales the V_l, but leaves them otherwise unchanged. In the exceptional M = 0 case, only the centrifugal barrier contributes. Figure 4.4 displays the effective potential for electromagnetic modes l = 0 through l = 10. Besides the vanishing l = 0 mode, the electromagnetic effective potential is similar to that for scalar perturbations. Because the effective potential has at most a single extremum (in this case a maximum) massless scalar and electromagnetic perturbations are expected to scatter without becoming trapped.

Now, allowing for massive scalar perturbations in Schwarzschild spacetime, the effective potential becomes

V_l(r) = � 1 − 2M r � � l(l + 1) r^2 + 2(1 − s^2)M r^3 + (1 − s)(2 − s)m^2_Ψ 2 � , (4.10)

m_Ψ being the mass parameter of the perturbing scalar field. Figures 4.5 and 4.6 show the effective potential for scalar modes l = 0 through l = 10 in a spacetime with M = 5, respectively for

Figure 4.2: The effective (Regge-Wheeler) potential for massless scalar perturbations in Schwarzschild spacetime with M = 1. Displayed is the potential for modes l = 0 through l = 10. l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. Scalar perturbations can scatter off the centrifugal barrier and also off the peak near r = 3M, but cannot be trapped in the spacetime.

Figure 4.3: The effective potential for massless scalar perturbations in Schwarzschild spacetime with M = 5. Displayed is the potential for modes l = 0 through l = 10. l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. Again, while scalar perturbations scatter off both the centrifugal barrier and potential peak near r = 3M, they do not experience trapping in the spacetime. The change in black hole mass simply shifts the location of the potential maximum to larger radii.

Figure 4.4: The effective potential for electromagnetic perturbations in Schwarzschild spacetime with M = 5. Displayed is the potential for modes l = 0 through l = 10. l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. As in the case of scalar perturbations, scattering off the centrifugal barrier and potential peak near r = 3M does not allow the possibility of mode trapping.

Figure 4.5: The effective potential for m_Ψ = 0.3 massive scalar perturbations in Schwarzschild spacetime with M = 5. Displayed is the potential for modes l = 0 through l = 10. l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. The nonzero scalar perturbation mass introduces a local minimum of potential about which perturbations can be trapped.

m_Ψ = 0.3 and m_Ψ = 0.6. This shows the scalar field mass parameter can modify the effective potential by either removing the maximum, or shifting its location to larger radii and possibly introducing a local minimum. The details depend on the black hole mass, the mode number, and the scalar field mass parameter. Figures 4.7 and 4.8 show the effective potential for the scalar modes with local minima for m_Ψ = 0.3 and m_Ψ = 0.6 respectively. For the case m_Ψ = 0.3 the minimum occurs near r = 45 for mode l = 5, and for m_Ψ = 0.6 it occurs near r = 35 for l = 10. Since the effective potential possess a local minimum, massive scalar perturbations of an appropriate mode and energy can become trapped and persist indefinitely in a region of spacetime not far from the black hole. The effect is like that of mirrors reflecting the modes back and forth between two radii straddling the potential minimum. Also note that trapping does not occur in the M = 0 Minkowski limit, since then the only contributions to the potential are a positive term l(l + 1)/r^2, and a constant m^2_Ψ.

Deeper analysis of the effective potential reveals interesting behaviour. The effort is simplified if one considers high or low frequency limits for scattered perturbations. In these cases closed form approximations can be obtained. The results for massless scalar and electromagnetic perturbations clearly indicate that, in the high frequency limit ωM → ∞, perturbations are hardly affected by the effective potential barrier. This means that such incident perturbations are almost completely absorbed by the black hole (it has a large transmission amplitude, A_{tran}, and small reflection amplitude, A_{ref} ). The opposite is true in the low frequency limit ωM → 0. In that case, almost all

Figure 4.6: The effective potential for m_Ψ = 0.6 massive scalar perturbations in Schwarzschild spacetime with M = 5. Displayed is the potential for modes l = 0 through l = 10. l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. Again, the scalar perturbation mass gives rise to a local minimum of potential where perturbations can be trapped. Furthermore, the location of this minimum changes with perturbation mass.

Figure 4.7: The l = 5 effective potential for m_Ψ = 0.3 massive scalar perturbations in Schwarzschild spacetime with M = 5. This figure details the potential for l = 5 scalar modes. These modes exhibit the deepest local minimum of potential and should therefore experience the greatest trapping in the M = 5 spacetime. The local minimum is in this case located near r = 45.

Figure 4.8: The l = 10 effective potential for m_Ψ = 0.6 massive scalar perturbations in Schwarzschild spacetime with M = 5. The l = 10 modes experience the deepest local minimum for the M = 5 spacetime. The minimum is located near r = 35 for this choice of perturbation mass. This designates the location about which m_Ψ = 0.6 perturbations are likely to be trapped.

of the incident perturbation is scattered off the potential barrier (A_{tran} is low, and A_{ref} is high). The analysis is well documented, and I refer the reader to [49], [51] and references contained therein. Finally, it should be clear from this discussion that the radial profile of an ingoing perturbation will have an effect on the transmission and reflection amplitudes. Specifically, steep gradients in the radial profile imply rapid changes in amplitude as the perturbation moves past a fixed radius. This means the high frequency content of such a perturbation will be relatively large. The converse is true with perturbations possessing a relatively flat radial profile. This effectively means sharply peaked distributions will have smaller A_{tran} (and larger A_{ref} ) that those with a flatter profile. For demonstrative purposes, I have computed the scattering of initially ingoing massless scalar perturbations from a Schwarzschild black hole in spherical symmetry. The radial profile of the scalar perturbation is specified at initial time with a Gaussian

Ψ(t = 0, r) = a_Ψ exp � − � r − r_Ψ

δ_Ψ

�_2� , (4.11)

where a_Ψ is the Gaussian amplitude, r_Ψ determines the center of the Gaussian profile, and δ_Ψ sets its width. As expected, the transmission increases (and reflection decreases) with decreasing δ_Ψ, as such profiles have steeper radial gradients. Denoting the energy of the set of ingoing modes T_{in} and the energy of that set upon reflection T_{out}, the fractional transmitted energy, Z + 1, is

Z + 1 =

T_{out} T_{in}

, (4.12)

Figure 4.9 shows this fractional transmitted energy as a function of 0 ≤ δ_Ψ/M ≤ 25.

4.1.2 The Glory Effect and Orbiting Resonances

The phenomena of glories and orbiting resonances can also be obtained as limiting cases in the analysis of (4.10). The details are again summarized in [49] and [51], while a more recent and rather thorough investigation of scalar glories for both Schwarzschild and Kerr spacetime has been presented in [54]. The glory is a diffraction phenomenon that happens when a differential scattering cross-section diverges in either the forwards or backwards directions. The phenomenon is known to occur in optics, quantum mechanics, and also in the scattering of perturbations off a black hole, among others. In the case of black hole scattering, glories arise as a consequence of strong gravitational interaction of high frequency perturbations through angles near Θ = kπ, k being an integer. The generic relationship between total scattering angle Θ and impact parameter b = b(Θ) for massless perturbations of this sort is [38], [39], [102],

b ≈ 3 √ 3M + 3.48M exp(−Θ) , (4.13)

providing b ∼ 2M. The impact parameter for the first backwards glory Θ = π is thus b = b_{glory} ≈ 5.35M. Figure 4.10 depicts scattering trajectories for angles near Θ = π. The differential scattering cross-section for massless perturbations of arbitrary spin near angles Θ = kπ is given by [43], [155] dσ dΩ � � � ≈ 2πωb^2 � � � db dΘ � � � J^2_{2s} (ωb sin Θ) , (4.14)

where b = b(Θ) is provided by (4.13), s is the perturbation spin, and J_{2s} (ωb sin Θ) is the standard Bessel function with argument ωb sin Θ. From (4.14), it is apparent that glories constructively interfere for massless (s = 0) scalar fields, but destructively interfere for (s = 1) electromagnetic and (s = 2) gravitational perturbations.

The phenomenon known as orbiting resonance occurs when a perturbation scatters through an angle Θ ≥ 2π. The perturbations can be deflected through several multiples of 2π before escaping to

Figure 4.9: Fractional transmitted energy, Z + 1, for spherically symmetric massless scalar perturbations scattering off a Schwarzschild black hole. The profile is an initially ingoing Gaussian profile of width δ_Ψ. The fractional transmitted energy is plotted as a function of δ_Ψ/M, where M is the black hole mass.

PSfrag replacements

Figure 4.10: In the glory effect, perturbations with impact parameters b = b_{glory} deflect through an angle of Θ = π. Impact parameters larger that b_{glory} scatter through smaller angles, while smaller impact parameters scatter through angles larger than Θ = π. This figure depicts scattering trajectories for angles near Θ = π.

CHAPTER 4. CHARGED SCALAR ACCRETION 71

PSfrag replacements

Figure 4.11: Orbiting resonances require impact parameters, b, smaller than those for a glory, b_{glory}. In an orbiting resonance, the total scattering angle is Θ = 2π or larger. This figure depicts the trajectory for a resonance which orbits the black hole several times before escaping to large distances.

distances much larger than r ∼ 2M. However, the cross-section observes approximately exponential decay in Θ. For example, equation (4.14) shows that a second backwards glory (scattered through angle Θ = 3π) is suppressed by at least exp (−2π) relative to the first backwards glory (with scattering angle Θ = π). An resonance of several orbits is depicted in Figure 4.11.

4.1.3 The Effective Potential Formulation for Kerr Spacetime

The calculations become further complicated when considering rotating black hole spacetimes. In the simplest case of Kerr spacetime^1, the perturbation equations can be separated into radial and angular parts if, rather than spherical harmonics, the expansion of the perturbing field is performed in terms of the spin-weighted spheroidal harmonics S_{lm}(θ) as per

Ψ(t, r, θ, ϕ) = � l,m ψ_{lm}(t, r) √ 2π S_{lm}(θ)e^{−imϕ} . (4.20)

Then, assuming a harmonic time decomposition

ψ_{lm}(t, r) = � ~ψ_{lm}(ω, r)e^{−iωt}dω , (4.21)

1Recall the line element for Kerr spacetime in (t, r, θ, ϕ) Boyer-Lindquist coordinates is

ds^2 = − „ 1 − 2Mr Σ « dt^2 −

4Mra sin^2 θ Σ dtdϕ + Σ Δ dr^2 + Σdθ^2 +

A sin^2 θ Σ dϕ^2 , (4.15)

where Σ ≡ r^2 + a^2 cos^2 θ , (4.16) Δ ≡ r^2 − 2Mr + a^2 , (4.17) A ≡ ` r^2 + a^2

´_2 − aΔ sin^2 θ , (4.18) and a ≡ J M (4.19)

is the black hole angular momentum per unit mass, J designating the black hole angular momentum.

and using the (t, r_∗, θ, ϕ) tortoise coordinate system related to the standard (t, r, θ, ϕ) Boyer- Lindquist coordinates through d dr_∗ = Δ r^2 + a^2 d dr , (4.22)

the radial part of the perturbation equation becomes � d^2 dr^2_∗ + K^2 − 2is(r − M)K + Δ � 4irωs − λ − r^2(1 − s)(2 − s)m^2_Ψ/2 � (r^2 + a^2)^2

− G^2 − dG dr_∗ � ~χ_{lm}(ω, r) = 0 ,

(4.23) where

K ≡ (r^2 + a^2)ω − am , (4.24)

λ ≡ E − s(s + 1) + a^2ω^2 − 2amω , (4.25) G ≡ s(r − M) r^2 + a^2 + rΔ (r^2 + a^2)^2

, (4.26)

~χ_{lm} ≡ (r^2 + a^2)^{1/2}Δ^{s/2}ψ_{lm} , (4.27)

E being the separation constant

E ≡ l (l + 1) −

2maωs^2 l (l + 1) + O � a^2m^2_Ψ � 1 − ω^2 m^2_Ψ � , (4.28)

Δ ≡ r^2 − 2Mr + a^2, M is the black hole mass, a is the black hole angular momentum per unit mass, s is again the spin of the perturbing field, and m_Ψ is the mass parameter of the scalar (s = 0) perturbations. It is clear from (4.23) the effective potential is now dependent on the perturbation frequency, and that it reduces to the expected Schwarzschild form (4.10) in the limit a → 0. All the scattering phenomena previously presented will therefore play a role in Kerr spacetime.

4.1.4 Polarization, Superradiance, and the Black Hole Bomb

Two new scattering effects are present for perturbations on Kerr spacetime which are absent from the Schwarzschild black hole scenario discussed in subsection 4.1. They are polarization and superradiant scattering of the incident perturbation. Both electromagnetic and gravitational perturbations can be partially polarized by scattering off a rotating black hole. [98] and [99] present the first calculations demonstrating this polarization effect for electromagnetic perturbations in Kerr spacetime. The calculations are involved, but essentially different polarization states scatter differently in the rotating black hole spacetime. It should, in principle, be possible to observe these effects in the numerical evolutions I present.

The superradiant scattering effect should also play a role in my computations. In superradiant scattering an incident perturbation is amplified as it scatters off the black hole, the additional energy being drawn from the rotation of the black hole. Some of the earliest studies of superradiant scattering were [151], [152], [153], [5], [101], [124], [137], [138] and [141]. The appearance of superradiant scattering is intimately connected with the change of character of Killing vector t^a = (1, 0, 0, 0) in different regions of the Kerr spacetime. For radii r > r_s = M + √ M^2 − a^2 cos^2 θ, t^a is timelike. However, t^a becomes spacelike for r < r_s. This implies energy densities ρ_T can be negative within the ergoregion, defined by r < r_s. Under these circumstances an incident perturbation can carry negative energy into the black hole, leaving a reflected component with greater amplitude and energy than that which was incident. From analysis of (4.23) the incident perturbation will carry negative energy when

0 < ω < mΩ_H , (4.29)

Ω_H being the horizon angular velocity

Ω_H = a r^2_+ + a^2

, (4.30)

where r_+ = M + √ M^2 − a^2 marks the location of the event horizon. Equation is known as the superradiance condition, since it can be shown that superradiance must occur the condition is met. Clearly, this requires the perturbations be prograde (ω > 0), and also that mode numbers satisfy m > 0. [141] found this superradiant amplification is maximal for a = M, and drops sharply with decreasing a, or with increasing mode numbers l and m. Denoting the energy of an ingoing mode T_{in} and the energy of that mode upon reflection T_{out}, [141] numerically determined the maximum of fractional energy change, Z, given by Z = T_{out} T_{in}

− 1 , (4.31)

for a single mode is 1.38 for (s = 2) gravitational perturbations, and 1.044 for (s = 1) electromagnetic perturbations. The maximal value of Z was calculated at 1.003 for (s = 0) massless scalar perturbations in [124]. More recent investigations have shown that the maximal value of Z can be increased to near 1.07 for scalar perturbations confined to a toroidal wedge in the equatorial plane of the Kerr black hole [142], [1]. For the same geometry, Z decreases to approximately 1.003 in the case of confined electromagnetic perturbations [1]. Confinement of plasma in a toroidal ring by magnetospheric dynamics was the motivation for these two investigations.

Because massive scalar perturbations are dispersive, it is difficult to define notions of purely ingoing and outgoing modes when m_Ψ > 0. None the less, modes can be reflected superradiantly. The superradiant condition is again (4.29). It was pointed out to me by [48] that such massive perturbation modes possess growing mode instabilities when they become trapped by the effective potential of the black hole spacetime. If modes are trapped, then superradiant scattering can amplify the trapped modes over and over, thereby leading to a growing mode instability. The effect is analogous to the so-called black hole bomb first discussed by Press and Teukolsky [124]. The first work to note this instability for massive scalar perturbations was [37]. Later studies include [156], [41], [50] and [140]. One implication is that through this mechanism, a black hole can, in principle lose all of its angular momentum. However, these unstable massive scalar modes are slowly growing, with a growth times similar to the age of the universe for solar mass black holes. These instabilities are thus not expected to play a role in my calculations (which cover significantly shorter timescales). Recalling that scalar field models can represent the pions, note how this time scale is also quite large relative to π^0, π^+ and π^− lifetimes of 8.4 × 10^{−17}s and 2.6 × 10^{−8}s respectively. Furthermore, for typical π^0, π^+ and π^− masses of m_Ψ ≃ 2.4 − 2.5 × 10^{−28}kg, the growth rate is found to be maximal for black hole masses M ≪ 10^{15}kg. Such black holes are far less massive than solar mass stars, where M = M_⊙ ≃ 2.0 × 10^{30}kg.

4.1.5 Late Time Decay, and the Coupling of Electromagnetic and Gravitational Perturbations

Perturbations are known to exhibit exponential amplitude decay at sufficiently late time. Like the intermediate phase of evolution, these asymptotic late time dynamics also originate from the spacetime curvature. From analysis of (4.10), it has been shown that decay rates of massless (s = 0) scalar, (s = 1) electromagnetic, and (s = 2) gravitational perturbation amplitudes in Schwarzschild spacetime observe the late-time relationship

|Ψ(t, r)| ∼ t^{−(2l+P +1)} , (4.32)

where P = 1 if the field is initially static, and P = 2 otherwise [130], [131]. Meanwhile, it was found by [89] that, for massive Klein-Gordon perturbations, the late-time decay rate is independent of the mode number and adopts the form

|Ψ(t, r)| ∼ t^{−5/6} . (4.33)

While the authors of [89] have studied the massive scalar problem in detail in [88] and [90], the first to begin investigation of this system were Novikov and Starobinski [139], and Burko [14].

While, it was shown in [15] that (4.33) also holds for sufficiently late times in Kerr spacetime, regardless of the black hole angular momentum, the power-law decay of massless scalar, electromagnetic, and gravitational perturbations differ from (4.32) when the black hole rotates. Specifically, [74] [75] and [76] studied the r|ω| ≪ 1 and a|ω| ≪ 1 limits of massless perturbations. It was found the decay of massless (s = 0) scalar perturbations at timelike infinity obeys

|Ψ(t, r)| ∼ t^{−(2l+3)} , (4.34)

when |m| ≤ l ≤ |m| + 1, and |Ψ(t, r)| ∼ t^{−(l+|m|+P +1)} , (4.35)

when |m| + 2 ≤ l, where P = 0 if l − |m| is even and P = 1 otherwise. Meanwhile, electromagnetic and gravitational perturbations were found to obey

|Ψ(t, r)| ∼ t^{−(2max(|m|,s)+3)} , (4.36)

when max(|m|, s) ≤ l ≤ max(|m|, s) + 1, and

|Ψ(t, r)| ∼ t^{−(l+max(|m|,s)+1)} , (4.37)

when max(|m|, s) + 2 ≤ l. While results (4.34) through (4.37) hold for perturbations consisting of a single mode l, [74] demonstrated that when a perturbation is initially a superposition of many modes, the decay law becomes

|Ψ(t, r)| ∼ t^{−(2max(|m|,s)+3)} , (4.38)

for all s. These results contradict the previously widely held belief that late time decay of perturbations in gravitational collapse is universal (i.e., independent of s), and are presumably a consequence of the coupling of modes with different l for rotating black hole spacetimes. Furthermore, these results demonstrate the possibility of slower decay rates than in the non-rotating case. In a more general pair of studies [3] and [55] found the decay rate of massless scalar perturbations reduces to

|Ψ(t, r)| ∼ t^{−1} , (4.39)

for a maximally rotating black hole (i.e., a = M). This slower decay rate is apparently the result of superradiant scattering.

In principle, all these late time relations for scalar and electromagnetic perturbations should be observable for the system I study in this dissertation. However, since my numerical evolutions are relatively short, I do not expect to get good estimates of any power law decay. Furthermore, since the chosen computational domain only covers finite radii, the results obtained for asymptotically large distances will not be attainable. Spatial compactification would be one way to correct this second restriction.

4.1.6 Charged Scalar Perturbations in Static and Stationary Spacetimes

Finally, the effective potential formulation of black hole perturbations has been studied for charged scalar fields in static and stationary spacetime. The analysis was performed in the context of weakly charged perturbations about a Reissner-Norström black hole in [69], [70], [86], [87]. In [37] and [50] analysis was also carried out for weakly charged perturbations, but their spacetime was Kerr-Newman (i.e., the charged analogue of Kerr). In all these studies it was assumed the scalar perturbations carry test charge in the sense that while they could be electromagnetically affected by the charge of the black hole, they themselves did not contribute to electric or magnetic fields. These charged perturbations did not electromagnetically self-interact. In the limit where the black hole charge vanishes, this system is thus exactly that of uncharged scalar perturbations in Schwarzschild spacetime. It is through this approximation the equations of a charged scalar perturbation become linear and allow an effective potential formulation.^2

The system I study—described in the next section—assumes a fundamentally different approximation. The scalar perturbations are massive and electromagnetically self-interacting. But while self-interacting, this system assumes the charge carried by these perturbations doesn’t influence the curvature of the spacetime in which they evolve. However, this does not imply weak electromagnetic interaction, or even limitation to a regime in which electromagnetic interaction is subordinate to all gravitational effects—consider a common crystalline substance where electromagnetic binding energy is orders of magnitude stronger than gravitational attraction. Furthermore, the system assumes the field mass is likewise too small to affect the curvature of spacetime. Since the influence of charge and mass on spacetime must be through the stress-energy tensor, the assumptions are essentially a statement that the local energy density of the field must be small. The notion of small can be roughly quantified through comparison with the Schwarzschild solution. Since the Schwarzschild radius is R_S = 2M, the average energy density of the black hole is ρ_{T S} ∼ M/(^4_3 πR^3_S) = 3/(32πM^2). Therefore, the assumption that the perturbation energy density ρ_T is small means ρ_T /ρ_{T S} ∼ 3ρ_T /(32πM^2) ≪ 1. For the results presented in section 4.3, where M = 5, the maximum energy densities are ρ_T ≈ 1–10, so the assumption ρ_T /ρ_{T S} ≪ 1 holds.

The system of equations for these perturbations are nonlinear and so cannot be cast in the form of an effective potential problem. Being nonlinear, the system must be solved numerically. To my knowledge, the only other work that has analysed the nonlinear problem is [71], where the authors investigated the late-time decay of massless charged scalar perturbations in a dynamic spherically symmetric spacetime. Investigation of the nonlinear charged model in rotating spacetime has until now been lacking—the results I present are the first of their kind.

2The effective potential formulation for charged spacetime backgrounds is known to couple electromagnetic and gravitational perturbations. A purely electromagnetic incident perturbation can by this mechanism scatter as a purely gravitational perturbation. This could lead to interesting consequences for both superradiant scattering and eventually gravitational wave detection. The effect is apparently dependent on the existence of a background electric field, which is not the case for the system I investigate. However, some of the earliest works on this topic are [18], [154], [104], [53], [105], [19] and [118].

4.2 System of Equations for Charged Scalar Accretion

4.2.1 The Spacetime Metric

The rotating black hole spacetime is described by the Kerr metric. In (t, r, θ, ϕ) Kerr-Schild coordinates the line element takes the form

ds^2 = − � 1 − 2Mr Σ � dt^2 + � 1 + 2Mr Σ � dr^2 + Σdθ^2 + sin^2 θ � r^2 + a^2 +

2Mra^2 sin^2 θ Σ � dϕ^2 + � 4Mr Σ � dtdr − � 4Mra sin^2 θ Σ � dtdϕ − 2a sin^2 θ � 1 + 2Mr Σ � drdϕ , (4.40)

where Σ ≡ r^2 + a^2 cos^2 θ , (4.41) a ≡ J M , (4.42)

t is the temporal coordinate, and r, θ and ϕ are respectively the radial and angular spatial coordinates, M represents the total mass of the black hole spacetime and J its total angular momentum. The metric (4.40) diverges at Σ = 0 and the scalar invariant R_{abcd}R^{abcd} indicates the root r = a cos θ is a true curvature singularity. The singularity is a ring of radius a. Because the form (4.40) is horizon penetrating, it doesn’t immediately reveal the existence of other special surfaces in the spacetime such as Δ = 0, where Δ ≡ r^2 + a^2 − 2Mr . (4.43)

When a^2 ≤ M^2 the root r = r_+ = M + √ M^2 − a^2 marks the location of the event horizon. It is geometrically a sphere in the given coordinates. The second root r = r_− = M − √ M^2 − a^2 is a Cauchy horizon.^3 When a^2 > M^2 there is no event horizon and the ring singularity is naked. Since in this instance there is no event horizon, the metric does not describe a black hole spacetime. Such a spacetime would be in violation of the Cosmic Censor Conjecture as put forth by [123] which states no such singularities should be visible to any observer. The spacetime (4.40) possesses two Killing vector fields t^a = (1, 0, 0, 0) and s^a = (0, 0, 0, 1). t^a is timelike and s^a spacelike in the portion of spacetime where r > r_s = M + √ M^2 − a^2 cos^2 θ. However, when r_+ < r < r_s the Killing vector field t^a becomes spacelike. The region r_+ < r < r_s is known as the ergosphere. From the perspective of a stationary observer at infinity, a timelike orbit cannot remain stationary within the ergosphere, but must rotate in the direction of rotation of the black hole. r = r_s is thus called a stationary limit surface in this strong example of the frame-dragging effect. Figure 4.12 depicts the rotating Kerr black hole spacetime, and Figure 4.13 displays its causal structure.

Finally, the future-directed unit-norm spatial hypersurface orthogonal vector is

n^a = � √ g_{rr}, − g_{tr} √ g_{rr}

, 0, 0 � (4.44)

3Based upon arguments that an observer crossing r = r_− will see entire histories evolved from a Cauchy surface of the Kerr spacetime in a finite period of time, the Cauchy horizon at r = r_− is thought to be unstable, as first put forth by Penrose in [122]. However, definitive results, numerical or otherwise, detailing the formation and evolution of the Kerr Cauchy horizon are apparently lacking. But if the results known for horizons of charged spherically symmetric black holes carry over, then perturbations of the Kerr spacetime could lead to the formation of null singularities which then merge with the Cauchy horizon. However, as in the charged spherically symmetric case, this null singularity may still be traversable by observers willing to suffer finite tidal forces. While the Kerr metric may not accurately describe the interior of a black hole formed by the collapse of matter with angular momentum, it is assumed to accurately depict the exterior spacetime after a stationary state has been achieved. Since my interest is with the dynamics of fields outside the event horizon r = r_+, I can excise the portion of spacetime r < r_+ without additional concern.

PSfrag replacements

Figure 4.12: Horizons of Kerr spacetime: side view (a) and top view (b). r = r_+ marks the event horizon, r = r_s is the stationary limit surface, and Ω_H is the horizon angular velocity. The ergosphere is the region r_+ < r < r_s. The ring singularity is shrouded by the event horizon.

PSfrag replacements

Figure 4.13: Penrose diagram showing causal structure of Kerr spacetime (cf. [62]). I and I’ depict asymptotically flat regions of the spacetime outside the black hole. II and II’ are interior to the event horizon at r = r_+, while interior regions III and III’ are separated from II and II’ by the Cauchy horizons at r = r_−. I^+ represents future null infinity and I^− past null infinity, while i^− represents past timelike infinity, i^+ future timelike infinity and i^0 spacelike infinity. The singularity at r = 0 is timelike, and can thus be avoided by a timelike trajectory originating on the Cauchy surface (red).

where g_{tr} = � 2Mr Σ � , (4.45)

g_{rr} = � 1 + 2Mr Σ � , (4.46)

and the spatial metric is encapsulated by the hypersurface line element

dσ^2 = � 1 + 2Mr Σ � dr^2 + Σdθ^2 + sin^2 θ � r^2 + a^2 +

2Mra^2 sin^2 θ Σ � dϕ^2

− 2a sin^2 θ � 1 + 2Mr Σ � drdϕ . (4.47)

4.2.2 The Matter Lagrangian and Equations of Motion

The Lagrangian for a massive electromagnetically coupled complex scalar field is again

L_M = √ −g[−(∇_aΦ − ieA_aΦ)(∇^aΦ^∗ + ieA^aΦ^∗) − 1 4 F^{ab}F_{ab} − m^2_Φ Φ^∗Φ] , (4.48)

where m_Φ is the scalar field mass parameter, e sets the strength of electromagnetic coupling between the real and imaginary components of complex scalar field Φ = Φ(t, r, θ) (respectively ϕ_1 = ϕ_1(t, r, θ) and ϕ_2 = ϕ_2(t, r, θ)), the symbol^∗ denotes complex conjugation, A_a = A_a(t, r, θ) is the electromagnetic vector potential, and F_{ab} is the antisymmetric electromagnetic field strength tensor. The set of Euler-Lagrange equations for the system described by (4.48) yields equations of motion ∇^a∇_aΦ^∗ + 2ie(∇_aΦ^∗)A^a − e^2Φ^∗A_aA^a + ieΦ^∗∇_aA^a − m^2_Φ Φ^∗ = 0 , (4.49) ∇^a∇_aΦ − 2ie(∇_aΦ)A^a − e^2ΦA_aA^a − ieΦ∇_aA^a − m^2_Φ Φ = 0 , (4.50)

∇^aF_{ab} − ie(Φ^∗∇_bΦ − Φ∇_bΦ^∗) − 2e^2ΦΦ^∗A_b = 0 . (4.51)

where (4.49) and (4.50) are completely equivalent. I also choose the Lorentz gauge condition

∇_aA^a = 0 , (4.52)

the conserved current is

−J^b ≡ ∇_aF^{ab} = ie(Φ^∗∇^bΦ − Φ∇^bΦ^∗) + 2e^2ΦΦ^∗A^b, (4.53)

and the stress-energy tensor is once again

T_{ab} = 1 2 (∇_aΦ∇_bΦ^∗ + ∇_bΦ∇_aΦ^∗) − 1 2 ie [(Φ∇_bΦ^∗ − Φ^∗∇_bΦ) A_a + (Φ∇_aΦ^∗ − Φ^∗∇_aΦ) A_b]

+e^2ΦΦ^∗A_aA_b + 1 2 F_{ac}F_{bd}g^{cd} − 1 2 g_{ab}[(∇_cΦ − ieA_cΦ)(∇^cΦ^∗ + ieA^cΦ^∗) + 1 4 F^{cd}F_{cd}

+m^2_Φ Φ^∗Φ] . (4.54)

4.2.3 Matter Equations in First-Order Form

Equation of motion (4.50) can be rewritten as

∇^a (∇_aΦ − ieA_aΦ) − ieA^a (∇_aΦ − ieA_aΦ) − m^2_Φ Φ = 0 . (4.55)

Computing covariant derivatives with respect to metric (4.40), the equation of motion adopts a rather complicated form. I choose to rewrite (4.55) in terms of first-order temporal and spatial derivatives. To recast it in a more tractable form I first define field variables Π_Φ(t, r, θ) ≡ n^a √ −g (∇_aΦ − ieA_aΦ) , (4.56) Φ_r(t, r, θ) ≡ ∂_rΦ , (4.57) Φ_θ(t, r, θ) ≡ ∂_θΦ , (4.58) A_{tr}(t, r, θ) ≡ ∂_rA_t , (4.59) A_{tθ}(t, r, θ) ≡ ∂_θA_t , (4.60) A_{rr}(t, r, θ) ≡ ∂_rA_r , (4.61) A_{rθ}(t, r, θ) ≡ ∂_θA_r , (4.62) A_{θr}(t, r, θ) ≡ ∂_rA_θ , (4.63) A_{θθ}(t, r, θ) ≡ ∂_θA_θ , (4.64) A_{ϕr}(t, r, θ) ≡ ∂_rA_ϕ , (4.65) A_{ϕθ}(t, r, θ) ≡ ∂_θA_ϕ , (4.66) and auxiliary metric functions

f_{tϕ}(t, r, θ) ≡ g_{tϕ} sin θ

, (4.67)

f_{ϕϕ}(t, r, θ) ≡ g_{ϕϕ} sin θ

, (4.68)

e_{tϕ}(t, r, θ) ≡ g_{tϕ} sin^2 θ

, (4.69)

e_{ϕϕ}(t, r, θ) ≡ g_{ϕϕ} sin^2 θ

, (4.70)

where g_{tϕ} = −

2Mra sin^2 θ Σ , (4.71)

g_{ϕϕ} = sin^2 θ � r^2 + a^2 +

2Mra^2 sin^2 θ Σ � , (4.72) and g = − � g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr}

�_2

g^4_{tr} sin^2 θ

. (4.73)

Under these transformations equation of motion (4.55) becomes the set

Π̇_Φ = e^2 � − f_{ϕϕ} g^{3/2}_{rr}

A^2_r + 2 f_{tϕ} g_{tr} √ g_{rr}

A_rA_ϕ − sin θ √ g_{rr}

A^2_θ − 1 sin θ √ g_{rr}

A^2_ϕ � Φ + ie � (∂_rg_{rr}) f_{ϕϕ} g^{5/2}_{rr}

A_r

− (∂_rf_{ϕϕ}) g^{3/2}_{rr}

A_r − f_{ϕϕ} g^{3/2}_{rr}

A_{rr} − cos θ √ g_{rr}

A_θ − sin θ √ g_{rr}

A_{θθ} −

(∂_rg_{tr}) f_{tϕ} √ g_{rr}g^2_{tr}

A_ϕ +

(∂_rf_{tϕ}) √ g_{rr}g_{tr}

A_ϕ

+ f_{tϕ} √ g_{rr}g_{tr}

A_{ϕr} � Φ − � 2 f_{ϕϕ} g^{3/2}rr

A_r − 2 f_{tϕ} √ g_{rr}g_{tr}

A_ϕ � Φ_r − � 2 sin θ √ g_{rr}

A_θ � Φ_θ + � A_t

− g_{tr} g_{rr}

A_r � Π_Φ � + m^2_Φ � g_{tϕ} √ g_{rr}f_{tϕ} g^2_{tr} − f_{ϕϕ} √ g_{rr} � Φ − � (∂_rg_{rr}) f_{ϕϕ} g^{5/2}_{rr} − (∂_rf_{ϕϕ}) g^{3/2}_{rr} � Φ_r

+ f_{ϕϕ} g^{3/2}_{rr}

(∂_rΦ_r) + cos θ √ g_{rr}

Φ_θ + sin θ √ g_{rr}

(∂_θΦ_θ) − � 1 2 g_{tr} (∂_rg_{rr})

g^2_{rr} − (∂_rg_{tr}) g_{rr} � Π_Φ + g_{tr} g_{rr}

(∂_rΠ_Φ) ,

(4.74)

Φ̇_r = ∂_r � ie � A_t − g_{tr} g_{rr}

A_r � Φ + g_{tr} g_{rr}

Φ_r + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_Φ � (4.75)

Φ̇_θ = ∂_θ � ie � A_t − g_{tr} g_{rr}

A_r � Φ + g_{tr} g_{rr}

Φ_r + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_Φ � (4.76)

Φ̇ = ie � A_t − g_{tr} g_{rr}

A_r � Φ + g_{tr} g_{rr}

Φ_r + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_Φ (4.77)

where the overdot, ˙, again designates differentiation with respect to coordinate t.

I similarly choose to evolve the four-vector potential equations of motion (4.51) in first-order form. For this purpose I define auxiliary variables

Π_r(t, r, θ) ≡ n^a √ −g (∇_rA_a − ∇_aA_r) , (4.78) Π_θ(t, r, θ) ≡ n^a √ −g (∇_θA_a − ∇_aA_θ) , (4.79) Π_ϕ(t, r, θ) ≡ n^a √ −g (∇_ϕA_a − ∇_aA_ϕ) , (4.80) under which (4.51) become

Π̇_r = − 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^2_{tr} (∂_θg_{rr}) e_{ϕϕ} sin θ

g^{3/2}_{rr} − g^2_{tr}e_{ϕϕ} cos θ √ g_{rr} + (∂_θg_{tr}) f^2_{tϕ} √ g_{rr} sin θ

g_{tr}

− (∂_θg_{tϕ}) e_{tϕ} √ g_{rr} sin θ − f^2_{tϕ} (∂_θg_{rr}) sin θ √ g_{rr}

+ f^2_{tϕ} √ g_{rr} cos θ � A_{rθ} + sin θ √ g_{rr}

(∂_θA_{rθ})

+ 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^2_{tr} (∂_θg_{rr}) e_{ϕϕ} sin θ

g^{3/2}_{rr} − g^2_{tr}e_{ϕϕ} cos θ √ g_{rr} + (∂_θg_{tr}) f^2_{tϕ} √ g_{rr} sin θ

g_{tr}

− f^2_{tϕ} (∂_θg_{rr}) sin θ √ g_{rr}

+ f^2_{tϕ} √ g_{rr} cos θ − (∂_θg_{tϕ}) e_{tϕ} √ g_{rr} sin θ � A_{θr} − sin θ √ g_{rr}

(∂_θA_{θr})

− f_{tϕ} (∂_rg_{rr})

g_{tr}g^{3/2}_{rr}

A_{ϕr} + f_{tϕ} g_{tr} √ g_{rr}

(∂_rA_{ϕr}) + √ g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr} (∂_{cos θ}g_{tϕ})

− (∂_{cos θ}g_{tr}) g_{tϕ}) A_{ϕθ} − 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � 1 2 g^3_{tr} (∂_tg_{rr}) e_{ϕϕ} g^2_{rr} − 3 2 g_{tr}f^2_{tϕ} (∂_rg_{rr})

g_{rr}

−g_{tr}f_{tϕ} (∂_rf_{tϕ}) + 2 (∂_rg_{tr}) f^2_{tϕ} � Π_r + g_{tr} g_{rr}

(∂_rΠ_r) + g^2_{tr}

g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr} (∂_θg_{rr})

− (∂_θg_{tr}) g_{rr}) Π_θ − g_{tr}

g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr}e_{tϕ} (∂_rg_{rr}) + g_{tr} (∂_re_{tϕ}) g_{rr}

−2 (∂_rg_{tr}) e_{tϕ}g_{rr}) Π_ϕ + � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} √ g_{rr}

J_r , (4.81)

Π̇_θ = − f^{ϕϕ} g^{3/2}_{rr}

(∂_θA_{rr}) + 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^2_{tr} (∂_rg_{rr}) f_{ϕϕ}e_{ϕϕ}

g^{5/2}_{rr} + 2 (∂_rg_{tr}) g_{tϕ}f_{tϕ}e_{ϕϕ} g_{tr} √ g_{rr}

−2 g_{tϕ}f_{tϕ} (∂_rg_{rr}) e_{ϕϕ}

g^{3/2}_{rr} + g_{tϕ}f_{tϕ} (∂_re_{ϕϕ}) √ g_{rr} − 2 (∂_rg_{tϕ}) f_{tϕ}e_{ϕϕ} √ g_{rr} � A_{rθ}

− 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^2_{tr} (∂_rg_{rr}) f_{ϕϕ}e_{ϕϕ}

g^{5/2}_{rr} + 2 (∂_rg_{tr}) g_{tϕ}f_{tϕ}e_{ϕϕ} g_{tr} √ g_{rr} − 2 g_{tϕ}f_{tϕ} (∂_rg_{rr}) e_{ϕϕ}

g^{3/2}_{rr} + f_{tϕ}e_{tϕ} (∂_rg_{ϕϕ}) √ g_{rr} − 2 (∂_rg_{tϕ}) f_{tϕ}e_{ϕϕ} √ g_{rr} � A_{θr} + f_{ϕϕ}

g^{3/2}_{rr}

(∂_rA_{θr}) + f_{tϕ} g_{tr} √ g_{rr}

(∂_θA_{ϕr})

− 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g_{tr}e_{tϕ} (∂_rf_{ϕϕ}) √ g_{rr} − g_{tr} (∂_rf_{tϕ}) e_{ϕϕ} √ g_{rr} + (∂_rg_{tr}) f^3_{tϕ} √ g_{rr}

g^2_{tr}

+ (∂_rg_{tr}) f_{tϕ}e_{ϕϕ} √ g_{rr} − f^3_{tϕ} (∂_rg_{rr})

g_{tr} √ g_{rr} − f^2_{tϕ} (∂_rf_{tϕ}) √ g_{rr}

g_{tr} � A_{ϕθ}

− 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � 1 2 g^3_{tr} (∂_rg_{rr}) e_{ϕϕ} g^2_{rr} + g^3_{tr} (∂_re_{ϕϕ})

g_{rr} − g^2_{tr} (∂_rg_{tr}) e_{ϕϕ} g_{rr} − 3 2 g_{tr}f^2_{tϕ} (∂_rg_{rr})

g_{rr}

−2g_{tr}f_{tϕ} (∂_rf_{tϕ}) + 3 (∂_rg_{tr}) f^2_{tϕ} � Π_θ + g_{tr} g_{rr}

(∂_rΠ_θ) + � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} √ g_{rr}

J_θ , (4.82)

Π̇_ϕ = − 1 √ g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g_{tr}g_{tϕ} (∂_θg_{rr}) f_{ϕϕ}

g_{rr}

− g_{tr}f_{tϕ} (∂_θg_{ϕϕ}) + g_{tr} (∂_θg_{tϕ}) f_{ϕϕ}

− (∂_θg_{tr}) g_{tϕ}f_{ϕϕ} � A_{rθ} + 1 √ g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g_{tr}g_{tϕ} (∂_θg_{rr}) f_{ϕϕ} g_{rr}

− g_{tr}f_{tϕ} (∂_θg_{ϕϕ})

+g_{tr} (∂_θg_{tϕ}) f_{ϕϕ} − (∂_θg_{tr}) g_{tϕ}f_{ϕϕ} � A_{θr} −

(∂_rg_{rr}) f_{ϕϕ}

g^{5/2}rr

A_{ϕr} + f_{ϕϕ}

g^{3/2}rr

(∂_rA_{ϕr})

+ 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^2_{tr}e_{ϕϕ} cos θ √ g_{rr} + g^2_{tr} (∂_{cos θ}g_{ϕϕ}) √ g_{rr} − (∂_θg_{tr}) f^2_{tϕ} √ g_{rr} sin θ

g_{tr}

−f^2_{tϕ} √ g_{rr} cos θ + f^2_{tϕ} (∂_θg_{rr}) sin θ √ g_{rr}

+ (∂_θg_{tϕ}) e_{tϕ} √ g_{rr} sin θ � A_{ϕθ} + sin θ √ g_{rr}

(∂_θA_{ϕθ})

+ g^2_{tr}

g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (e_{tϕ} (∂_rg_{ϕϕ}) − (∂_rg_{tϕ}) e_{ϕϕ}) Π_r

+ g_{tr}g_{tϕ}

g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr} (∂_θg_{rr}) − (∂_θg_{tr}) g_{rr}) Π_θ

+ 1 � −g^2_{tr}e_{ϕϕ} + f^2_{tϕ}g_{rr} � � 1 2 g^3_{tr} (∂_rg_{rr}) e_{ϕϕ} g^2_{rr} + g^3_{tr} (∂_re_{ϕϕ}) g_{rr} − g^2_{tr} (∂_rg_{tr}) e_{ϕϕ} g_{rr}

− 1 2 g_{tr}f^2_{tϕ} (∂_rg_{rr})

g_{rr}

− g_{tr} (∂_rg_{tϕ}) + (∂_rg_{tr}) f^2_{tϕ} � Π_ϕ + g_{tr} g_{rr}

(∂_rΠ_ϕ)

+ � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} √ g_{rr}

J_ϕ , (4.83)

Ȧ_{rr} = ∂_r � A_{tr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_r � , (4.84)

Ȧ_{θr} = ∂_r � A_{tθ} − g_{tr} g_{rr}

A_{rθ} + g_{tr} g_{rr}

A_{θr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_θ � , (4.85)

Ȧ_{ϕr} = ∂_r � g_{tr} g_{rr}

A_{ϕr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_ϕ � , (4.86)

Ȧ_{rθ} = ∂_θ � A_{tr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_r � , (4.87)

Ȧ_{θθ} = ∂_θ � A_{tθ} − g_{tr} g_{rr}

A_{rθ} + g_{tr} g_{rr}

A_{θr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_θ � , (4.88)

Ȧ_{ϕθ} = ∂_θ � g_{tr} g_{rr}

A_{ϕr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_ϕ � , (4.89)

Ȧ_r = A_{tr} + g^{2tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_r , (4.90)

Ȧ_θ = A_{tθ} − g^{tr} g_{rr}

A_{rθ} + g_{tr} g_{rr}

A_{θr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_θ , (4.91)

Ȧ_ϕ = g^{tr}

g_{rr}

A_{ϕr} + g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_ϕ , (4.92)

where from (4.53)

J_r = −ie(Φ^∗Φ_r − ΦΦ^∗_r ) − 2e^2ΦΦ^∗A_r , (4.93) J_θ = −ie(Φ^∗Φ_θ − ΦΦ^∗_θ) − 2e^2ΦΦ^∗A_θ , (4.94) J_ϕ = −2e^2ΦΦ^∗A_ϕ , (4.95)

and I have used the chain rule to rewrite some partial derivatives with respect to θ.^4 Finally, the Lorentz gauge condition (which evolves component A_t) is already in the first order form

Ȧ_t = 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^3_{tr} (∂_re_{ϕϕ})

g_{rr} + g^2_{tr} (∂_rg_{tr}) e_{ϕϕ} g_{rr} − g_{tr}f^2_{tϕ} (∂_rg_{rr}) g_{rr}

− 2g_{tr} (∂_rg_{tϕ}) e_{tϕ}

+ (∂_rg_{tr}) f^2_{tϕ} � A_t + 2 g_{tr} g_{rr}

A_{tr} + 1 � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^4_{tr} (∂_rg_{rr}) e_{ϕϕ} g^3_{rr} − g^4_{tr} (∂_re_{ϕϕ}) g^2_{rr} −2 g^3_{tr} (∂_rg_{tr}) e_{ϕϕ} g^2_{rr} + 2 g^2_{tr} (∂_rg_{tϕ}) e_{tϕ} g_{rr} − g^2_{tr} (∂_rg_{rr}) e_{ϕϕ} g^3_{rr} + g^2_{tr} (∂_re_{ϕϕ})

g^2_{rr} � A_r − g^2_{tr} g^2_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} � � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr} − e_{ϕϕ} � A_{rr} − g^2_{tr} (∂_{cos θ} sin θ) g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� A_θ

+ g^2_{tr} g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

�A_{θθ} − 1 g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr} (∂_re_{tϕ}) − (∂_rg_{tr}) e_{tϕ}) A_ϕ

− g_{tr}e_{tϕ} g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

�A_{ϕr} + g^3_{tr} g^{3/2}_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_r . (4.98)

4.2.4 Physical and Conserved Quantities

In axial symmetry, none of the components E_a or B_a generically vanish.^5 This differs from the spherically symmetric case presented in Chapter 3 where E_r was the only nonzero component. Explicitly, using definitions E_a = F_{ab}n^b (4.99)

4Applying the chain rule ∂f ∂θ = ∂ cos θ ∂θ ∂f ∂ cos θ

= − sin θ ∂f ∂ cos θ

(4.96)

transforms numerically unsuitable forms at θ = 0 or θ = π such as 1 sin θ ∂f ∂θ = − ∂f ∂ cos θ

. (4.97)

5Regularity will, however, require E_θ , E_ϕ, B_θ and B_ϕ to vanish on the axis of symmetry (i.e., along θ = 0 and θ = π).

and B_a = − 1 2 ϵ^{cd}_{ab} F_{cd}n^b (4.100)

for an observer with four-velocity n^a,

E_r = − g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_r , (4.101)

E_θ = − g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_θ , (4.102)

E_ϕ = − g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

Π_ϕ , (4.103)

B_r = g_{tr} √ g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr} (∂_{cos θ}A_ϕ) + f_{tϕ}A_{rθ} − f_{tϕ}A_{θr}) , (4.104)

B_θ = − 1 √ g_{rr} sin θ

A_{ϕr} , (4.105) and B_ϕ = g_{tr} √ g_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� (g_{tr}f_{ϕϕ}A_{rθ} − g_{tr}f_{ϕϕ}A_{θr} − f_{tϕ}g_{rr}A_{ϕθ}) . (4.106)

Meanwhile, the temporal component of the current four-vector is

J_t = −ie g_{tr} g_{rr}

(Φ^∗Φ_r − ΦΦ^∗_r ) − ie g^2_{tr} √ g_{rr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

(Φ^∗Π_Φ − ΦΠ^∗_Φ) − 2e^2 g_{tr} g_{rr}

ΦΦ^∗A_r ,

(4.107) and the conserved electric charge density can be expressed

ρ_Q = ie g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

(Φ^∗Π_Φ − ΦΠ^∗_Φ) . (4.108)

Contracting the stress-energy tensor T_{ab} of (4.54) with n^a from (4.44) and t^a = (1, 0, 0, 0) obtains a conserved energy density,

ρ_T = ρ_{T (Φ)} + ρ_{T (A)} + ρ_{T (ΦA)} , (4.109)

where ρ_{T (Φ)} is the contribution from the scalar field terms of T_{ab}, ρ_{T (A)} is the contribution from electromagnetic field variable terms, and ρ_{T (ΦA)} is the contribution from terms involving the interaction of Φ and A_a through coupling constant e.^6 In detail,

ρ_{T (Φ)} = e^2 � 1 2 √ g_{rr}A^2_t − g_{tr} √ g_{rr}

A_tA_r + 1 2 g^2_{tr} g^{3/2}rr

A^2_r � ΦΦ^∗ + ie 2 � g_{tr} √ g_{rr}

A_t − g^2_{tr} g^{3/2}rr

A_r � (ΦΦ^∗_r

−Φ^∗Φ_r) + � g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

A_t − g^3_{tr} g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

A_r � (ΦΠ^∗_Φ − Φ^∗Π_Φ) �

+ m^2_Φ 2 1 √ g_{rr}

ΦΦ^∗ + 1 2 g^2_{tr}e_{ϕϕ} g^{3/2}rr (g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

Φ_rΦ^∗_r + 1 2 g^2_{tr} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

Φ_θΦ^∗_θ

+ 1 2 g^3_{tr} g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

(Φ_rΠ^∗_Φ + Φ^∗_r Π_Φ) + 1 2 g^4_{tr} √ g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2

Π_ΦΠ^∗_Φ ,

(4.111)

6Before substituting auxiliary variables, ρ_{T (Φ)} has the form

ρ_{T (Φ)} = m^2_Φ 2 1 (g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr}) „ g^2_{tr}g_{ϕϕ} √ g_{rr}

− g^2_{tϕ} √ g_{rr} « ΦΦ^∗ + 1 2 √ g_{rr} (g^2_{tr} g_{ϕϕ} − g^2_{tϕ}g_{rr}) “ g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr} ” Φ̇Φ̇^∗

− 1 2 g^2_{tr} (g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr}) g^2_{tr}g_{ϕϕ} g^{3/2}_{rr} − g_{ϕϕ} g^{3/2}_{rr} − g^2_{tϕ} √ g_{rr} ! Φ_r Φ^∗_r + 1 2 g^2_{tr} sin^2 θ √ g_{rr}(g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr})

Φ_θ Φ^∗_θ . (4.110)

ρ_{T (A)} = 1 4 g^4_{tr}e_{ϕϕ} g^{3/2}rr (g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

A^2_{rθ} − 1 2 g^4_{tr}e_{ϕϕ} g^{3/2}rr (g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

A_{rθ}A_{θr}

− 1 2 g^3_{tr}e_{tϕ} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

A_{rθ}A_{ϕθ} + 1 4 g^4_{tr}e_{ϕϕ} g^{3/2}_{rr} (g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

A^2_{θr}

+ 1 2 g^3_{tr}e_{tϕ} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

A_{θr}A_{ϕθ} − 1 4 g^2_{tr} g^{3/2}_{rr} (g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr})

A^2_{ϕr}

+ 1 4 g^4_{tr} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

(∂_{cos θ}A_ϕ)^2 + 1 2 g^5_{tr} g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})^2

(∂_{cos θ}A_r) Π_θ

+ 1 2 g^5_{tr} g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

A_{θr}Π_θ

− 1 2 g^4_{tr}e_{tϕ} g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

A_{ϕr}Π_r

+ 1 2 g^5_{tr} g_{rr}(g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr})(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

A_{ϕr}Π_ϕ

+ 1 4 g^6_{tr}e_{ϕϕ} g^{3/2}rr (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

Π^2_r

− 1 2 g^5_{tr}e_{tϕ} √ g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

Π_rΠ_ϕ

+ 1 4 g^6_{tr} √ g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

Π^2_θ

+ 1 4 g^6_{tr} √ g_{rr}(g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr})(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2

Π^2_ϕ , (4.112)

ρ_{T (ΦA)} = e^2 � 1 2 g^2_{tr} g^{3/2}_{rr} � e_{ϕϕ} (g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}) − 1 � A^2_r − g_{tr}e_{tϕ} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

A_rA_ϕ + g_{tr} √ g_{rr}

A_rA_t

+ 1 2 g^2_{tr} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

A^2_θ + 1 2 g^2_{tr} √ g_{rr}(g^2_{tr}g_{ϕϕ} − g^2_{tϕ}g_{rr})

A^2_ϕ − 1 2 √ g_{rr}A^2_t � ΦΦ^∗

− ie 2 � g^2_{tr} g^{3/2}_{rr} � e_{ϕϕ} (g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}) − 1 � A_r − g_{tr}e_{tϕ} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

A_ϕ

+ g_{tr} √ g_{rr}

A_t � (ΦΦ^∗_r − Φ^∗Φ_r) + g^2_{tr} √ g_{rr}(g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr})

A_θ(ΦΦ^∗_θ − Φ^∗Φ_θ)

+ g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

A_t(ΦΠ^∗_Φ − Φ^∗Π_Φ) � . (4.113)

Similarly, contracting T_{ab} with n^a and s^a = (0, 0, 0, 1) yields the conserved angular momentum density ρ_S = ρ_{S(A)} + ρ_{S(ΦA)} , (4.114) where

ρ_{S(A)} = 1 2 g^4_{tr}f_{ϕϕ} g_{rr}(g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2

A_{ϕr}Π_r − 1 2 g^3_{tr}f_{tϕ} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2

A_{ϕr}Π_ϕ + 1 2 g^4_{tr} sin θ (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})^2

A_{ϕθ}Π_θ (4.115)

is the electromagnetic field contribution, and

ρ_{S(ΦA)} = ie 2 g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

A_ϕ(ΦΠ^∗_Φ − Φ^∗Π_Φ) (4.116)

is from the coupling of scalar and electromagnetic fields. Then, from (2.104), the total charge Q = �_{2π} ϕ=0 �_π θ=0 �_∞ r=0 ρ_Q √ g_{rr} � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} drdθdϕ , (4.117)

from (2.108), the total energy T = �_{2π} ϕ=0 �_π θ=0 �_∞ r=0 ρ_T √ g_{rr} � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} drdθdϕ (4.118)

and, from (2.109), the total angular momentum S = �_{2π} ϕ=0 �_π θ=0 �_∞ r=0 ρ_S √ g_{rr} � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} drdθdϕ (4.119)

will all be constant, providing t^a is timelike everywhere the densities ρ_Q, ρ_T and ρ_S are non-zero.

4.2.5 Regularity, Boundary Conditions and Dissipation

From the definitions of section 2.4 (cf. [6], [45]), regularity for the functions listed above requires Φ, Φ_r, A_r, A_{rr}, J_r, A_{θθ}, Π_θ, A_ϕ, A_{ϕr}, J_ϕ, A_t, A_{tr}, E_r, E_ϕ, B_r, B_ϕ, J_t, ρ_Q, ρ_T and ρ_S be, to leading order, even in θ on axis (i.e., at θ = 0 and θ = π). In addition to being even, Π_θ, A_ϕ, A_{ϕr}, J_ϕ, E_ϕ and B_ϕ must also vanish along the axis of symmetry (i.e., they are at least quadratic in θ on axis). Meanwhile, remaining variables Φ_θ, Π_Φ, A_{rθ}, Π_r, A_θ, A_{θr}, J_θ, A_{ϕθ}, Π_ϕ, A_{tθ}, E_θ and B_θ are, to leading order, odd. For the leading-order-even variables I enforce regularity on grid points corresponding to θ = 0 and θ = π by applying a quadratic fix as listed in Appendix C. I also apply interpolation in the direction of θ on the next-to-axis points for these variables using a 3rd order Lagrange interpolant as discussed in Appendix C. Numerical testing shows the additional interpolation helps ensure smooth and stable evolution along the axis of symmetry. Variables Π_θ, A_ϕ, A_{ϕr}, J_ϕ, E_ϕ and B_ϕ are exceptional cases. I enforce regularity by setting them equal to zero on the axis and imposing a quadratic fix on the next-to-axis points. Meanwhile, regularity of the leading-order-odd variables is enforced by setting the functions equal to zero at the degenerate point. As with the leading-order-even variables, interpolation is applied next-to-axis.

Because their counterparts in the massless electromagnetically uncoupled (i.e., e = 0) theory can be expressed as wave equations, I apply the (approximate) Sommerfeld outgoing radiation condition to Φ, A_r, A_θ, A_ϕ and A_t. As discussed in Chapter 2, the condition can here be written

∂_t(ru) + � −2Mr/Σ + 1 1 + 2Mr/Σ � ∂_r(ru) = 0 , (4.120)

where u = u(t, r, θ) are one of Φ, A_r, A_θ, A_ϕ or A_t. The condition is applied on the outermost grid points (i.e., at the points corresponding to the largest value of radial coordinate r = r_{max}) with the exception of those lying on the axis of symmetry (θ = 0 or θ = π) and those next-to-axis (i.e., at θ = Δθ or θ = π − Δθ). Therefore, a backwards spatial differencing operator is used to implement ∂_r. The Sommerfeld condition for Φ provides an algebraic equation for boundary values of Π_Φ as well. Fields E_r, E_θ and E_ϕ can similarly be rewritten as a set of wave equations. Sommerfeld conditions for the electric field components provide outer boundary conditions for Π_r, Π_θ and Π_ϕ, which are again applied at all points r = r_{max} except those on axis or next-to-axis. Backwards difference operators are similarly used at r = r_{max} for Φ_r, A_{rr}, A_{θr}, A_{ϕr} and A_{tr}, while Φ_θ, A_{rθ}, J_r, A_{θθ}, J_θ, A_{ϕθ}, J_ϕ, A_{tθ}, E_r, E_θ, E_ϕ, B_r, B_θ, B_ϕ, J_t, ρ_Q, ρ_T and ρ_S require no special treatment.

I avoid both the Cauchy horizon at r = r_− and ring singularity at r = a cos θ by excising grid points within a surface of constant r = r_{ex}, r_− < r_{ex} < r_+, from the computational domain. I have found that numerical evolution is stable and smooth if I apply a mixture of extrapolation (in coordinate r) and interpolation (in θ) to the time-dependent grid functions u(t, r, θ). Formally, I use the linear combination

u(t + Δt, r, θ) = Δθ Δr + Δθ � P^{t+Δt} 2,r � + Δr Δr + Δθ � P^{t+Δt} 3,θ � , (4.121)

where

P^{t+Δt}

2,r = 3u(t + Δt, r + Δr, θ) − 3u(t + Δt, r + 2Δr, θ) + u(t + Δt, r + 3Δr, θ) (4.122)

is the 2nd order extrapolating polynomial in r,

P^{t+Δt}

3,θ = − 1 6 u(t+Δt, r, θ−2Δθ)+ 2 3 u(t+Δt, r, θ−Δθ)+ 2 3 u(t+Δt, r, θ+Δθ)− 1 6 u(t+Δt, r, θ+2Δθ) (4.123) is the 3rd order Lagrange interpolating polynomial in θ, Δt designating the interval in coordinate t, Δr the interval in r and Δ the interval in θ. Factors Δθ Δr + Δθ

, (4.124) and Δr Δr + Δθ

(4.125)

provide weights adjusted to differences in intervals Δθ and Δr. This weighted combination of interpolation and extrapolation is applied at all points r = r_{ex} which are neither on axis nor next-to-axis.

I employ Kreiss-Oliger dissipation as outlined and summarized in Appendix C. Dissipation is added to all equations of motion explicitly involving partial derivatives with respect to t. This set of functions is Φ, Φ_r, Φ_θ, Π_Φ, A_r, A_{rr}, A_{rθ}, Π_r, A_θ, A_{θr}, A_{θθ}, Π_θ, A_ϕ, A_{ϕr}, A_{ϕθ}, Π_ϕ and A_t. The Kreiss-Oliger dissipation operators have stencils five points wide. For coordinate r they can then be applied only at locations two grid points from the boundaries r = r_{ex} and r = r_{max}. Similarly, dissipation in coordinate θ can be applied only when, at minimum, two grid points away from boundaries θ = 0 and θ = π. Therefore, dissipation in both r and θ is applied only in the bulk of the computational domain—where r_{ex} + 2Δr ≤ r ≤ r_{max} − 2Δr and 2Δθ ≤ θ ≤ π − 2Δθ—while dissipation in θ alone is applied at r = r_{ex} + Δr and r ≥ r_{max} − Δr. Formally, if u = u(t, r, θ) is one of the functions whose equation contains an explicit derivative in time, then, using the Crank-Nicholson scheme without dissipation, its expression will be

u(t + Δt, r, θ) − u(t, r, θ) Δt = 1 2 [R(t + Δt, r, θ) + R(t, r, θ)] , (4.126)

where the left hand side is—to O � (Δt)^2 � accuracy—the time derivative of u centered between

times t and t + Δt, and the right hand side represents—to O � (Δr)^2 � and O � (Δθ)^2 � —all other terms in the equation time averaged between steps t and t + Δt. Then, Kreiss-Oliger dissipation is implemented by adding specific terms on the right hand side of equation (4.126). In this case,

u(t + Δt, r, θ) − u(t, r, θ) Δt = 1 2 [R(t + Δt, r, θ) + R(t, r, θ)] + 1 2 [D_r(t + Δt, r, θ) + D_r(t, r, θ)] + 1 2 [D_θ(t + Δt, r, θ) + D_θ(t, r, θ)] (4.127)

when r_{ex} + 2Δr ≤ r ≤ r_{max} − 2Δr and 2Δθ ≤ θ ≤ π − 2Δθ, and

u(t + Δt, r, θ) − u(t, r, θ) Δt = 1 2 [R(t + Δt, r, θ) + R(t, r, θ)] + 1 2 [D_θ(t + Δt, r, θ) + D_θ(t, r, θ)] (4.128)

when 2Δθ ≤ θ ≤ π − 2Δθ and r = r_{ex} + Δr or r ≥ r_{max} − Δr, where

D_r(t, r, θ) = − ϵ_r 16Δt

[u(t, r + 2Δr, θ) − 4u(t, r + Δr, θ) + 6u(t, r, θ)

−4u(t, r − Δr, θ) + u(t, r − 2Δr, θ)] , (4.129)

D_θ(t, r, θ) = − ϵ_θ 16Δt

[u(t, r, θ + 2Δθ) − 4u(t, r, θ + Δθ) + 6u(t, r, θ)

−4u(t, r, θ − Δθ) + u(t, r, θ − 2Δθ)] , (4.130)

and 0 ≤ ϵ_r < 1 and 0 ≤ ϵ_θ < 1 are adjustable parameters. I use values ϵ_r = 0.5 and ϵ_θ = 0.5 for the adjustable dissipation parameters in directions r and θ, respectively. Using a Courant factor λ = Δt �_1

2 ((Δr)^2 + (Δθ)^2)

≃ 0.25 , (4.131)

this system of equations evolves stably under the Crank-Nicholson iterative solution scheme.

4.2.6 Strategies for AMR and Parallel Computation

I have three functional numerical implementations that solve the dynamics of the Maxwell-Klein- Gordon system: (1) a uniprocessor unigrid code; (2) a multiprocessor unigrid code; and (3) a uniprocessor adaptive mesh code.^7 The uniprocessor unigrid code was written with the aid of RNPL

7While I attempted to incorporate a multiprocessor adaptive code, I was unable to find conditions at once compatible with the regularity conditions and processor distribution process. Specifically, all tested implementations were found to introduce high frequency errors during the adaptive regridding process. It is suspected this problem could be easily resolved by switching to another coordinate system where regularity is not at issue.

([94], [95], [96], [97]), and was used exclusively in obtaining results for the uncharged Maxwell-Klein- Gordon equations. My multiprocessor unigrid code and uniprocessor adaptive mesh codes make use of the PAMR ([128], [129]) library. While I use the multiprocessor unigrid code extensively in solving the electromagnetically coupled dynamics, I have not found mesh refinement very beneficial. This is discussed below.

In the parallel implementation it is necessary to ensure the computational domain is properly distributed among the compute nodes. While PAMR takes care of the processor distribution and information passing processes, I must manually specify the ghost region^8 widths. For the example given in Appendix C, a ghost width of a single point was appropriate. However, in the present case, the chosen difference equations involve not only Kreiss-Oliger dissipation operators, but also interpolation and extrapolation operators. Simple counting reveals these operator stencils can extend as many as 3 points in each grid direction from their centers. This means ghost regions at least 3 points wide are required for complete information communication. However, more than 3 ghost points are not required. Using a wider ghost region is therefore unnecessary and will only decrease computational efficiency. I exclusively use ghost regions with exactly 3 points in each grid direction for this reason. Furthermore, it is important to use no more processors than necessary. Specifically, since there is a cost associated with inter-node communication from the transfer of data on ghost regions, choosing too many compute nodes could result in a total ghost point count comparable to the number of points on the global domain itself. I have found that 64 processors is typically a good choice for global domains having a total of 3.2 × 10^5 grid points or more.

The uniprocessor adaptive mesh code uses the modified Berger and Oliger time stepping algorithm as discussed in Appendix C, and implementation again uses the PAMR libraries. Central to this algorithm is the relative solution error that compares results on successive levels of resolution. It is important to consider appropriate grid functions in this measure of error. A good choice for the system includes the functions representing physical fields Φ, E_a, B_a and J_a, and conserved densities ρ_T , ρ_S and ρ_Q. Auxiliary fields and vector potential components could always be included in the measure of error, but the physical fields and conserved densities are ultimately the quantities of interest to physics, so ensuring they are properly resolved through the measure should be sufficient. Forming the measure and from these quantities and using a number of different error tolerances, I have tested the adaptive implementation by evolving massive electromagnetically coupled Maxwell-Klein-Gordon perturbations on an a = M = 5 Kerr spacetime. While evolution was smooth and otherwise well behaved, I have found the regions of adaptive refinement quickly grow and cover the greatest proportion of the computational domain, indicating the resolutional requirements become nearly uniform across most of the domain. This behaviour is depicted in Figure 4.14 for a maximum of four allowed levels of resolution. Considering the computational overhead of the adaptive refinement procedure, it is not clear that long term advantages can be gained from this implementation. The efficiency and cost is likely comparable to that of the parallel implementation where I simply evolve on a grid of sufficient uniform resolution. While the adaptive measure of solution error could probably be optimized, the improvement will probably not be great for the choice of spatial domain, typical initial conditions and parameter values e and m_Φ. I have therefore not investigated mesh refinement in any more detail.^9

8Effectively, the ghost region of a parallel finite difference code is that set of grid points whose values must be communicated between processors. The size and form of a ghost region is determined by the computational domain of dependence, which is itself established through the choice of specific finite difference approximations and thus stencils. Details and discussion can be found in Appendix C.

9Of course, if the evolutionary details were known ahead of time, a non-uniform grid could be used in lieu of adaptive mesh refinement. Clearly, these non-uniform grids would have to be chosen on a case by case basis to accommodate resolutional requirements of the unfolding dynamics. So while much simpler to implement than adaptive refinement, the case-specific nature of non-uniform grid methods pose a serious limitation for the technique.

PSfrag replacements

PSfrag replacements

PSfrag replacements

Figure 4.14: Adaptive mesh refinement (to a maximum of four levels) of the energy density for massive electromagnetically coupled perturbations in for a = M = 5 Kerr spacetime. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly and the colour gradient is scaled logarithmically. Refined regions quickly grow to cover a large proportion of the computational domain.

4.3 Results

4.3.1 Initial Data

The initial value problem for the Maxwell-Klein-Gordon system in Kerr spacetime amounts to specification of all the variables in a manner consistent with regularity and gauge conditions, and satisfying the electromagnetic constraint equation D^aE_a = ρ_Q , (4.132) where D^a is the spatial covariant derivative operator, and ρ_Q, is, according to equation (4.108),

ρ_Q = ie g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

(Φ^∗Π_Φ − ΦΠ^∗_Φ) . (4.133)

Following the procedure of section 2.2.1, I decompose E_a into its longitudinal and transverse parts, respectively L_a and T_a, to obtain E_a = L_a + T_a . (4.134) Then introducing the scalar potential, U = U(r, θ), as per D_aU = L_a , (4.135) (4.132) becomes D^aD_aU = D^aE_a = ρ_Q , (4.136) where the left hand side is explicitly

D^aD_aU = 1 2 g^2_{tr} g^2_{rr} � g^2_{tr}e_{ϕϕ} − f^2_{tϕ}g_{rr}

� [2g_{rr}(∂_re_{ϕϕ})(∂_rU) − (∂_rg_{rr})e_{ϕϕ}(∂_rU) + 2g_{rr}e_{ϕϕ}(∂_{rr}U)

+g_{rr}(∂_θg_{rr})(∂_θ U) − 2g^2_{rr} cos θ(∂_{cos θ}U) + 2g^2_{rr}(∂_{θθ}U) � . (4.137) After solving (4.136) using the methods of Appendix C, I reconstruct the longitudinal electric field components, which are, from (4.135), L_r = ∂_rU , (4.138) L_θ = ∂_θU , (4.139) L_ϕ = 0 . (4.140) I can then specify any divergenceless set of components for the transverse part T_a. For simplicity, I choose T_r = 0 , (4.141) T_θ = 0 , (4.142) T_ϕ = 0 . (4.143)

The completely reconstructed electric field at initial time is then

E_r = ∂_rU , (4.144)

E_θ = ∂_θU , (4.145)

E_ϕ = 0 . (4.146)

Having solved for E_a, the final step is to then initialize Π_r, Π_θ and Π_ϕ in accordance with (4.101),

(4.102) and (4.103), meaning

Π_r = − g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr}

g^2_{tr}

E_r , (4.147)

Π_θ = − g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr}

g^2_{tr}

E_θ , (4.148)

Π_ϕ = − g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr}

g^2_{tr}

E_ϕ . (4.149)

Having satisfied the initial data constraint, I can freely specify the remaining variables in accor-

dance with their definitions and regularity conditions. For simplicity I choose Gaussian profiles for

the complex components of Φ(t, r, θ) = ϕ_1(t, r, θ) + iϕ_2(t, r, θ), Π_Φ(t, r, θ) = Π_1(t, r, θ) + iΠ_2(t, r, θ),

and the vector potential components A_a(t, r, θ).^{10} That is,

ϕ_1(0, r, θ) = a_1 exp � −((r − r_1)/δ_{r1})^2 � exp � −((θ − θ_1)/δ_{θ1})^2 � , (4.150)

ϕ_2(0, r, θ) = a_2 exp � −((r − r_2)/δ_{r2})^2 � exp � −((θ − θ_2)/δ_{θ2})^2 � , (4.151)

Π_1(0, r, θ) = a_3 exp � −((r − r_3)/δ_{r3})^2 � exp � −((θ − θ_3)/δ_{θ3})^2 � , (4.152)

Π_2(0, r, θ) = a_4 exp � −((r − r_4)/δ_{r4})^2 � exp � −((θ − θ_4)/δ_{θ4})^2 � , (4.153)

A_t(0, r, θ) = a_r exp � −((r − r_t)/δ_{rt})^2 � exp � −((θ − θ_t)/δ_{θt})^2 � , (4.154)

A_r(0, r, θ) = a_r exp � −((r − r_r )/δ_{rr})^2 � exp � −((θ − θ_r)/δ_{θr})^2 � , (4.155)

A_θ(0, r, θ) = a_θ exp � −((r − r_θ)/δ_{rθ})^2 � exp � −((θ − θ_θ)/δ_{θθ})^2 � , (4.156)

A_ϕ(0, r, θ) = a_ϕ exp � −((r − r_ϕ)/δ_{rϕ})^2 � exp � −((θ − θ_ϕ)/δ_{θϕ})^2 � , (4.157)

where a_1, a_2, a_3, a_4, a_t, a_r, a_θ and a_ϕ are constants setting the initial amplitudes, r_1, r_2, r_3, r_4,

r_t, r_r, r_θ and r_ϕ determine the Gaussian peaks in the radial direction, θ_1, θ_2, θ_3, θ_4, θ_t, θ_r, θ_θ

and θ_ϕ determine the Gaussian peaks in the θ coordinate direction, δ_{r1}, δ_{r2}, δ_{r3}, δ_{r4}, δ_{rt}, δ_{rr}, δ_{rθ}

and δ_{rϕ} determine the Gaussian widths in coordinate r, and δ_{θ1}, δ_{θ2}, δ_{θ3}, δ_{θ4}, δ_{θt}, δ_{θr}, δ_{θθ} and δ_{θϕ}

determine widths in θ. All remaining variables are initialized according to definitions in sections

10From equations (4.93) and (4.94), nonzero electric current components J_r and J_θ require e, Φ and Φ^∗ to all be

nonzero. The condition for nonzero J_r additionally requires that either A_r, Φ_r or Φ^∗_r be nonzero. Similarly, the

condition for nonzero J_θ additionally requires that either A_θ , Φ_θ or Φ^∗_θ be nonzero. Clearly, the chosen initial data

(4.150)–(4.162) satisfies the nonzero conditions for both J_r and J_θ when e ≠ 0. Therefore, it can be said charge

separation begins at t = 0 for this specification of the Maxwell-Klein-Gordon system.

4.2.3 and 4.2.4. Unless otherwise specified, I use values

a_1 = a_2 = a_3 = a_4 = a_t = a_r = a_θ = a_ϕ = 1.0 , (4.158)

r_1 = r_2 = r_3 = r_4 = r_t = r_r = r_θ = r_ϕ = 25.0 , (4.159)

θ_1 = θ_2 = θ_3 = θ_4 = θ_t = θ_r = θ_θ = θ_ϕ = π/2 , (4.160)

δ_{r1} = δ_{r2} = δ_{r3} = δ_{r4} = δ_{rt} = δ_{rr} = δ_{rθ} = δ_{rϕ} = 5.0 , (4.161)

δ_{θ1} = δ_{θ2} = δ_{θ3} = δ_{θ4} = δ_{θt} = δ_{θr} = δ_{θθ} = δ_{θϕ} = 0.3 . (4.162)

The chosen Kerr spacetime is exclusively mass M = 5 with variable angular momentum per unit mass, a. Finally, the computational domain always covers the coordinate range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π.

Finally, while the form of metric (4.40) suggests symmetry about the equatorial plane (θ = π/2), this symmetry is for the spacetime metric and not for matter evolving in the background spacetime. Since the Maxwell-Klein-Gordon fields are here treated as perturbations not affecting the spacetime, they are free to evolve in a manner which is not symmetric about the equatorial plane. Observe how the equations of motion and constraint have been written in a general form consistent with the assumption of axial symmetry and therefore allow a more generic evolution—one that need not respect any symmetry about the equatorial plane.^{11} As shown in section 4.3.3, the choice of initial conditions (4.132), (4.147)–(4.149), and (4.154)–(4.157) do not generate electromagnetic fields with covariant components all symmetric about θ = π/2. Furthermore, since the difference approximations used are accurate to only O � (Δθ)^2 � , slight asymmetries about the equatorial plane will be expected throughout evolution regardless of how initial conditions are chosen.

4.3.2 Klein-Gordon Dynamics: Orbiting Resonances and Massive Mode Trapping for s = 0 Perturbations

With initial data specified as discussed above, I evolve massive s = 0 perturbations on a Kerr spacetime. The black hole mass is set to M = 5, and the angular momentum per unit mass is chosen to be either a = 0 or a = M. I vary the Klein-Gordon mass parameter m_Φ ≡ m_Ψ between m_Φ = 0.0 and m_Φ = 2.4. The computational domain covers radial coordinate range 5 ≤ r ≤ 50 and angular coordinates 0 ≤ θ ≤ π. The computational domain has J = 401 points radially and K = 201 points in the θ angular direction. The numerical evolutions span the range of coordinate time 0 ≤ t ≲ 200.

For a = M = 5, m_Φ = 0.0 evolution, perturbations clearly display the glory effect and orbiting resonances. Figure 4.15 displays the normalized energy density within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π by a sequence of steps from the evolution beginning at t = 0 and leading to a final step at t = 77.11 shown in Figure 4.16. The orbit resonance period is ≈ 70t and each successive orbit is attenuated by a factor of ∼ 10^{−1}. Note how the orbital frequency ≈ 1/(70t) is more than twice that of the unstable circular photon orbits occurring at r = 3M.^{12} While strong gravitational

11While an equatorially symmetric code could be written for the Maxwell-Klein-Gordon system, it would not allow study of any physics unique to the non-equatorially symmetric system.

12The innermost stable circular orbit of the Schwarzschild spacetime described by (4.1) occurs at radius r = 6M, while the innermost unstable circular orbit occurs at r = 3M. From the study of timelike geodesics in Schwarzschild spacetime it can be shown that circular orbits in the equatorial plane are given by ∂ϕ ∂τ = L r^2

, (4.163)

where τ is proper time and L is the angular momentum per unit rest mass as measured by a static observer at infinity. The proper time for the innermost stable circular orbit of an M = 5 Schwarzschild spacetime is therefore

1800π

L , while the proper time for the innermost unstable circular orbit in the same spacetime is^{450π}_L . More cannot be said about the orbital period without specifying a value for L. Instead consider the null geodesics of Schwarzschild

interaction is observable in the form of orbiting resonances, neither mode trapping nor superradiant scattering are apparent from the calculations. While mode trapping is expected only for massive scalar perturbations, superradiant scattering could, in fact, be present for any scalar perturbation mass. However, the effect is expected to be only on the order of a fraction of a percent [124]. Figure 4.17 displays the integrated normalized energy density within the computational domain for 0 ≤ t ≲ 200 for both a = 0 and a = M. Clearly, the addition of black hole angular momentum has but a small effect on the scalar perturbation evolution.^{13} Predominantly, addition of black hole angular momentum decreases the perturbation energy flux through surfaces r = 5 and r = 50. While not exact for either a = 0 or a = M, the late time decay of integrated normalized energy, T , is approximately a power law of form

log(T ) ∼ −kt , (4.165)

with constant of proportionality k ≈ 1 × 10^{−2}. A local maximum in this integrated energy density would be sufficient for identification of superradiant scattering. But since scalar perturbations are flowing out of the computational domain at both the r = 5 excision surface and the r = 50 outer boundary, a better test would also incorporate the energy flux through the surface r = 50. A local maximum in the integrated energy within the computational domain plus that of the outflowing flux would constitute a necessary condition for superradiant scattering. So while not apparent in the data shown, superradiant scattering may, in fact, be occurring in the evolution of the massless scalar perturbations. Finally, Figure 4.18 displays the normalized energy density at t = 53.98. Results presented in section 4.3.3 show a superradiant scattering peak for s = 1 electromagnetic perturbations at this time (cf. Figures 4.29 and 4.30).

spacetime. It is known there are no stable circular orbits and just a single unstable circular orbit at r = 3M whose equation in the equatorial plane is ∂ϕ ∂t = „ r − 2M r^3

«_{1/2} . (4.164)

The period in coordinate time of a unstable circular photon orbit in M = 5 Schwarzschild spacetime is therefore √ 330π ≃ 163.24.

13In fact, a comparison of the normalized energy densities reveals that a = 0 and a = M evolutions are morphologically nearly identical.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.15: The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0 scalar perturbations. The figure displays the normalized energy density in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

PSfrag replacements

Figure 4.16: The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0 scalar perturbations at late time. The figure displays the normalized energy density at a final step of the evolution. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is again scaled linearly and the colour gradient logarithmically. An MPEG animation showing orbiting resonance through normalized energy density for the period 0 ≤ t ≲ 108 is available at http://$WWW/People/petryk/animations/2.mpeg where $WWW is currently

laplace.physics.ubc.ca .

As discussed in section 4.1, setting the scalar perturbation mass to nonzero values may permit mode trapping in the minimum of the effective gravitational potential. The details depend on the specific mode, and the magnitude of the perturbation mass, m_Φ, relative to the mass of the black hole, M. Specifically, Figures 4.5 and 4.7 demonstrate that l = 5 can be the only trapped mode of perturbation mass m_Φ = 0.3 in a spacetime with a = 0 and M = 5. From equation (4.10) it can be deduced that, for r ≤ 50, all modes with l < 5 experience only a potential well centered within the event horizon. The only well for modes l > 5 is again within the event horizon, but now additional scattering is observed because of a local maximum in the potential near r = 3M. Comparing with Figures 4.3, 4.6 and 4.8 it is clear that, for a given spacetime, trapping of low l modes occurs for smaller values of m_Φ, and trapping of higher l modes takes place for larger m_Φ. Furthermore, if m_Φ is sufficiently large, all lower l modes are expected to experience only a deep potential well and therefore fall into the black hole. Figure 4.19 displays the integrated normalized energy density for m_Φ = 0.0, 0.3, 0.6, 1.2, and 2.4 massive scalar perturbations in an a = M = 5 Kerr spacetime. m_Φ = 0.3 perturbations experience the greatest trapping and persist longest on the computational domain, while the m_Φ = 2.4 perturbation total energy decays most rapidly. At late time, t ≈ 200, the total energy of m_Φ = 0.6 perturbations most closely matches that of the m_Φ = 0.0 perturbations. Superradiant scattering peaks are not observed for any of these cases,

Figure 4.17: Integrated normalized energy density for massless scalar perturbations. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed line represents data for a/M = 0/5 = 0 and the dotted line data for a/M = 5/5 = 1. The decay rate of integrated energy is approximately a power law at late time. A local maximum signalling superradiant scattering is not observable for either evolution. Black hole angular momentum effectively decreases the overall decay rate of these massless scalar perturbations. Note the decrease in time of this quantity results from the energy flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

PSfrag replacements

Figure 4.18: Normalized energy density at t = 53.98 for a = M = 5, m_Φ = 0.0 scalar perturbations. It is at this time that superradiant scattering peaks are seen for electromagnetic perturbations (cf. Figures 4.29 and 4.30), but here there is no evidence of superradiance for the massless scalar perturbations. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the (r, θ) ordinate values at the domain corners are provided. The amplitude is again scaled linearly and the colour gradient logarithmically.

but this test is again sufficient but not necessary for superradiance.

The detailed structure of massive scalar perturbation evolution in a = M = 5 Kerr spacetime is displayed for m_Φ = 0.3 in Figures 4.20 and 4.21, and for m_Φ = 2.4 in Figure 4.22. Figures 4.20 and 4.21 reveal a rather detailed (normalized) energy density distribution as the m_Φ = 0.3 perturbations evolve on the computational domain. While the evolution markedly different from that of m_Φ = 0.0, there is still some evidence of orbiting resonances very near the excision surface at r = 5, but it is not possible to provide a reasonable estimate for either the resonance orbit period or their attenuation. However, the perturbations now persist for a extended period of time in the vicinity of the black hole. Furthermore, there is some evidence of additional energy density concentration along the axis of black hole rotation. Meanwhile, Figure 4.22 shows how the m_Φ = 2.4 scalar perturbations remain localized throughout evolution as they become tidally distorted and consumed by the black hole within a relatively short period of time. The evolution of m_Φ = 1.2 perturbations (not displayed) are very much similar in these respects. Finally, as expected. the effect of black hole angular momentum are small for (s = 0) scalar perturbations. Morphologically, the a = 0 and a = M evolutions are nearly identical for m_Φ = 0.3 and also for m_Φ = 2.4. Figures 4.23 and 4.24 compare a = 0 and a = M integrated normalized energy densities for the respective m_Φ = 0.3 and m_Φ = 2.4 evolutions. The results again show little difference in the total energy within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π as a function of time between a = 0 and a = M spacetimes. The approximation of total integrated energy, T , to a power law of form

log(T ) ∼ −kt (4.166)

is worse than for the massless perturbations. However, if a power law is assumed at late time, the decay constant would be k ≈ 5 × 10^{−3} for m_Φ = 0.3 perturbations, and k ≈ 7 × 10^{−2} for m_Φ = 2.4 perturbations. The lower decay rate for m_Φ perturbations results from mode trapping about a local potential minimum, and the increased decay rate for m_Φ = 2.4 perturbations derives from the rapid infall of perturbations in a steeper potential well. These results differ from the case of (s = 1) electromagnetic perturbations presented below.

Figure 4.19: Integrated normalized energy density for massive scalar perturbations. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. All data is for the a/M = 5/5 = 1 Kerr spacetime. The dashed red line is for m_Φ = 2.4, the dotted red line is for m_Φ = 1.2, the dashed blue line is m_Φ = 0.6, the dotted blue line is m_Φ = 0.0, and the dashed black line is m_Φ = 0.3. Clearly, m_Φ = 0.3 perturbations experience the greatest trapping and persist longest on the computational domain. In none of the cases is a local maximum signalling superradiant scattering apparent. The decrease in time of this quantity results from the energy flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.20: Mode trapping and orbiting resonances for a = M = 5, m_Φ = 0.3 scalar perturbations. The figure displays the normalized energy density evolution in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is again scaled linearly and the colour gradient logarithmically. An MPEG animation of the evolution over the period 0 ≤ t ≲ 108 is available at http://$WWW/People/petryk/animations/3.mpeg where $WWW is currently

laplace.physics.ubc.ca .

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.21: Mode trapping and orbiting resonances for a = M = 5, m_Φ = 0.3 scalar perturbations at late time. The figure displays the normalized energy density evolution in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are again shown, the computational domain again covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is again scaled linearly and the colour gradient logarithmically.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.22: Localization, tidal distortion, and rapid decay of m_Φ = 2.4 scalar perturbations in a = M = 5 Kerr spacetime. The figure displays the normalized energy density evolution in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is again scaled linearly and the colour gradient logarithmically. An MPEG animation of the evolution over the period 0 ≤ t ≲ 108 is available at http://$WWW/People/petryk/animations/4.mpeg where $WWW is currently laplace.physics.ubc.ca .

Figure 4.23: Integrated normalized energy density for m_Φ = 0.3 scalar perturbations. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed line represents data for a/M = 0/5 = 0 and the dotted line data for a/M = 5/5 = 1. Black hole angular momentum decreases the overall decay rate for these massive scalar perturbations. The decrease in time of this quantity results from the energy flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

4.3.3 Maxwell Equation Dynamics: Orbiting Resonances and Superradiance for s = 1 Perturbations

With initial data again specified according to section 4.3.1, I evolve s = 1 perturbations on a Kerr spacetime. The black hole mass is again set to M = 5, and the angular momentum per unit mass is chosen somewhere in the range a = 0 through a = M. The computational domain again covers radial coordinate range 5 ≤ r ≤ 50 and angular coordinates 0 ≤ θ ≤ π. The computational domain has J = 401 points radially and K = 201 points in the θ angular direction and numerical evolutions span the range of coordinate time 0 ≤ t ≲ 200. In terms of physical fields, the chosen initial data amounts to an everywhere vanishing electric field and a non-vanishing nontrivial magnetic field at t = 0. For example, in the case a = M, the initial magnetic field components are distributed as shown in Figure 4.25. The resulting energy density distribution is shown in the first frame of Figure 4.28. While the electric field components are initially vanishing, their time derivatives—and also those of the magnetic field components—are not, implying nontrivial evolution.

Figure 4.24: Integrated normalized energy density for m_Φ = 2.4 scalar perturbations. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed line represents data for a/M = 0/5 = 0 and the dotted line data for a/M = 5/5 = 1. Black hole angular momentum has little effect on the evolution of these massive scalar perturbations. Again, decreases in time of this quantity result from the energy flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

PSfrag replacements

(a)

PSfrag replacements

(b)

PSfrag replacements

(c) Figure 4.25: Initial magnetic field distribution for a = M = 5, electromagnetic perturbations. (a) displays B_r, (b) displays B_θ, and (c) shows B_ϕ. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in (a). The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are both scaled linearly.

For evolutions a = 0 through a = M, electromagnetic perturbations clearly display the glory effect and orbiting resonances. Figure 4.26 displays the normalized energy density within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π by a sequence of steps from the evolution beginning at t = 0 and leading to a final step at t = 77.11 shown in Figure 4.27. Strong gravitational interaction is clearly manifest in the form of orbiting resonances. Similar to the case of massless scalar perturbations, the resonance orbit period is ≈ 70t, corresponding to an orbital frequency more than twice that the unstable circular photon orbit at r = 3M (cf. equation (4.164) and related discussion). Furthermore, the attenuation between successive orbits is again ∼ 10^{−1}. While an effect akin to mode trapping is not expected for electromagnetic perturbations, superradiant scattering could be present, depending on the initial data and value of angular momentum parameter a. The maximum superradiant amplification is expected to be on the order of four percent in an a = M spacetime. Figure 4.28 displays the integrated normalized energy density within the computational domain for 0 ≤ t ≲ 200 for a = 0, 0.8M and a = M. Clearly, the addition of black hole angular momentum has a measurable effect on the evolution of electromagnetic perturbations. At late time the total integrated energy, T , can be roughly approximated by the power law

log(T ) ∼ −kt , (4.167)

where the decay constant is k ≈ 1 × 10^{−2}. Generally, the decay constant decreases with increasing black hole angular momentum. However, the total integrated energies are nearly identical for all a ≥ 0.998. Figure 4.29 displays the integrated normalized energy densities for a = 0, 0.8M, 0.98M, 0.998M and a = M for 47.5 ≤ t ≤ 57.5. The local maxima of the integrated energy densities for a = 0.8M, 0.98M, 0.998M and a = M at t = 53.98 are signals of superradiant scattering. From the data I deduce a lower estimate on the superradiant amplification in the amount of ≈ 0.05% for a = 0.8M, ≈ 1.3% for a = 0.98M and ≈ 1.6% for a ≥ 0.998M. Observe how the largest value measured here is ≈ 1/3 the maximal value of 4.4% calculated in the study of s = 1 perturbations by Teukolsky and Press [141]. Again, since perturbations are flowing out of the computational domain at the r = 50 outer boundary, a better estimate for the total superradiant amplification would also incorporate the energy flux through that surface. The superradiant amplification could thus be a couple percent larger than given by these lower estimates. For reference, Figure 4.30 displays the normalized energy density at the maximum of the superradiant scattering peak for the a = M spacetime perturbations. The concentration of energy density in the plane θ = π/2 within the ergosphere near the excision surface is markedly different from the case of scalar perturbations at t = 53.98 as depicted in Figure 4.18. Apart from the resonance and superradiant scattering amplitudes, the energy densities are quite similar for electromagnetic perturbation evolutions in a = 0, 0.8M, 0.98M and 0.998M ≤ a ≤ M spacetimes.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.26: The glory effect and orbiting resonances for a = M = 5, electromagnetic perturbations. The figure displays the normalized energy density in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

PSfrag replacements

Figure 4.27: The glory effect and orbiting resonances for a = M = 5, electromagnetic perturbations at late time. The figure displays the normalized energy density at a final step of the evolution. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is again scaled linearly and the colour gradient logarithmically. An MPEG animation showing orbiting resonance through normalized energy density for the s = 1 perturbations over period 0 ≤ t ≲ 108 is available at http://$WWW/People/petryk/animations/5.mpeg where $WWW is currently

laplace.physics.ubc.ca .

For an understanding of the magnetic and electric field dynamics, I compose the products B_aB^a and E_aE^a for the a = M = 5 spacetime evolution. Figure 4.31 displays the square of the magnetic field at times t = 0, 19.28, 38.55, 53.98, 57.83 and t = 77.11. Similarly, Figure 4.32 displays the square of the electric field at t = 0, 19.28, 38.55, 53.98, 57.83 and t = 77.11. Observe that while the B_aB^a is essentially zero in the equatorial plane θ = π/2 outside the ergoregion, the quantity E_aE^a is not. This indicates that the energy density outside the ergosphere about the equatorial disk is carried predominantly by the electric field. Furthermore, the magnetic field amplitude is substantially smaller than the electric field amplitude along the axis of symmetry where θ = 0 or θ = π. However, note that, in curved spacetime, E_aE^a and B_aB^a are merely proportional to the contributions from electric and magnetic fields. The relationship between these squares and the energy density is only made an equality through inclusion of multiplicative factors that include metric components. Therefore, the sum of squares^1_4 (E_aE^a + B_aB^a) is not generally a conserved quantity. The identification between this specific function and a conserved density can only be made in the exceptional case of flat spacetime. Furthermore, Figure 4.33 plots the integrated squares over the computational domain,

B^2 ≡

�_{2π} ϕ=0 �_π θ=0 �_{50} r=5 B_aB^a √ g_{rr} � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} drdθdϕ , (4.168)

Figure 4.28: Integrated normalized energy density for electromagnetic perturbations in M = 5 Kerr spacetime. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, and the dashed black line data for a/M = 1. Clearly, black hole angular momentum decreases the overall decay rate of electromagnetic perturbations. Any decrease in time of the energy results from the flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

Figure 4.29: Integrated normalized energy density for electromagnetic perturbations in M = 5 Kerr spacetime. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, the dashed blue line data for a/M = 0.98, the dotted blue line (nearly coincident with the dashed black line) data for a/M = 0.998, and the dashed black line data for a/M = 1. The peaks in integrated energy densities at t = 53.98 for a ≥ 0.8M are a mark of superradiant scattering.

PSfrag replacements

Figure 4.30: Normalized energy density at the superradiant scattering peak time t = 53.98 for electromagnetic perturbations in an a = M = 5 Kerr spacetime. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the (r, θ) ordinate values at the domain corners are provided. The amplitude is scaled linearly and the colour gradient logarithmically. A concentration of energy density in the plane θ = π/2 within the ergosphere near the excision surface is the manifestation of superradiant scattering.

and E^2 ≡

�_{2π} ϕ=0 �_π θ=0 �_{50} r=5 E_aE^a √ g_{rr} � g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr} � g^2_{tr} drdθdϕ . (4.169)

After an initial period of oscillation where magnetic fields convert to electric fields, and vice-versa, the integrated amplitudes become closely matched. At late time, the decay rates can be roughly approximated by the power laws log(B^2) ∼ −kt , (4.170) and log(E^2) ∼ −kt , (4.171)

where k ≈ 1 × 10^{−2} in both (4.170) and (4.171). Finally, except for the lack of superradiant amplification and even smaller B_aB^a contribution along the axis of symmetry, evolution of B_aB^a and E_aE^a are very similar in the a = 0 and a = M spacetimes. The integrated densities B^2 and E^2 are also similar in the cases a = 0 and a = M.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.31: B_aB^a for a = M = 5, electromagnetic perturbations. The figure displays the square of the magnetic field in a sequence of steps including the superradiant scattering peak at t = 53.98. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic. The magnetic field amplitude is negligible outside the ergoregion in the plane θ = π/2, and much smaller than the electric field along the axis of symmetry where θ = 0 and θ = π (cf. Figure 4.32).

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.32: E_aE^a for a = M = 5, electromagnetic perturbations. The figure displays the square of the electric field in a sequence of steps including the superradiant scattering peak at t = 53.98. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic. The electric field amplitude is substantially larger than the magnetic field amplitude along the axis of black hole rotation (cf. Figure 4.31).

Figure 4.33: Integrated squares of electric and magnetic fields in a = M = 5 Kerr spacetime. Plotted are log(B^2) and log(E^2), the logarithm of the integrated squares contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed black line represents log(B^2), and the dotted black line log(E^2). Initially, the field amplitudes undergo substantial oscillation, but the decay of integrated electric and magnetic amplitudes become closely matched at intermediate and late time.

The effects of black hole rotation are more strongly manifest in the evolution of electromagnetic angular momentum. The angular momentum density for electromagnetic perturbations is given by equation (4.115). Figure 4.34 displays the evolution for a = M in a sequence of steps, beginning at t = 0, and leading to the final displayed step at t = 77.11 in Figure 4.35.^{14} Meanwhile, Figure 4.37 shows the evolution sequence for a = 0, leading to the final displayed frame in Figure 4.38. Observe how the a = M density has much larger amplitude and steeper gradients than the a = 0 data. Furthermore, Figures 4.36 and 4.39 respectively display the angular momentum densities at the superradiant scattering peak time t = 53.98 for a = M and a = 0. It is there evident how strongly the electromagnetic perturbation angular momentum is affected by the black hole rotation. Finally, Figure 4.40 shows the angular momentum density integrated over the computational domain as a function of time for the M = 5 spacetimes with a = 0, a = 0.8M and a = M. Also, Figure 4.41 shows the integrated angular momentum for a = 0, 0.8M, 0.98M, 0.998M and a = M for 47.5 ≤ t ≤ 57.5. Notice that, while highly variable for a ≥ 0.8M spacetimes, the total angular

14This nontrivial evolution of electromagnetic perturbation angular momentum introduces an interesting possibility for black hole formation. Namely, not only can black holes be formed from pure electromagnetic radiation, but such black holes can also carry angular momentum. This makes it possible to generically study black hole angular momentum scaling in critical phenomena at the threshold of black hole formation in both axial symmetry and in four dimensional spacetimes without symmetries.

momentum, S, tends towards S = 0.

In the standard picture of superradiant scattering, amplification of incident perturbations occurs at the expense of black hole rotational energy, and therefore at the expense of black hole angular momentum [151], [152], [153], [5], [101], [124], [137], [138] and [141]. A net flux of angular momentum should thus be observed from a black hole during superradiant scattering events. Figure 4.36 shows there is very large angular momentum density in the region of the event horizon and ergosphere, and negligible angular momentum density at the r = 50 outer boundary, when t = 53.98 in the a = M = 5 Kerr spacetime. Meanwhile, Figure 4.39 similarly shows negligible angular momentum density at the r = 50 domain boundary, and a small (but not insignificant) density near the event horizon at t = 53.98 in the a = 0, M = 5 spacetime. Any substantial changes of total angular momentum in these spacetimes around t = 53.98 will then be due to flux to or from the black hole itself. Figures 4.40 and 4.41 show marked increases in total angular momentum for the 0.8 ≤ a/M ≤ 1, M = 5 spacetimes around t = 53.98, but insignificant change in angular momentum for the a = 0, M = 5 spacetime around the same period. But t = 53.98 is precisely the time when total electromagnetic energy within r = 50 in the 0.8 ≤ a/M ≤ 1, M = 5 spacetimes show their largest increase in value (cf. Figure 4.29). Then, according to the standard picture, the marked increases of electromagnetic angular momentum around t = 53.98 in these spacetimes are the direct result of superradiant amplification drawn from the rotation of the black hole itself.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.34: Angular momentum density for electromagnetic perturbations in a = M = 5 Kerr spacetime. The figure displays angular momentum density density in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are both scaled linearly.

PSfrag replacements

Figure 4.35: Angular momentum density for electromagnetic perturbations at late time in a = M = 5 Kerr spacetime. The figure displays angular momentum density density at a final step of the evolution. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are again scaled linearly.

PSfrag replacements

Figure 4.36: Angular momentum density for electromagnetic perturbations at superradiant scattering peak time t = 53.98 in a = M = 5 Kerr spacetime. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are again scaled linearly.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.37: Angular momentum density for electromagnetic perturbations in a = 0, M = 5 Kerr spacetime. The figure displays angular momentum density density in a sequence of steps. Notice the general decay in electromagnetic angular momentum relative to that of the case a = M. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are both scaled linearly.

PSfrag replacements

Figure 4.38: Angular momentum density for electromagnetic perturbations at late time in a = 0, M = 5 Kerr spacetime. The figure displays angular momentum density density at a final step of the evolution. Notice how the angular momentum density distribution here differs from that of the case a = M. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are again scaled linearly.

4.3.4 Massless Maxwell-Klein-Gordon Equation Dynamics I: Orbiting Resonances, Charge Separation and Dynamo-Like Behaviour for e = 0.6 Electromagnetically Coupled s = 0 and s = 1 Perturbations

I again specify initial data according to section 4.3.1, but here I evolve m_Φ = 0.0 electromagnetically coupled s = 0 and s = 1 perturbations on a Kerr spacetime by specifying nonzero charge coupling constant e. The black hole mass is set to M = 5, and the angular momentum per unit mass is again chosen somewhere in the range a = 0 through a = M. As before, the computational domain covers radial coordinate range 5 ≤ r ≤ 50 and angular coordinates 0 ≤ θ ≤ π, but now resolutional requirements demand a computational domain with J = 801 radial points and K = 401 points in the θ angular direction. Because of the computational demands, these calculations were performed in parallel across 64 processors with processor overlap regions being 3 grid points wide. The numerical evolutions again span the range of coordinate time 0 ≤ t ≲ 200. Since I choose the charge coupling parameter e = 0.6 in a following analysis of charged massive scalar fields, I focus discussion mostly on the e = 0.6 case but later compare these results to the evolution of both e < 0.6 and e > 0.6 coupling parameter data. In terms of physical electromagnetic fields, the chosen initial data again amounts to an everywhere vanishing electric field and a non-vanishing nontrivial magnetic field at t = 0. For the case a = M, the initial magnetic field components are distributed as shown in previous Figure 4.25. However, the coupling between scalar and electromagnetic fields now gives rise to a nontrivial four-current distribution at initial time. The nonlinear dynamics are

PSfrag replacements

Figure 4.39: Angular momentum density for electromagnetic perturbations at t = 53.98 in a = 0, M = 5 Kerr spacetime. The density distribution has significantly smaller gradients than in the case a = M The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are again scaled linearly.

Figure 4.40: Integrated angular momentum density for electromagnetic perturbations in M = 5 Kerr spacetime. Plotted is S, the total angular momentum contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, and the dashed black line data for a/M = 1. Clearly, perturbation angular momentum is highly variable in rotating black hole spacetimes, but tends towards S = 0 at late time.

Figure 4.41: Integrated angular momentum density for electromagnetic perturbations in M = 5 Kerr spacetime. Plotted is S, the total angular momentum contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, the dashed blue line data for a/M = 0.98, the dotted blue line (nearly coincident with the dashed black line) data for a/M = 0.998, and the dashed black line data for a/M = 1. The differences between a = 0 and a > 0 data are significant.

rather detailed as discussed below. In addition to orbiting resonances, I find the electromagnetically coupled fields display both charge separation and dynamo-like behaviour.

Starting with e = 0.6, a = M = 5 initial data, the total normalized energy within the computational domain is displayed as a sequence of steps starting at t = 0 in Figure 4.42 with a final displayed time at t = 77.11 as shown in Figure 4.43. Gravitational interaction in the form of orbiting resonances are again observed, and the resonance period is again ≈ 70t, corresponding to an orbital frequency more than twice that the unstable circular photon orbit at r = 3M (cf. equation (4.164) and related discussion). Furthermore, the attenuation between the first two successive orbits is again ∼ 10^{−1}. Mode trapping is not apparent and neither is superradiant scattering^{15}. Figure 4.44 shows the total normalized energy within the computational domain for 0 ≤ t ≲ 150 for a = 0, 0.8M and a = M spacetimes.^{16} It is there apparent how black hole angular momentum decreases the decay rate of electromagnetically coupled perturbations. Furthermore, at late time, the decay of perturbations in the a = M spacetime can be approximated as the power law

log(T ) ∼ −kt , (4.172)

with decay constant k ≈ 1 × 10^{−2}, similar to the cases of s = 1 and massless s = 0 perturbations. The evolution of energy densities are otherwise similar in the a = 0, 0.8M and a = M spacetimes.

15Again, while this test does not compensate for flux lost through the outer boundary r = 50, some superradiant amplification could still be present

16While the evolution was extended to t ≈ 200, a very slowly growing instability is manifest some time after t = 175 at r = 50 for cases a = 0.8M and a = M. I therefore limit examination to the shorter time interval.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.42: The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations. The figure displays the total normalized energy density in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

PSfrag replacements

Figure 4.43: The glory effect and orbiting resonances for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations at late time. The figure displays the total normalized energy density at a final step of the evolution. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown, the computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is again scaled linearly and the colour gradient logarithmically.

According to equations (4.109) through (4.113), the total conserved energy density can be decomposed into two terms independent of couping parameter e plus one dependent on e. The e-independent terms are the energy density of purely scalar contributions, ρ_{T (Φ)}, and the energy density of purely electromagnetic field contributions, ρ_{T (A)}. The e-dependent term, ρ_{T (ΦA)}, couples the scalar and electromagnetic fields. While the total

ρ_T = ρ_{T (Φ)} + ρ_{T (A)} + ρ_{T (ΦA)} (4.173)

is a conserved quantity, the individual components are not. In fact, the coupling term ρ_{T (ΦA)} isn’t even strictly positive in flat spacetime. Figures 4.45. 4.46, and 4.47 respectively depict sequences of evolution of ρ_{T (Φ)}, ρ_{T (A)} and ρ_{T (ΦA)}. Observe how the purely scalar contribution is the dominant contributor for the displayed phase of evolution. Also note how purely electromagnetic contributions increase rapidly at very early time and then remain fairly large in amplitude for the remaining evolution. Furthermore, the coupling term ρ_{T (ΦA)} is small in amplitude throughout evolution, except along θ = 0 and θ = π at the time when perturbations first scatter off the steep gravitational potential near the black hole event horizon. Figure 4.48 displays the total normalized energy contained in the computational domain, T , and also the three components T (Φ), T (A), and T (ΦA) contributing to the total. It is there apparent that T (Φ) is the dominant contributor until t ≈ 90, after which T (A) dominates. It is also clear that T (ΦA) is sometimes positive, and at other times negative. Finally, there appears to be a strong correlation between T (Φ) and T (ΦA) during the period 20 ≲ t ≲ 40, corresponding to the first perturbation scattering from the steep

Figure 4.44: Integrated normalized energy density for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. Plotted is log(T ), the logarithm of the total energy contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, and the dashed black line data for a/M = 1. Clearly, black hole angular momentum decreases the overall decay rate of electromagnetic perturbations. Any decrease in time of the energy results from the flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

gravitational potential. The correlation between the electromagnetic component T (A) and T (ΦA) appears to be rather weak during this event.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.45: Evolution of the scalar contribution to the total energy for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations. The figure displays the normalized scalar contribution to the energy density in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.46: Evolution of the electromagnetic contribution to the total energy for a = M = 5, m_Φ = 0.0, e = 0.6 coupled perturbations. The figure displays the normalized electromagnetic contribution to the energy density in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.47: Evolution of the coupling terms contributing to the total energy for a = M = 5, m_Φ = 0.0, e = 0.6 perturbations. The figure displays the normalized coupling contribution to the energy in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

Figure 4.48: Decomposition of integrated normalized energy density for e = 0.6 coupled massless perturbations in a = M = 5 Kerr spacetime. Plotted are the total energy and contributions to the total contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dotted black line represents the total normalized energy, the dashed black line represents the normalized scalar field contribution, the dotted red line is the normalized electromagnetic contribution and the dashed red line the normalized contribution from electromagnetic coupling terms.

I again analyze the magnetic and electric field dynamics through analysis of B_aB^a and E_aE^a. Figure 4.49 displays B_aB^a, while Figure 4.50 shows E_aE^a. As in the case of pure electromagnetic perturbations, the magnetic field norm is substantially smaller than that of the electric field in the equatorial plane (θ = π/2) and along the axis of symmetry (θ = 0 and θ = π). The integrals of these norms are displayed in Figure 4.51. After undergoing substantial change at early time, these integrated amplitudes become comparable and very roughly decay according to

log(B^2) ∼ −kt , (4.174) and log(E^2) ∼ −kt , (4.175)

where k ≈ 1×10^{−2} similar to the case of pure electromagnetic perturbations. Finally, the evolution of B_aB^a and E_aE^a are qualitatively very similar in both a = 0 and a = M spacetimes.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.49: B_aB^a for a = M = 5, e = 0.6 coupled perturbations. The figure displays the square of the magnetic field in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic. The magnetic field amplitude is negligible outside the ergoregion in the plane θ = π/2.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.50: E_aE^a for a = M = 5, e = 0.6 coupled perturbations. The figure displays the square of the electric field in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude is scaled linearly, while the scale of the colour gradient is logarithmic.

Figure 4.51: Integrated squares of electric and magnetic fields in a = M = 5 Kerr spacetime for e = 0.6 coupled perturbations. Plotted are log(B^2) and log(E^2), the logarithm of the integrated squares contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed black line represents log(B^2), and the dotted black line log(E^2). Initially, the field amplitudes undergo substantial change, but the decay of integrated electric and magnetic amplitudes become comparable at later time.

Before analyzing the physics of charge separation and dynamo-like behaviour unique to electromagnetically coupled s = 0 and s = 1 perturbations I now include discussion of angular momentum density evolution. I display the conserved angular momentum density in the sequence of steps shown in Figure 4.52. Similar to the case of purely electromagnetic perturbations, the chosen initial data is for zero net the angular momentum at all point in the computational domain. However, the distribution becomes nontrivial in short order as shown. Furthermore, as seen in the case of uncoupled electromagnetic perturbations, the distribution becomes sharply peaked in the ergoregion at intermediate time before evolving to a somewhat less dynamic scenario. Also observe that the local angular momentum density amplitudes are enhanced by an order of magnitude over those of the uncoupled electromagnetic perturbations. This effect is clearly due to the addition of charge coupling. Furthermore, in Figure 4.53, I display the same evolution sequence in a = 0 spacetime. There it is clear that the black hole rotation amplifies the angular momentum density amplitude. This is again similar to the situation observed for uncoupled electromagnetic perturbations. To conclude, I display the integrated angular momentum density for a = 0, 0.8M and a = M spacetimes in Figure 4.54. It is there evident that the total angular momentum is especially variable for a ≥ 0.8M spacetimes during the evolutionary period 40 ≲ t ≲ 70.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.52: Angular momentum density for a = M = 5, e = 0.6 coupled perturbations in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are both scaled linearly.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.53: Angular momentum density for a = 0, e = 0.6 coupled perturbations in a sequence of steps. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values. The amplitude and colour gradient are both scaled linearly.

Figure 4.54: Integrated angular momentum density for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. Plotted is S, the total angular momentum contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, and the dashed black line data for a/M = 1. The total angular momentum is especially variable for a ≥ 0.8M spacetimes during 40 ≲ t ≲ 70.

In this subsection I have so far discussed the dynamics of energy and angular momentum for the coupled s = 0 and s = 1 perturbations on Kerr spacetime. It is fair to say that, while quantitatively different, the energy and angular momentum dynamics are in many ways similar to those of uncoupled perturbations previously discussed. Because the electromagnetically coupled perturbations carry charge, two physically unique features appear in the field dynamics—the separation of electric charge and dynamo-like behaviour of electric current. The evolution of electric charge density in a = M = 5 spacetime is displayed as a sequence in Figure 4.55. There it is seen how an everywhere zero net charge density quickly evolves into regions of separated net positive and negative charge. Note that this process is not particular to rotating black hole spacetimes. For comparison, I display the analogous sequence for a = 0, M = 5 spacetime in Figure 4.56. The early dynamics of ρ_Q are nearly identical for a = M and a = 0, and only significantly deviate in magnitude after the initial scattering from the steep gravitational potential. For further comparison I plot the total charge contained in the computational domain, Q, for a = 0, 0.8M and a = M spacetimes in Figure 4.57, where it is observed how closely the total charges agree at early time for all black hole angular momenta. In addition, observe how the choice of initial data prefers to transfer positive charge through the event horizon and outer computational boundary for 40 ≲ t ≲ 50 and transfer negative charge for 70 ≲ t ≲ 100.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.55: Charge density showing separation in the a = M = 5 spacetime for e = 0.6 perturbations. Both amplitude and colour gradient are scaled linearly. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.56: Charge density showing separation in the a = 0, M = 5 spacetime for e = 0.6 perturbations. The amplitude and colour gradient are again scaled linearly. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

Figure 4.57: Integrated charge density for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. Plotted is Q, the total charge contained within 5 ≤ r ≤ 50, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π, as a function of coordinate time t. The dashed red line represents data for a/M = 0, the dotted red line data for a/M = 0.8, and the dashed black line data for a/M = 1. The choice of initial data preferentially transfers positive charge through the event horizon and outer computational boundary for 40 ≲ t ≲ 50 and negative charge for 70 ≲ t ≲ 100.

As the coupled perturbations carrying charge and momentum display interesting dynamics, it is also surmised the electric current should reveal behaviour worth studying. While the evolution of ρ_Q encapsulates information regarding current components J_r and J_θ, it doesn’t completely reveal the behaviour of the axial current component J_ϕ. For this reason I plot an evolutionary sequence for J_ϕ in a = M = 5 Kerr spacetime in Figure 4.58. Most generally, I consider the dynamo-like behaviour to be the dynamic interplay of electric current and electromagnetic field, converting between kinetic and non-kinetic contributions of the system’s total energy. As there is no outside mechanism to constrain the axial current of the coupled perturbations, they must necessarily display dynamo-like behaviour. However, observe how J_ϕ undergoes directional reversal throughout evolution. The choice of initial conditions clearly disallows a single persistent current loop.^{17} Instead, the loop oscillates in a nontrivial manner lacking a regular period of oscillation.

17This behaviour can be simply explained as a manifestation of Faraday’s Law. Recall the differential form of Faraday’s law in flat spacetime can be expressed

⃗∇ × ⃗E + ∂ ⃗B ∂t = 0 , (4.176)

which shows that a time dependent magnetic field induces an electric field. The electric field, then, will induce a current (or change in current) in a direction to counteract the change in magnetic field. In the case examined here,

The same is true for evolution in a = 0, M = 5 spacetime as shown in Figure 4.59. This is substantiated in part by Figures 4.60 and 4.61 which respectively display the global maxima and minima of J_ϕ for a = 0 and a = M spacetimes. While a = 0 perturbations have larger global maxima at early time, these maxima quickly decay and the a = M becomes dominant. Especially note how the maximum, max(J_ϕ), peaks during the period 20 ≲ t ≲ 50. Meanwhile, the global minima, min(J_ϕ), evolve with comparable amplitude for early time until a = M perturbations begin dominating when 40 ≲ t ≲ 80. The global maxima and minima were also analyzed for a = 0.8M (not displayed) and were found to be qualitatively similar to those of the a = M spacetime. It can therefore be concluded that while black hole angular momentum initially suppresses the evolution of J_ϕ, it later acts to amplify this axial current density.

there is an axial current loop at initial time as shown in Figure 4.58. There is also a magnetic field at initial time, whose square is shown in Figure 4.49. Note how this initial magnetic field distribution—the same as that studied in section 4.3.3—has a nonzero time derivative. As this magnetic field changes in time it induces an electric field as supported by results shown in Figures 4.50 and 4.51. Of course, the resulting induced change in current by the electric field must be in the direction opposing the change in magnetic flux.

Now consider the scenario where a stationary charged disk generates a current loop around a black hole and persists indefinitely unless acted on by an external agent. If an electromagnetic wave passes through part of the loop, a current fluctuation will then be induced in order to oppose the change in magnetic flux enclosed by the loop. And so it is by this mechanism that one could imagine electromagnetic radiation destabilizing a stationary charged accretion flow in the spacetime of a black hole. Note there was no appeal to a property unique to black holes in this destabilization mechanism, and to the argument should also hold for other gravitating celestial objects like stars.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.58: Displayed is the axial current, J_ϕ, oscillation in a = M = 5 Kerr spacetime for e = 0.6 coupled perturbations. Both amplitude and colour gradient are scaled linearly. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements

Figure 4.59: Displayed is the axial current, J_ϕ, oscillating in a = 0, M = 5 Kerr spacetime for e = 0.6 coupled perturbations. Both amplitude and colour gradient are scaled linearly. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

Figure 4.60: Global maxima of J_ϕ in the computational domain, max(J_ϕ), as a function of t for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. The dotted black line represents data for a/M = 0 and the dashed black line data for a/M = 1.

To gain additional insight on the nature of charge and current in this model, consider the ratios ρ_Q/e and J_a/e. From equation (4.108), the first of the ratios is

ρ_Q e = i g^2_{tr} (g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr})

(Φ^∗Π_Φ − ΦΠ^∗_Φ) , (4.177)

and may be interpreted as a conserved scalar field density. However, recall that charge density can be both positive and negative. The proper interpretation of ρ_Q/e is therefore the density of the scalar field carrying charge with sign e/|e|. Negative values of ρ_Q/e simply indicate the scalar field is carrying charge of opposite sign at those locations. Furthermore, comparing ρ_Q of (4.108) to ρ_{S(ΦA)} from (4.116) obtains ρ_Q = − 2 A_ϕ ρ_{S(ΦA)} , (4.178)

revealing the connection between charge density and the angular momentum contribution from the coupling of scalar and electromagnetic fields. Meanwhile, (4.93) and (4.94) obtain the quantities

J_r e = −i (Φ^∗Φ_r − ΦΦ^∗_r ) − 2eΦΦ^∗A_r (4.179) and J_θ e = −i (Φ^∗Φ_θ − ΦΦ^∗_θ) − 2eΦΦ^∗A_θ , (4.180)

Figure 4.61: Global minima of J_ϕ in the computational domain, min(J_ϕ), as a function of t for e = 0.6 coupled massless perturbations in M = 5 Kerr spacetime. The dotted black line represents data for a/M = 0 and the dashed black line data for a/M = 1.

which represent scalar field velocities in the r and θ coordinate directions. Now, from (4.95),

J_ϕ e = −2eΦΦ^∗A_ϕ , (4.181)

which represents a scalar field velocity in the axial direction—specifically, the axial velocity of scalar field carrying charge of sign e/|e|.

From (4.56), the quantity Π_Φ appearing in (4.177) is

Π_Φ = n^a √ −g (∇_aΦ − ieA_aΦ) , (4.182)

where, from (4.73), √ −g = g^2_{tr}f_{ϕϕ} − g_{tϕ}f_{tϕ}g_{rr}

g^2_{tr}

. (4.183)

Substituting (4.182) and (4.183) into (4.177) and taking the limit e → 0 obtains

lim_{e→0} ρ_Q e = −n^ai (Φ^∗∇_aΦ − Φ∇_aΦ^∗) . (4.184)

Similarly, taking the e → 0 limits of (4.179)–(4.181) yields

lim_{e→0}

J_r e = −i (Φ^∗Φ_r − ΦΦ^∗_r ) , (4.185)

lim_{e→0}

J_θ e = −i (Φ^∗Φ_θ − ΦΦ^∗_θ) , (4.186) and lim_{e→0}

J_ϕ e = 0 . (4.187)

Observe how, consistent with the assumptions of axial symmetry, the scalar field velocity in the axial direction vanishes in the limit e → 0. Furthermore, the relationship between the Noether current of a (massless and uncharged) complex scalar field,

J_a = −i (Φ^∗∇_aΦ − Φ∇_aΦ^∗) , (4.188)

and the quantities appearing in (4.184)–(4.187) is clear.

Of course, ρ_Q, J_r, J_θ and J_ϕ are observer dependent quantities. As far as that goes, so are E_a, B_a, ρ_T , and ρ_S . But it is well known from both special and general relativity that densities and electromagnetic quantities are dependent on the frame in which they are measured. This discussion concludes subsection 4.3.4.

4.3.5 Massless Maxwell-Klein-Gordon Equation Dynamics II:

Comparing Electromagnetically Coupled s = 0 and s = 1 Perturbations With Different Values of Parameter e

Having examined the effects of charge coupling e = 0.6 in the massless Maxwell-Klein-Gordon system for different values of the black hole angular momentum parameter a, I now investigate how changing e alters the observed dynamics in a = M = 5 Kerr spacetime. Specifically, I investigate e = 0.0, 0.3, 0.6, 1.2 and e = 2.4. The computational domain again spans 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the initial data is specified as in the preceding subsection. For e = 0.0, 0.3 and e = 0.6 I use a finite difference grid with resolution J = 801 radial points and K = 401 angular points. This provides an accuracy to within ≈ 1% before the perturbations first cross the ergosphere and then the excision surface at r = 5. For e = 1.2 a resolution of J = 1601 radial

CHAPTER 4. CHARGED SCALAR ACCRETION 153

points and K = 801 angular points is used to provide the same level of accuracy. For e = 2.4, a resolution of at least J = 3201 radial and K = 1601 angular points is required before this order of accuracy is achieved.^{18} The computational requirements are thus very large for e = 1.2 and e = 2.4, and so I compute the evolution just past the first excision surface crossing for these two coupling parameter values.^{19} Finally, the calculations for 0.0 ≤ e ≤ 1.2 are performed in parallel across 64 processors with processor overlap regions 3 grid points wide, and the calculations for e = 2.4 are performed across 256 processors with overlap regions 3 points wide.

While computational demands have restricted the length of high e evolutions, I have complete data for e = 0.0, 0.3, and e = 0.6 over 0 ≤ t ≲ 150 for the a = M = 5 Kerr spacetime. The data for e = 0.0 are essentially the sum of results from sections 4.3.2 and 4.3.3. Furthermore, the case e = 0.6 has already been discussed in section 4.3.4. While the results for e = 0.3 should display behaviour between those of e = 0.0 and e = 0.6, I quantify the similarities and differences through the total normalized energy, total angular momentum and charge contained in the computational domain. Figure 4.62 displays the energy, Figure 4.63 the angular momentum, and Figure 4.64 the charge. While proportionately greater energy persists over time for for e = 0.3 and e = 0.6 than for e = 0.0, there is reasonably close agreement between the cases e = 0.3 and e = 0.6. While the differences are small, it can still be argued that addition of modest charge coupling

18The need for higher accuracy when e is large can be inferred from equation of motion (4.50),

∇^a∇_aΦ − 2ie(∇_aΦ)A^a − e^2ΦA_aA^a − ieΦ∇_aA^a − m^2_Φ Φ = 0 . (4.189)

For simplicity, consider solutions of this equation in a flat spacetime with one spatial dimension and one temporal dimension. Points in this spacetime are designated by the value of spatial coordinate x and the value of temporal coordinate t. Furthermore, consider solutions of equation (4.189) of the form

Φ = a_Φ exp i(kx − ωt) , (4.190)

where a_Φ is the amplitude, k is the wavenumber and ω is the solution frequency. When e = m_Φ = 0, equation (4.189) becomes ∇^a∇_aΦ = 0 . (4.191) The dispersion relation obtained by substituting (4.190) into (4.191) is simply

ω^2 = k^2 . (4.192)

When e = 0 and m_Φ ≠ 0, equation (4.189) becomes

∇^a∇_aΦ − m^2_Φ Φ = 0 . (4.193)

Assuming (4.193) has solutions of the form (4.190), the dispersion relation becomes

ω^2 = k^2 + m^2_Φ . (4.194)

This shows large values for m_Φ result in correspondingly large values of ω for a given wavenumber k. Numerically, this implies a need for higher resolution to obtain a solution with the same accuracy as in the case m_Φ = 0. Similarly, the need for high resolution can be inferred when m_Φ = 0 and e ≠ 0 is large. Using the Lorentz gauge condition ∇_aA^a = 0 and assuming m_Φ = 0, equation (4.189) becomes

∇^a∇_aΦ − 2ie(∇_aΦ)A^a − e^2A_aA^aΦ = 0 . (4.195)

Solutions (4.190) then obtain a dispersion relation

ω^2 + 2eA^tω = k^2 + 2eA^rk + e^2A_aA^a . (4.196)

Comparing with (4.193) and (4.194), the quantity ` e^2A_aA^a

´_{1/2} plays a role similar to that of a t and r dependent scalar field mass. Furthermore, it is clear from (4.196) that increasing e correspondingly increases the solution frequency ω for a given wavenumber k. This, in turn, suggests the need for higher resolution to numerically obtain the same solution accuracy as in the case e = 0.

19Finally, while adaptive mesh refinement is not clearly beneficial for the evolution of e ≤ 0.6 perturbations from the specified initial conditions on the given computational domain (as discussed in preceding section 4.2.6), cases with sufficiently large coupling may benefit from the technique. Specifically, my results demonstrate how (at least for the early phase of evolution) a relatively high resolution is required in a proportionately small region of the computational domain for cases such as e = 2.4. The utility of adaptive mesh refinement was, however, not investigated in any more detail.

Figure 4.62: Total normalized energy for the massless electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. The dashed red line represents data for e = 0.0, the dotted red line data for e = 0.3 and the dashed black line data for e = 0.6. The decay rates of charged perturbations are smaller than for the case e = 0.0. Any decrease in time of this quantity results from the energy flux across surfaces r = 5 and r = 50, and thus out of the computational domain.

decreases the overall decay rate of total perturbation energy.^{20} Meanwhile, note that only the s = 1 component of perturbations contributes to the total angular momentum of the e = 0.0 data. However, an additional coupling term contributes with the introduction of nonzero e. It is clear from Figure 4.63 how the addition of electromagnetic coupling increases the amplitude of angular momentum remaining in the computational domain as evolution progresses. Furthermore, the maximum amplitude of this total angular momentum increases with parameter e. Finally, while the case e = 0.0 has zero charge density, I still display the e = 0.0 data along with those of e = 0.3 and e = 0.6 in Figure 4.64. The charge remaining in the computational domain varies in time, and the difference between the cases is more significantly affected by parameter e than by black hole angular momentum a as discussed in section 4.3.4. Also note that it cannot be determined in advance whether net positive of negative charge will preferentially leave the domain. Rather, the details must be determined through numerical evolution. Overall, the effect of changing e is notable over the period of evolution.

20It is not possible to definitively conclude what trends in decay rate will arise with increased electromagnetic coupling parameter without further computation. From the data of Figure 4.62 it is clear that energy decay rates are not ordered according to the value of e. A similar trend was observed in the massive uncharged perturbation decay rates of Figure 4.19, where the value m_Φ = 0.3 gave rise to mode trapping, and m_Φ ≥ 1.2 resulted in rapid energy decay by infall onto the black hole. It is possible that the behaviour displayed in Figure 4.62 is the beginning of a similar trend with the electromagnetic coupling parameter.

Figure 4.63: Total angular momentum for the massless electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. The dashed red line represents data for e = 0.0, the dotted red line data for e = 0.3 and the dashed black line data for e = 0.6. The total angular momenta are more dynamic for charged perturbations than for e = 0.0.

Figure 4.64: Total charge for the massless electromagnetically coupled perturbations in a = M = 5 Kerr spacetime. The dashed red line represents data for e = 0.0, the dotted red line data for e = 0.3 and the dashed black line data for e = 0.6.

Investigating the evolution of high e perturbations it is further apparent that dynamics of large e fields are much richer than those with small e. Figure 4.65 displays the total normalized energy density of e = 2.4 in a sequence of steps from t = 0 through t = 16.06.^{21} To emphasize, I provide an enlarged view of time step t = 16.06 in Figure 4.66. Comparing with the results of sections 4.3.2, 4.3.3 and 4.3.4 it is clear how the morphology changes and the density gradient increases with charge coupling. There is also a tendency is for density amplitudes to grow with increasing e. Furthermore, notice how early evolution of the e = 2.4 data would suggest perturbations with large coupling are likely to persist in the computational domain for an extended period of time. That is, the rate at which large e perturbations are likely to decay—either by passing through the r = 5 excision surface or escaping through the r = 50 outer boundary—is probably smaller than for small or vanishing e. This, in turn, suggests the possibility of an effect similar to mode trapping for massless electromagnetically coupled perturbations. However, the origins of such a phenomenon would have to be investigated by evolving the fields in spacetimes with differing black hole mass and angular momentum. The rich dynamics are also manifest in quantities like the angular momentum density of Figures 4.67 and 4.68, and the charge density of Figures 4.69 and 4.70. Again, comparing with previous results it is clear how the dynamics are enriched as both the density gradients and amplitudes increase with e.

21The evolutionary dynamics for e = 0.3 lie between those of e = 0.0 and e = 0.6, and the dynamics of e = 1.2 lie between those of e = 0.6 and e = 2.4. Neither e = 0.3 nor e = 1.2 are displayed.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.65: Displayed is the total normalized energy density in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations for the early phase of evolution. Amplitude is scaled linearly and the colour gradient logarithmically. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

PSfrag replacements

Figure 4.66: Displayed is a closer view of the total normalized energy density at t = 16.06 in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations. Amplitude is again scaled linearly and the colour gradient logarithmically. The computational domain and coordinate vectors would be the same as those shown in Figure 4.65.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.67: Displayed is the total angular momentum density in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations for the early phase of evolution. Both amplitude and colour gradient are scaled linearly. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

PSfrag replacements

Figure 4.68: Displayed is a closer view of the total angular momentum density at t = 16.06 in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations. Amplitude and colour gradient are both scaled linearly. The computational domain and coordinate vectors would be the same as those shown in Figure 4.67.

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

PSfrag replacements PSfrag replacements

Figure 4.69: Displayed is the charge density in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations for the early phase of evolution. Both amplitude and colour gradient are scaled linearly. The directions of coordinate vectors r^a ∼ (0, 1, 0, 0) and θ^a ∼ (0, 0, 1, 0) are shown in the first frame. The computational domain covers the range 5 ≤ r ≤ 50 and 0 ≤ θ ≤ π, and the corners of the domain are labelled with their (r, θ) ordinate values.

PSfrag replacements

Figure 4.70: Displayed is a closer view of the charge density at t = 16.06 in a = M = 5 Kerr spacetime for e = 2.4 massless perturbations. Amplitude and colour gradient are again scaled linearly, and the computational domain and coordinate vectors would be the same as those shown in Figure 4.69.

4.3.6 Massive Charged Maxwell-Klein-Gordon Equation Dynamics:

Collimation, Orbiting Resonances and Decay of m_Φ = 0.3, e = 0.6 Electromagnetically Coupled s = 0 and s = 1 Perturbations

Now that I have examined massless coupled and uncoupled s = 0 and s = 1 perturbations in sufficient detail, I am in a position to examine the physics of massive coupled perturbations in M = 5 Kerr spacetime. To summarize preceding results, massless s = 0 perturbations display the effect of orbiting resonance, while massive s = 0 perturbations display mode trapping. Furthermore, for the value m_Φ = 0.3 which displays the strongest trapping, the s = 0 perturbations appear to display preferential scattering along the axis of black hole rotation. While s = 1 perturbations also exhibit orbiting resonance, they do not display either trapping or preferential scattering in the spacetime. However, there is evidence in the form of total energy increase and angular momentum flux from the black hole to support superradiant scattering of the s = 1 perturbations. Finally, while massless electromagnetically coupled s = 0 and s = 1 perturbations display orbiting resonance, charge separation, and dynamo-like behaviour, neither trapping, preferential scattering, nor superradiant amplification are in evidence from analysis of the choice e = 0.6.

I now demonstrate how a choice of nonzero mass and charge coupling parameter together lead to new dynamics. The natural choice for mass parameter is m_Φ = 0.3—since that is the value at which mode trapping is greatest (for the given initial conditions), it is hypothesized the choice will provide a substantial period over which the perturbations will persist and interact electromagnetically in the black hole spacetime. The choice for charge coupling parameter is not as obvious. While values as large as e = 2.4 may be desired, the resulting intricate dynamics would require very high resolution and correspondingly large computational resources. However, the intermediate choice e = 0.6 has demonstrated sufficient coupling for interesting electromagnetic effects while requiring modest finite difference grid resolution. I therefore compute the evolution for m_Φ = 0.3 perturbations with e = 0.6 on M = 5 Kerr spacetimes of rotation a = 0, 0.8M and a = M. The computational domain spans the coordinate range 5 ≤ r ≤ 50, 0 ≤ θ ≤ π, and the period 0 ≤ t ≲ 200. The data is computed in parallel across 64 processors with overlap regions 3 grid points wide. The finite difference grid itself has J = 801 radial and K = 401 angular points, providing sufficient resolution to maintain an accuracy of ≈ 1% until perturbations first cross the ergosphere.

Examining first the total normalized energy density of Figures 4.71 and 4.72, it is apparent that evolution in the a = M = 5 spacetime displays behaviour different from that seen in the other choices for m_Φ and e. Except for the case m_Φ = 0.3, there was previously no evidence for preferential scattering along the axis of black hole rotation. In the present case, addition of charge coupling results in somewhat different focusing of the energy density and greater collimation. To understand contributions to the observed dynamics, I also display the normalized scalar energy density, ρ_{T (Φ)} (Figures 4.73 and 4.74), and the electromagnetic contribution, ρ_{T (A)} (Figures 4.75 and 4.76). For completeness, I also display the corresponding evolutionary sequence for ρ_{T (ΦA)} (see Figures 4.77 and 4.78). From ρ_{T (Φ)} and ρ_{T (A)} it is apparent how the scalar component accounts for the greatest contribution to the collimated energy density. I then conclude that while electromagnetic coupling has an effect on the collimation of energy, it does not seem to be more significant in this regard than the effect of massive mode scattering from the black hole potential. One case where electromagnetism could have a profound influence is in the collimation of large m_Φ scalar fields that would otherwise not reflect off the spacetime potential barrier. This hypothesis will have be be tested with future computation. Finally, in Figure 4.79 I display the total normalized energy in the computational domain, T , along with individual contributions T (Φ), T (A) and T (ΦA). It is there obvious that T (Φ) is the dominant component throughout evolution. T (A) is initially very small, but quickly increases by orders of magnitude at early time. During this phase both T (Φ) and T (ΦA) decrease sharply. Afterwards, T (A) remains large, and T (ΦA) increases at the expense of T (Φ). After t = 20 the changes in each of the components are less dramatic. Again, T (ΦA) takes on both positive and negative values during evolution. Before proceeding, note also the presence of orbiting resonances as displayed in the data, and notice how ρ_{T (A)} is the principal contributor. As in the case of massless e = 0.6 perturbations, the period between the first two orbits is ≈ 70t and the attenuation is ∼ 10^{−1}. Again, the orbital period here corresponds to a frequency more than twice that of unstable circular photon orbits at r = 3M (cf. equation (4.164) and related discussion).

PSfrag replacements PSfrag replacements