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ABSTRA CT ii

ABSTRA CT

In this thesis I present results for the evolution and dynamics of massive electromagnetically cou-
pled Maxwell-Klein-Gordon �elds in black hole spacetimes. The �rst part of my investigation for
gravitationally and electromagneticallyself-interacting �elds in sphericalsymmetry revealstwo dis-
tinct typesof solution at the threshold of black hole formation. For �elds with relatively small mass
parameter I observe Type I I discretely self-similar behaviour for the critical solutions and obtain
the black hole massand chargescaling relations. However, when the massparameter is su�cien tly
large a di�eren t type of critical solution is obtained. This new solution is periodic and resembles
a perturb ed chargedbosonstar solution. This new solution exhibits Type I critical behaviour and
its lifetime obeys a well-de�ned scaling law.

The secondaspect of investigation involves massive electromagnetically coupled scalar �eld
perturbations in axial symmetry on a Kerr black hole spacetime. Here, results show that both the
massand chargecoupling parametersplay a signi�can t role in the �eld dynamics on the spacetime
background. For relatively weak parameter values the perturbations exhibit strong gravitational
interaction through the phenomenonof orbiting resonances.In the caseof pure electromagnetic
perturbation there is alsoevidenceof superradiant scattering when the black hole rotation is large.
When the parameter values are large both the physics and complexity of the dynamics change.
For intermediate valuesof the massand chargeparameter, the perturbations exhibit trapping and
a preferencefor scattering along the axis of black hole rotation. Finally, all electromagnetically
coupled solutions generically display charge separation and dynamo-like behaviour.
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CHAPTER 1. INTR ODUCTION 1

CHAPTER 1

INTR ODUCTION

Of all conceptionsof the human mind perhaps the most fantastic is the black hole.
Black holesare neither bodies nor radiation. They are clots of gravit y.1

This dissertation concernsthe numerical study of black hole formation from charged, massive
scalar �elds in spherical symmetry, and the axially symmetric scattering and accretion of such
matter onto rotating black holes. In the gravitational collapse to a black hole, and in accretion
onto black holes, astrophysically realistic matter will likely be magnetohydrodynamic (MHD)|

uid-lik e, and ionized. Only in very few highly symmetric caseshas the fully general relativistic
problem (where matter sourcesdynamically in
uence the curvature of spacetime)beencompletely
studied. Even then, computational techniques are required. Shock formation in 
uid systems
further complicates the details. Numerical simulation of general relativistic MHD systems is in
its infancy, and insight gained through the study of MHD analogueslike the charged, massive
scalar �eld is required for progress. Furthermore, scalar �eld models can represent the pions
� 0, � + and � � , and have been proposedas candidates for early universeand dark matter. The
study of charged, massive scalar �elds is therefore interesting in and of itself. Finally, there is
the connection to matter models in which critical behaviour has beenstudied at the threshold of
gravitational collapseand open questionsin that regard.

Essential to a complete understanding of the physics are both: (1) spherically symmetric in-
vestigation of the generalrelativistic problem; and (2) analysisof the dynamics in axial symmetry.
While the spherically symmetric investigation provides information on how the matter dynamically
in
uences spacetimecurvature, the e�ects of magnetic �elds and electromagneticradiation can not
be extracted until the imposed symmetry is (at most) axial. The charged, massive scalar �eld
system has not been studied in much detail in these regards, so any additional insight regarding
its physicswill certainly be useful.

1.1 Scalar Field Critical Collapse

In 1993Choptuik published the results of an interesting phenomenonin gravitational collapse[23].
There he gave answers to the questions\What happensat the threshold of gravitational collapse?"
and \What happens in the limit of increasingly small massblack hole formation?" The system in
which he �rst observed these critic al phenomenawas the masslessscalar �eld minimally coupled
to gravit y. Sincethat time, critical phenomenahave beenobserved in a variety of di�eren t matter
models. Those I will mention are but a small subset of those studied, but they do form the set
most important to the discussionswhich follow. Speci�cally , I will mention works by Hod and
Piran [66], [68], Brady, Chambers and Goncalves[12], [16], Hawley and Choptuik [63], [64], [65], as
well as an analysis by Gundlach and Martin-Garcia [57]. Finally, relatively complete overviewsof
critical phenomenain gravitational collapsehave also beenprovided by Gundlach in [59] and [60].

In brief, for the minimally coupledmasslessKlein-Gordon �eld in sphericalsymmetry, Choptuik
consideredfamilies of solutionsS[p] with the property that the critic al valueof the parameterp = p�

separatessolutions which form black holes from those which do not [23]. He found evidencethat
supported two conjectures. First, he obtained numerical evidencesupporting the universality of
the solution p ! p� and that it forms structure on arbitrarily small spatiotemporal scales. That

1Quoted from [116].
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is, not only were all solutions approaching criticalit y \the same", but they also exhibited a type of
self-similarity in spaceand time as the evolution proceeded.Second,he observed that there exists
a mass-relationfor the solutions which formed black holes. Speci�cally , that the massof the black
hole obeyed a power law

mBH / jp � p� j 
 m ; (1.1)

where 
 m � 0:37, is a universal exponent. In principle, the massof the black hole can be made
arbitrarily small (i.e., there is no mass gap in the black hole spectrum). In analogy to phase
transitions in condensedmatter systems,this continuous scaling of the black hole masshas since
beenidenti�ed as Type I I critical behaviour in black hole formation.

Key to the discussionof his results was the observation that, expressedin the usual (t; r; � ; � )
spherical coordinates, his system was invariant under the rescalings

t ! kt ; (1.2)

r ! kr ; (1.3)

k being an arbitrary positive constant. Expressing his variables in terms of the form-invariant
quantities X (t; r ) and Y (t; r ), he found there exists a unique sequenceof this set of variables [X ; Y ]
in the limit of the exactly critical solution [X ; Y ] ! [X � ; Y � ]. Expressing this sequencein terms
of the logarithmic spatial and temporal variables � = � (t) and � = � (r ), Choptuik found that for
[X ; Y ] ! [X � ; Y � ]

[X � (� � � � ; � � � � ); Y � (� � � � ; � � � � )] ' [X � (� ; � ); Y � (� ; � )] ; (1.4)

where� � ' � ' � � is a universalconstant with approximate value � � 3:4. Speci�cally , Choptuik
found

� � � 3:43 ; � � � 3:44 : (1.5)

This means that every time the pro�les X ; Y are re-examined after evolution of geometric time
interval � T0, T0 = T0(t) being the proper time of a stationary observer at r = 0, the solutions
essentially appear rescaledby a factor of exp(�) � 30. Therefore, there exists a discrete self-
similarit y in the solution in the form of a seriesof ever-decreasingechoesas the scalar �eld evolves
on the threshold of black hole formation.

The universality of critical phenomenacan be understood in terms of perturbation theory.
Consider linear perturbations of the exactly critical solution. The perturb ed critical solution will
have a number of modes, both stable and unstable. The stable modes decay, thus driving the
perturb ed solution to the critical solution. The unstable modes, however, drive the system away
from the exactly critical solution. In the caseat hand, the unstable modeswould drive the system
to either black hole formation or dispersal. The exactly critical solution has only one unstable
mode. It is through the existenceof this single mode that the universality of the solution can be
explained|tuning similar families of initial data to the critical solution, the system is driven to
the samecritical point. Furthermore, perturbation theory analysis explains how the eigenvalue of
the unstable mode is directly correlated with the black hole scaling exponent 
 m , and correctly
predicts its value.

In subsequent research, Brady, Chambers and Goncalves examined critical phenomenain the
caseof a minimally coupled massive scalar �eld [12], [16]. Their results showed that, for the
massive case,when the radial extent of the initial pulse � is lessthan the Compton wavelength of
the scalar �eld m� 1, then Type I I critical behaviour is observed. The critical solution observed
in this caseis exactly that which was found by Choptuik. However, they also observed that there
exists a minimum massblack hole that can be formed when the radial extent of the initial pulse is
much greater than the Compton wavelength (that is, a massgap exists in the black hole spectrum
when � � m� 1). Again, in analogy to condensedmatter systems, such behaviour has come to
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be known as Type I critical phenomena.2 In the regime of Type I solutions, the exactly critical
solutions are unstable soliton stars rather than the naked singularities of the Type I I case. In
fact, it is the presenceof the massparameter m which destroys the scaling of the system under
transformations (1.3) and (1.2). Hence,a di�eren t typeof critical solution is expectedand observed.
Noting similarities between the soliton stars examined by Brady, Chambers and Goncalves, and
boson stars composed of massive complex scalar �elds, Hawley and Choptuik investigated the
behaviour of boson stars driven to the brink of black hole formation [63], [64], [65]. Hawley and
Choptuik thereby found Type I critical behaviour for massive complex scalar �elds, the exactly
critical solutions being perturb ed and periodically oscillating bosonstars, their lifetimes obeying a
well-de�ned scaling relation as p ! p� .

Finally, Gundlach and Martin-Garcia [57] discussedthe possibility that, as in the caseof the
massive minimally coupled scalar �eld, the presenceof a parameter breaking the invariance under
transformations (1.3) and (1.2) could lead to behaviour in the electromagnetically coupledcomplex
scalar �eld di�eren t from that �rst found by Choptuik. The parameter in the electromagnetically
coupled complex scalar �eld systemwhich breaks this invariance is the charge coupling parameter
e. However, Gundlach and Martin-Garcia performed an analysiswhich showed that, as the system
evolves,the e�ects of charge will play a decreasinglysigni�can t role. Speci�cally , assuminga self-
similar solution and also that �eld equationsin this systemalways contain dominant contributions
from e in the combination er, a rescaling r ! exp(� �) r e�ectiv ely scalese as e ! exp(� �) e.
Therefore, after each echo, the e�ects of the charge coupling will decreaseexponentially with �.
In fact, they showed that in critical collapsethe black hole massshould scaleas

mBH / jp � p� j 
 m ; (1.6)

where 
 m � 0:37 (just as found by Choptuik [23]), and that the charge of the black hole should
scaleas

QBH / jp � p� j 
 Q ; (1.7)

where 
 Q � 0:88. In fact, they predicted that for other charged matter models the relationship
between
 m and 
 Q should obey 
 Q � 2
 m . They also predicted the solutions would be universal.
Furthermore, they postulated that if a seconddimensionful parameter such as scalar �eld mass
m� is added to the system, then universality will not hold generically, but might be recovered in
the limit when e=m� ! 0 or m� =e ! 0. In conclusion, they also suggestedthe value of jej=m�

could determine whether the systemdisplays a Type I massscaling typical of perturb ed bosonstar
critical solutions.

Soon after Gundlach and Martin-Garcia published their results, Hod and Piran performed the
numerical study of the charged masslessminimally coupled scalar �eld [66], [68]. As predicted
by Gundlach and Martin-Garcia, they found massand charge scaling relations with exponents of
about 
 m � 0:37 and 
 Q � 2
 m . They also veri�ed that the in�nitesimal massblack holesformed
were neutral or obeyed the relationship QBH � mBH .

To date, nothing has beenpublished in the way of massive electromagnetically coupled scalar
�eld critical phenomena,and only modest work has been presented in hypothesis of the details.
The numerical results presented in Chapter 3 from my study of black hole critical phenomenaof
charged massive scalar �elds are the �rst of their kind.

1.2 Scattering and Scalar Accretion in Kerr Spacetime

From the Rutherford scattering of alpha particles o� atomic nuclei, to modern experiments like
those at the Large Hadron Collider and proposedTeV electron-positron experiments at the Next
Linear Collider, particle scattering has revealed,and will continue to reveal, the physical nature of

2 It should be noted that, even before the results of Brady , Chambers and Goncalves, Type I critical phenomena
was known to exist for the minimally coupled Yang-Mills �eld [26].
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the subatomic world. Photon scattering in its various forms has also provided much information
on the physics of matter|Thomson scattering has shown that atomic constituents can have both
positiveand negativecharge,Rayleigh scattering explainswhy the sky appearsblue, Compton scat-
tering has revealedthe corpuscular nature of the photon, Raman scattering provides information
on the excited energy states of a target material, and Bragg scattering has determined the lattice
spacing of crystalline substances.Particle and photon scattering experiments could, in principle,
also be performed on black holes. Under the hypothesis that the details would reveal interest-
ing physics, there has beenrather detailed theoretical investigation of black hole wave scattering.
While much of the work hasinvolved obtaining closed-formsolutions, there recently hasbeenmuch
e�ort in solving the black hole scattering problem using numerical techniques. Rather than provide
a complete overview of the developments I will simply addressprevious work in the �eld when it
pertains directly to the discussionof my results, and refer the reader to [49] and [51] for general
reference.

There are essentially three phasesin the dynamics of any matter scattering in a black hole
spacetime: (1) an early phase which in many ways resembles the initial dynamics of the same
matter in a Mink owski spacetime; (2) an intermediate phase in which curvature e�ects become
apparent; and (3) an asymptotic late phasewhich can in many casesbe described by a power law
decay in time. The late phaseevolution has been studied in somedetail in the context of quasi-
normal (i.e., damped, complex frequency) black hole modes.3 Since certain frequenciesof the
quasi-normal modes should be independent of the processthat generatesthem, these frequencies
are characteristic of, and directly connected to, the black hole parameters (mass, charge, and
angular momentum). They thereby provide a meansof identifying the black hole spacetime.

While, by de�nition, scattering involvesdynamics governedpredominantly by interactions over
a limited rangeof spaceand a relatively short interval of time, the physicsof interest in accretion is
alsoover a relatively small regionof spacebut now persistsover a prolongedperiod of time. In black
hole accretion, there are basically two modesof 
o w: (1) Bondi-lik e 
o w where angular momenta
are low and centrifugal forces are too weak to balance gravitational attraction and provide an
equilibrium state; and (2) thin-disc where angular momenta are su�cien t to generatea stationary
state. Bondi-lik e 
o w qualitativ ely resembles spherical accretion, while thin-disk is typi�ed by
matter in Keplerian and super-Keplerian orbits. Consequently , locally dissipated energy, entropy
and angular momentum are advected or carried along by the 
o w and lost to the black hole in
Bondi-lik e accretion. Meanwhile, in thin-disc accretion, matter exists at a �xed radius for many
orbits allowing for the opportunit y to locally transfer substantial energy, entropy and angular
momentum.

In black hole accretion, astronomical evidenceshows that a portion of inspiralling plasma and
generatedelectromagnetic radiation collimate into bipolar jets from the black hole. Only modest
progresshasbeenmadethrough the study of magnetohydrodynamical systems,and the details are
not well understood. It is assumedelectromagnetic �elds play a signi�can t role in the collimation
process,but the details are again vague. Somenotable computational simulations of this accretion
and collimation processhave beenpresented in [42], [82], [107], [83] and [84]. Sincethe knowledge
is incomplete, there is clearly interest to investigate possibleelectromagnetice�ects in black hole
accretion and scattering phenomenathrough matter models simpler than magnetohydrodynamics.
As a step towards this goal, and in order to distinguish betweenmatter and gravitational e�ects|
essential to discussionof the fully generalrelativistic system|Chapter 4 of this dissertation presents
results from my axially symmetric study of charged, massive scalar �eld (i.e., the Maxwell-Klein-
Gordon system) accretion and scattering in rotating black hole spacetimes. In this situation, I
treat the scalar �eld as test matter (it evolvesabout the black hole, but doesnot itself contribute
to the curvature of spacetime)and observe its dynamics. To my knowledge, this study is the �rst
of its kind.

3 [85] provides a good summary of the research before 1999.
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1.3 Outline

In Chapter 2, I present methodology in terms of the Arnowitt-Deser-Misner (ADM) formalism,
focusingspeci�cally on the polar areal coordinate system. I then discussthe initial value formalism
for electromagnetismand generalrelativit y, and closewith brief discussionof regularity conditions.

Chapter 3 presents the study of critical solutions for massive charged scalar �elds in spherical
symmetry, beginning with a presentation of the system of equations. Among the results are both
Type I and Type I I solutions and the scaling relations associated with each.

By far the most voluminous is Chapter 4 where I present the investigation of massive electro-
magnetically coupled scalar �eld dynamics in Kerr spacetime. I provide discussionof the e�ectiv e
potential formalism and its implications. Following that, I provide the system of equations, and
then proceed with presentation of my results. Included in the results are electromagnetically
uncoupled (i.e., e = 0) Klein-Gordon �eld dynamics, Maxwell �eld dynamics, and �nally , electro-
magnetically coupled Maxwell-Klein-Gordon equation dynamics in Kerr spacetime. These results
cover a rangeof scalar �eld mass,electromagneticcoupling, and black hole angular momentum pa-
rameters. Among the results shown are orbiting resonances,superradiant scattering and trapping
of �elds in the black hole spacetime. Also included are solutions demonstrating the preferencefor
Maxwell-Klein-Gordon �elds to scatter along the axis of black hole rotation under a certain set of
conditions, and also the genericemergenceof charge separation and dynamo-like behaviour when
the Maxwell and Klein-Gordon �elds are coupled electromagnetically through charge.

Chapter 5 provides a summary and outlook, Appendix A provides a glossaryof notation, and
Appendix B provides a summary of �nite di�erence and discrete operators used throughout the
dissertation. Appendix C provides discussionof the numerical and computational techniquesused
to obtain all the presented results. Finally, Appendix D provides a detailed account of Maxwell-
Klein-Gordon dynamics in Mink owski spacetime. There I discussthe Monotonically Increasingly
Boosted (MIB) coordinate system and its utilit y in treating outer boundary conditions. Along
with a presentation of the equations, I provide results to compareand contrast 
atspace dynamics
to those for the black hole background. Theseresults include Klein-Gordon �elds, Maxwell �elds,
and the Maxwell-Klein-Gordon system for a variety of �eld massand charge coupling parameter
values.

1.4 Conventions and Units

Throughout this dissertation I employ the index notation, where, for example,

T abc:::
def ::: (1.8)

designatesthe abc:::contravariant components and def ::: covariant components of tensorT . Indices
a; b;c;d;e;f ; ::: take on values0; 1; 2; 3, where 0 typically designatesthe temporal component and
1; 2; 3 designatethe spatial components in a given coordinate system. In a situation where indices
are repeated, the Einstein summation convention is implied as per

T abc:::
daf ::: �

3X

a=0

T abc:::
daf ::: : (1.9)

I also employ the metric signature (� ; + ; + ; +), and usePlanckian units where ~ = G = c = 1. A
quantit y with dimension lengthm � massn � timep in ordinary units is therefore dimensionlessin
Planckian units. To retrievean equation valid in ordinary units onesimply multiplies each quantit y
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in Planckian units by its conversion factor

cp
�

G
c2

� n �
c3

G~

� (m + n + p)=2

: (1.10)

In SI units the fundamental constants havevaluesc = 3:00� 108m s� 1, G = 6:67� 10� 11m3 kg� 1 s� 2,
and ~ = 6:626� 10� 34J s.

1.5 Signi�can t Figures and Uncertain ties

Finally, where other's numerical results are quoted, all signi�can t �gures are assumedaccurate.
For example,Choptuik's original result, � � � 3:44, is accurate in all three digits. My numerically
computed results, however, are usually accurate in all �gures but the last signi�can t digit. Thus,
my � � 3:47 is accurate in the �rst two digits but uncertain in the last. The exception is in cases
where my result has but one signi�can t digit. The quantit y is then accurate in that single digit.
For example, in my k � 1 � 10� 2, uncertainties would enter at the level of subsequent �gures.

1.6 Web References

In the body of this thesis there are a number of referencesto �les found in the World Wide Web.
While the availabilit y of all �les cannot be guaranteedin the future, e�orts will be madeto maintain
accessto those whoseUniform ResourceLocator (URL) currently has laplace.physics. ubc.c a
for host. While there will be a change in �le URL in the event of a host change, the path should
be preserved. Thus, �le URLs like http://$WWW/Peopl e/ petry k/ ani mati ons/9 .mpeg will still be
valid in the future, but $WWWmay di�er from its current value laplace.physics.u bc.ca .
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CHAPTER 2

PHYSICAL FORMALISM

2.1 The 3+1 or Arno witt-Deser-Misner (ADM) Formalism

In this section I intro duce the so-called 3+1 or Arnowitt-Deser-Misner (ADM) formulation of
relativit y. Relevant historical referencesare [47], [33], [4], and [148]. While the 3+1 formalism
was originally developed for use in quantum gravit y (see[4]), this approach has perhaps seenits
greatestsuccessesin numerical relativit y. I employ the 3+1 approach in my investigationsand now
just brie
y cover someof its key points. The following exposition is basedupon [27] which is itself
a reworking of the results in [148].

2.1.1 Foliations

Start with a spacetimemanifold M endowed with a metric gab. Assumethe metric is expressedin
coordinates, wheret is the temporal parameter. The spacetimecan always be foliated asa sequence
f � t g which are isosurfacesto t. These spacelike hypersurfacesare locally described by the dual
vector �eld 
 a de�ned


 a = r a t; (2.1)

and has norm
gab
 a 
 b = � � � 2; (2.2)

where� is known asthe lapsefunction (or simply the lapse). Giventhis, I canconstruct a unit-norm
dual vector, na , as per

na = � � 
 a = � � r a t; (2.3)

where the sign is chosenso that the related unit-norm vector, na ,

na = gabnb (2.4)

is future-directed. na can be viewed as the four-velocity of an observer moving orthogonally to the
hypersurfacesof � t . Finally, such an observer will have a four-acceleration, aa , according to

aa = nbr bna : (2.5)

2.1.2 Pro jections

In the 3+1 formalism I aim to decomposetensors into their single temporal (hypersurface-normal)
and three spatial (hypersurface-tangential) parts. To extract the temporal part of vector W a I
simply contract with na as per

W n̂ = � W ana : (2.6)

For a covector Wa I contract with na

Wn̂ = + Wana : (2.7)

There are two items to note in the precedingpair of equations. First, the superscriptsand subscripts
n̂ designatethe original tensor index hasbeencontracted with na or na . Second,the choiceof sign
� or + is a convention adopted directly from that of [148]. Meanwhile, partial components are
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extracted with the rank-two projection tensor

? a
b � � a

b + nanb: (2.8)

Then any tensor T abc:::
def ::: which has had all its free indices projected out with ? a

b in the manner

? T abc:::
def ::: � ? a

g? b
h ? c

i � � � ? j
d? k

e? l
f � � � T j k l::

ghi::: (2.9)

is referred to asa spatial tensor. Above and onwards ? (with no indices) is shorthand to designate
that spatial projection is applied to all free indices in the trailing tensor.

When applied to all free indices of the metric tensor, gab, projection yields the spatial metric

 ab,


 ab = ? gab = gab + nanb: (2.10)

By extension, the contravariant spatial metric is given by


 ab = ? gab = gab + nanb: (2.11)

Note that tensor indicesof T abc:::
def ::: continue to be raisedand loweredwith spacetimemetric gab|not

with 
 ab|as 
 ab and 
 ab are not inversesin the four-dimensional spacetimemanifold. The only
time 
 ab can be used to raise or lower indices is when the tensor acted upon is spatial (i.e., it has
no temporal piece).

2.1.3 Covarian t Deriv ativ es on the Spacelik e Hyp ersurface

The spatial projection tensorcan then beapplied to the operator r a to de�ne the natural derivative
operator Da for spatial tensors,

Da � ?r a : (2.12)

The action of Da on a spatial tensor ? T abc:::
def ::: would then be

D j ? T abc:::
def ::: � ?r j ? T abc:::

def ::: ; (2.13)

where shorthand ? again indicates I apply the projection operator to all free tensor indices. Since

Da 
 bc = ?r a 
 bc = ?r a(gbc + nbnc) = ?r a(nbnc) = ? (ncr anb + nbr anc) = � � � = 0; (2.14)

and similarly for Da 
 bc, Da is clearly the natural derivative operator for the spatial metric 
 ab.

2.1.4 In trinsic and Extrinsic Curv ature

Given the covariant derivativeon the spacelikehypersurfaceD a , it is natural to de�ne the curvature
of the spacelike hypersurface,R d

abc , via

(DaDb � DbDa) ? Wc = R d
abc ? Wd; (2.15)

where Wa is somecovariant vector. R d
abc is referred to as the intrinsic curvature. R d

abc is itself a
spatial tensor and possessesthe expected symmetries

R (ab)cd = R ab(cd) = 0; (2.16)

R abcd = R cdab ; (2.17)

and
R [abc]d = 0: (2.18)
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In continuation, the spatial Ricci tensor , R ab, and scalar, R, are de�ned via

R ab = R c
acb (2.19)

and
R = R a

a : (2.20)

While the intrinsic curvature describes the geometry of the spacelike hypersurfaces,it is the
extrinsic curvature that describeshow spacelike hypersurfacesare embeddedin the spacetime. The
extrinsic curvature, K ab, is de�ned either through covariant di�eren tiation as per

K ab = �?r anb; (2.21)

or equivalently via Lie di�eren tiation along the normal vector �eld as in

K ab = �
1
2

? $ n gab: (2.22)

Using the (easily derived) property

?r anb = r anb + naab (2.23)

in the �rst form of K ab, I obtain
K ab = �r anb � naab; (2.24)

which makes clear a relationship between the spatial extrinsic curvature tensor, and the four-
velocities and four-accelerationsof observers moving orthogonally to the spacelike hypersurfaces.

2.1.5 The Spacetime Constrain t Equations

Having intro duced the necessaryelements of the 3+1 formalism, I are now in a position to derive
the evolution of spacetimefrom Einstein's �eld equations,

Gab = Rab �
1
2

gabR = 8� Tab: (2.25)

I begin by de�ning three projections of the stress-energytensor, Tab,

� � Tn̂ n̂ = Tabnanb; (2.26)

j a � ? T an̂ = �?
�
T abnb

�
; (2.27)

Sab � ? T ab: (2.28)

� , j a , and Sab, can respectively be interpreted as the local energydensity, momentum density and
spatial stresstensor as seenby an observer with four-velocity na .

Omitting the detailed algebra, I simply state that contracting Einstein's equations twice with
na obtains the Hamiltonian constraint

R + K 2 � K a
bK b

a = 16� � ; (2.29)

where K � TrK � K a
a . Likewise,contracting Einstein's equationsoncewith na and then project-

ing onto the spacelike hypersurface,I obtain the momentum constraint

DbK ab � D aK = 8� j a : (2.30)

Notice the preceding two equations contain only spatial tensors and derivatives, and no explicit
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temporal derivatives, as they are truly equations of constraint. Being constraints, they must be
satis�ed at every time or hypersurface in the foliation f � t g by the values of 
 ab and K ab (the
fundamental 3+1 variables).

2.1.6 Time Deriv ativ es

While the spacetimehistory could, in principle, be obtained from the constraint equations alone,
it is often useful to obtain the solutions from evolutionary equations instead. To this end, I must
�rst de�ne the appropriate time derivatives. It turns out that vector �eld N a de�ned

N a = �n a (2.31)

is a natural vector along which I could Lie di�eren tiate. Since

na = � � 
 a ; (2.32)

and

 a 
 a = 1; (2.33)

contracting N a with 
 a is a unit norm,

N a 
 a = 1: (2.34)

However, there is no reasonto be so restrictiv e, and I could, in principle, construct a more general
vector �eld, ta , appropriate for Lie di�eren tiation,

ta = N a + � a : (2.35)

Providing the shift vector � a is spatial
� ana = 0; (2.36)

I prove ta = @
@t is an equally valid choice, since

ta 
 a = (N a + � a) 
 a = N a 
 a + � a 
 a = N a 
 a = 1 (2.37)

also has the desiredproperty.
The vector � a I just intro duced can be interpreted as follows. Four-velocity ta represents a

congruenceof observersmoving in the future direction. In moving from onespacelike hypersurface
to the next in foliation f � t g, the observersmove into the future an amount na perpendicular to the
original hypersurface� t . But on the future hypersurface� t + dt , the position of the observers has
beenspatially shifted by an amount � a . So,only if � a = 0 is the propagation purely perpendicular
to � t . This scenariois depicted in Figure 2.1 below.

2.1.7 Spacetime Evolution Equations

With all the preliminaries developed, I are now in a position to state the equations of spacetime
evolution. The derivation of evolution equations for the spacetimebegins with the Lie derivative
de�nition of the extrinsic curvature, K ab,

K ab = �
1
2

$ t gab; (2.38)

where for full generality I Lie di�eren tiate along vector ta rather than na . I thus obtain

$ t 
 ab = � 2�K ab + $ � 
 ab; (2.39)
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PSfrag replacements

na

� a

t =
�

@
@t

� a

� t

� t+ dt

(t; xa)

(t + dt; xa)

Figure 2.1: A schematic depiction of the 3+1 decomposition. na is the unit normal to � t at
coordinate (t; xa ). Moving in the future direction amount dt, an observer with four-
velocity

�
@
@t

� a
= ta = N a+ � a = �n a+ � a endsup on hypersurface� t + dt at coordinate

(t + dt; xa). � is the lapsefunction and measuresmovement into the future. The shift
vector � a measuresthe spatial displacement of coordinates in going from � t to � t + dt .
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which are the evolution equationsof the spatial metric.
The procedure to obtain the evolution of the extrinsic curvature is somewhat more lengthy

and involves,among other things, contractions of Einstein's �eld equations and projections of the
curvature tensor Rabcd (and its contractions) onto the spacelike hypersurfaces.For brevity I omit
the details and simply state the results.1 Evolution equations for the extrinsic curvature thus
obtained are

$ t K ab = $ � K ab � DaDb� + �
�

R ab + K K ab � 2K acK c
b � 8�

�
Sab �

1
2


 ab (S � � )
� �

; (2.40)

where S � TrS � Sa
a . Finally, raising an index producesthe often more useful form

$ t K a
b = $ � K a

b � D aDb� + �
�

R a
b + K K a

b + 8�
�

1
2

? a
b (S � � ) � Sa

b

��
: (2.41)

2.1.8 Spherically Symmetric Spacetime in Polar Areal Coordinates

In a following chapter I study the evolution of spherically symmetric spacetimein the context of
critical gravitational collapseof a massive electromagnetically coupled complex scalar �eld. Since
the study employs the 3+1 formalism in the polar areal coordinate system, it is natural now to
present the spacetimeconstraints and evolution equations for that choice of metric.

The most general spherically symmetric spacetimemetric in (t; r; � ; � ) coordinates is given by
line element

ds2 =
�
� � 2 + a2� 2�

dt2 + 2a2� dtdr + a2dr2 + r 2b2d
 2; (2.42)

where � = � (t; r ), � = � (t; r ), a = a(t; r ), b = b(t; r ), and where

d
 2 = d� 2 + sin2 � d� 2 (2.43)

is the usual metric on the unit sphere. In the special case

� = 0; b = 1 (2.44)

the line element reducesto that of the polar areal coordinate system

ds2 = � � 2dt2 + a2dr2 + r 2d
 2: (2.45)

The future-directed unit-norm spatial hypersurfaceorthogonal vector is na = (1=�; 0; 0; 0). The
term polar is usedbecauseof the usual association of r , � , and � with the polar coordinate system
in 
at spacetime,while areal is usedbecausethe proper area of a two-sphereof radius r , centered
at r = 0, is 4� r 2. r is thus a geometric quantit y. This polar slicing condition placesa restriction
on the trace of the extrinsic curvature tensor, K ab,

K � TrK � K a
a = K r

r : (2.46)

It is straightforward to show (algebra omitted) this in turn implies

K �
� = K �

� = 0: (2.47)

Finally, sincea generalizedBirkho� 's theorem tells us that spherically symmetric electrovac solu-
tions are uniquely Reissner-Nordstr•om, I can identify polar areal metric functions � and a outside

1 I refer the reader to [148] or [27] for the full procedure.
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sourcesthrough2

� 2 =
�

1 �
2m
r

+
q2

4� r 2

�
; (2.50)

a2 =
�

1 �
2m
r

+
q2

4� r 2

� � 1

; (2.51)

where parameters m = m(t; r ) and q = q(t; r ) respectively represent the gravitational massand
electric charge of the source. Then, rewriting (2.51) I obtain

m =
r
2

�
1 �

1
a2 +

q2

4� r 2

�
; (2.52)

the so-calledmass aspect function [28]. In an evolutionary problem, the divergenceof a2 signals
the formation of an apparent horizon|and therefore existenceof a black hole|for this choice of
coordinates.3 In the limit r ! 1 the massaspect function is then interpreted as the total e�ective
massof the black hole, consistingof the usual ADM mass(see[4]) lessthe di�erence of total ingoing
and outgoing matter 
ux at the time of apparent horizon formation [56].4 As noted in [21], this
total e�ectiv e massis the natural measurein the signal of black hole formation for time-dependent
problems. Once a2 has diverged, I can integrate the charge density to obtain q(t; r ). Knowing all
the functions on the right hand side of (2.52) I can immediately deducem(t; r ) for the solution.

I now state (without derivation) the values of D aDb� , K a
b, K , DbK ab, D aK , R a

b and R
required by the equationsof spacetimeconstraint and evolution. The non-vanishing contributions
are

D r D r � =
1
a

�
� 0

a

� 0

; D � D � � = D � D � � =
� 0

a2r
; (2.57)

K r
r = �

_a
a�

; (2.58)

2The last term employs a common convention di�eren t from those of [62], [145], [40], [49], and [17]. The factor
1

4� has been inherited by the current term since I use the Maxw ell equation convention

r a Fab = � Jb; (2.48)

rather than
r a Fab = � 4� Jb: (2.49)

3The equation for a trapp ed surface is [44]
�


 ab � sa sb
�

(D a sb � K ab ) = 0 ; (2.53)

where sa is a spacelike, outward-p ointing, unit-norm to the surface. Using the polar areal coordinate system in
spherical symmetry sa is given by

sa =
�

0;
1

a
; 0; 0

�
: (2.54)

In polar areal coordinates, expression (2.53) then evaluates to

2

ar
= 0 : (2.55)

Since a becomesarbitrarily large, but never reaches the limit a ! 1 , apparent horizons never actually form in this
coordinate system. However, apparent horizon formation is imminen t as a increasesto arbitrarily large values. With
some con�dence, the location at which a divergescan then be used to estimate the eventual location of the apparent
horizon. Finally , if an apparent horizon forms, an event horizon is known to exist at or outside the location of the
apparent horizon. It is in this sensethat I refer to the formation of a black hole.

4As can be seen from results that follow, choosing polar areal coordinates allows the Hamiltonian constrain t in
the q = 0 limit to be rewritten in the suggestive form

dm

dr
= 4� r 2 �: (2.56)
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K = �
_a

a�
; (2.59)

D aK r
a = �

�
_a

a�

� 0

�
2_a

ra�
; (2.60)

D r K = �
_a

a3�
; (2.61)

R r
r =

2a0

r a3 ; R �
� = R �

� =
1

ar2

�
a �

� r
a

� 0
�

; (2.62)

R =
2
ar

 

� 2
�

1
a

� 0

+
a
r

�
1 �

1
a2

� !

; (2.63)

where prime, 0, designatespartial di�eren tiation with respect to radial coordinate r , and overdot,
_, designatespartial di�eren tiation with respect to time coordinate t. Substituting thesequantities
into the results of subsections2.1.5 and 2.1.7 I obtain the Hamiltonian constraint

a0

a
+

a2 � 1
2r

� 4� r a2� = 0; (2.64)

and the momentum constraint
_a � 4� r a�j r = 0: (2.65)

Rather than directly using the evolution equations for the spatial metric and extrinsic curvature,
I �nd the so-calledslicing condition more useful in the calculations. This equation can be derived
from the evolution equations for K a

b . First note that, since the spacetimemetric is torsion-free,
Lie derivativesof K ab with respect to N c reduceto covariant derivativesas per

$ N K a
b = (D cK a

b) N c � K c
b (D cN a) + K a

c (DbN c) : (2.66)

For polar areal metric (2.45) this reduces(2.41) to

D t K a
b = � D aDb� + �

�
R a

b + K K a
b + 8�

�
1
2

? a
b (S � � ) � Sa

b

��
: (2.67)

Then, using K �
� = _K �

� = 0, and substituting Hamiltonian constraint (2.64) where appropriate,
(2.67) becomes

� 0

�
�

a2 � 1
2r

� 4� r a2 �
S � 2S�

�

�
= 0 : (2.68)

However, using the Einstein �eld equations, it is possibleto show that here

T �
� = T �

� ; (2.69)

from which it follows
S�

� = S�
� ; (2.70)

reducing the slicing condition to

� 0

�
�

a2 � 1
2r

� 4� r a2Sr
r = 0 : (2.71)

The set of equations(2.64), (2.65), (2.71) is su�cien t to solve for the entire evolution of spacetime
geometry. The method by which to chooseappropriate data from which to begin evolution is the
initial value problem of general relativit y. It is the topic of the next section.
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2.2 The Initial Value Problem

The Cauchyproblemof a theory amounts to (1) the determination of a boundary and conditions on
that boundary along with (2) equationswhich yield unique solutions for theseboundary conditions.
The boundary of the Cauchy problem is known asa Cauchysurface. In an evolutionary theory like
general relativit y or electromagnetismwhere a 3 + 1 formulation has been adopted, the Cauchy
surface is the spatial hypersurface� t =0 on which initial conditions are speci�ed, from which the
system is deterministically evolved.5 In fact, the Cauchy problems of electromagnetismand gen-
eral relativit y are remarkably similar. Both the Einstein equationsand the Maxwell equationswith
sourcesform setsof couplednonlinear partial di�eren tial equations,both setscontaining evolution-
ary equationsof hyperbolic character aswell asconstraint equationsof elliptic type. And not only
are the same solution methods applicable to the hyperbolic equations of both electromagnetism
and general relativit y, but also similar are the methods for solving the elliptic constraints and
initial value problems of both theories. The next chapter provides a rather detailed account of the
numerical techniquesusedto solve the initial value and evolutionary equations. I now demonstrate
well-posednessof the Maxwell equationsas discussedin [145] and outline the solution of the initial
value problem as developed by [149]. Since this thesis involves only the solutions of Einstein's
equations in spherical symmetry, but the Maxwell equations in both spherical symmetry and axial
symmetry, I focus discussionprimarily on the initial value problem of electromagnetism.

2.2.1 The Initial Value Problem for Electromagnetism

In covariant form the Maxwell's equations for non-polarizable, non-magnetizablemedia are

r aFab = � Jb ; (2.72)

r aFbc + r cFab + r bFca = 0 ; (2.73)

where Fab is the electromagnetic �eld-strength tensor and Ja is the four-current. (2.72) are the
inhomogeneousequations and (2.73) are the homogeneousMaxwell equations. Since Fab is anti-
symmetric, contracting (2.72) with the covariant derivative obtains

0 = r br aFab = �r bJb ; (2.74)

demonstrating Ja is conserved current. I can use

Fab = r aAb � r bAa (2.75)

to write them in terms of the four-vector potential Aa as

r a(r aAb � r bAa) = � Jb ; (2.76)

r a (r bAc � r cAb) + r c(r aAb � r bAa) + r b(r cAa � r aAc) = 0 : (2.77)

The inhomogeneousMaxwell equations are exactly what I derive for Aa using the Euler-Lagrange
equations. In addition, it is clear that by substituting

(r ar b � r br a) T c1 :::c k
d1 :::d l

= �
kX

i =1

R ci
abe T c1 :::e:::c k

d1 :::d l
+

lX

j =1

R e
abd j

T c1 :::c k
d1 :::e:::d l

(2.78)

5The one caveat is occurrence of a Cauchy horizon marking the boundary of the domain of dependence beyond
which the evolution will not be determined by data supplied on the Cauchy surface. While Cauchy horizons occur
in black hole spacetimes, such as Reissner-Nordstr•om and Kerr, they are typically shrouded by event horizons.
Furthermore, as discussed in Chapter 3, the Cauchy horizon is known to be unstable in the case of Reissner-
Nordstr•om, and it is also debatable whether one will form during the gravitational collapse of a realistic matter
distribution.
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into the left hand side of (2.77) I obtain

r a(r bAc � r cAb) + r c(r aAb � r bAa ) + r b(r cAa � r aAc)

= � (Rbdac + Radcb + Rcdba) Ad

= (Rdbac + Rdacb + Rdcba) Ad

= 0 ; (2.79)

and sothe homogeneousMaxwell's equationshold by construction, by virtue of the vector potential
formulation of the theory.6 However, I have still not discussedthe character of theseequations.

Becausethe homogeneousequationshold by construction, there is no needto examinethem in
any more detail. However, sincethe inhomogeneousequationsmust be solved explicitly , it is useful
to examine their character, as it will determine how I must solve for the dynamics of the system.
First, notice that, becauseof antisymmetry, the inhomogeneousequations

r aFab = r a (r aAb � r bAa) = � Jb (2.84)

contain no nonvanishing terms r i r i A i , where summation over repeated indices is in this instance
not implied, and index i designatesa speci�c component living in the n-dimensional spacetime.
Becauseof this, (2.84) can only provide evolution equations for n � 1 of the n components Aa .
Speci�cally , if A t is the temporal component, then the inhomogeneousequation

r aFat = r a (r aA t � r t Aa) = � Jt (2.85)

is an elliptic equation of constraint for the electromagnetically coupled system.7 (2.85) must be
satis�ed at all times. The question which naturally arises, is, \If (2.85) is satis�ed at the initial
time, will the evolution equationspreserve the solution of (2.85) for all time?" The answer to this
question is \y es", and it is reasonablystraight-forward to demonstrate. To obtain the answer, I
�rst choosea gauge. For the current purposes,Lorentz gauge

r aAa = r aAa = 0 (2.87)

6 In electromagnetism texts this proof is typically presented for stationary observers in 
at spacetime as follows.
In (spatial) three-vector notation the homogeneousMaxw ell's equations terms of the magnetic �eld, ~B , and electric
�eld, ~E , are written

~r � ~B = 0 ; (2.80)

~r � ~E +
@~B

@t
= 0 : (2.81)

In terms of the three-vector potential ~A and scalar potential ' , the ~B and ~E are

~B = ~r � ~A ; (2.82)

~E = �
@~A

@t
� ~r ' : (2.83)

Then, since the divergence of the curl of any vector �eld is identically zero (i.e., ~r �
�

~r � ~A
�

= 0) and since the

curl of the gradient of any scalar �eld is also identically zero (i.e., ~r � ~r ' = 0) equations (2.80) and (2.81) hold by
construction.

7Using the (spatial) three-vector nomenclature of 
at space, this constrain t equation is simply Gauss' law of
electrodynamics,

~r � ~E = � Q ; (2.86)

where � Q is the charge density.
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is the most convenient. Then, substituting

r aFab = r a (r aAb � r bAa) = r a r aAb � Rc
acbAa = r ar aAb � Ra

bAa ; (2.88)

(which has incorporated in it the Lorentz gaugecondition) into (2.76) I obtain the form

r ar aAb � Ra
bAa + Jb = 0 ; (2.89)

a wave equation for the �eld Ab. Since I are generally allowing gravitational back-reaction, the
Ricci tensor Ra

b will be dependent on the stress-energytensor. Now, covariantly di�eren tiating
(2.89) I obtain

r br ar aAb � r aRaeAe = 0 ; (2.90)

where I have usedthe symmetries of the Ricci tensor and r aJa = 0 to get the result. Next, using
(2.78) I �nd that

r br ar aAb = r br ar aAb

= r ar br aAb � R a
bae r eAb � R b

bae r aAe

= r ar br aAb � R a
bae r eAb � R b

bae r aAe

= r ar a r bAb � r aR b
bae Ae � R a

bae r eAb � R b
bae r aAe

= r ar a r bAb + r aRaeAe : (2.91)

Then, substituting (2.91) into (2.90) I �nd

r ar a
�
r bAb�

= 0 : (2.92)

Clearly, the Euler-Lagrange equations for vector potential Aa (i.e., the inhomogeneousMaxwell
equations) can be written as a linear, diagonal second-orderhyperbolic system. As such, it has a
well-posed initial value formulation as proven by theorems(see[145] for details). Then, given both
an initial data set (Aa , @A a

@t ) satisfying (2.85) and the Lorentz gaugecondition on a Cauchy surface
� t =0 , this system is guaranteed to satisfy the Maxwell equations and Lorentz gauge condition
everywhere for all time.

To solveconstraint equation (2.85) I implement the procedureoutlined by York and Piran [149],
described in terms of the electric �eld 8

Ea = Fabnb (2.94)

as follows. Since the constraint equation is essentially Gauss' law for the electric �eld, I start by
decomposing the electric �eld into its longitudinal (divergenceful)and transverse(divergenceless)
parts, L a and Ta respectively,

Ea = L a + Ta : (2.95)

Now, I intro duce a scalar �eld U and de�ne it to be the potential for the electric �eld,

L a = DaU ; (2.96)

8Here the magnetic �eld would be expressed

B a = �
1

2
� cd

ab Fcd nb ; (2.93)

where � abcd is the totally antisymmetric tensor of positiv e orientation.
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where Da is again the spatial covariant derivative operator. Then, clearly,

D aEa = D a (L a + Ta)

= D aL a

= D aDaU ; (2.97)

where D aDa is the (spatial) 3-dimensionalLaplacian operator.9 Then, since

D aDaU = D aEa = � Q ; (2.99)

where � Q = � naJa is the electric chargedensity,10 I recognizethis constraint equation as the usual
Poissonequation. As expected, it is of elliptic type. OnceI have solved elliptic di�eren tial equation
(2.99) for U, I can determine Ea up to a transversecomponent Ta as

Ea = L a + Ta = DaU + Ta : (2.100)

The electromagnetic initial value problem thus has been reduced to a single equation (2.99).
Now, while the longitudinal component L a is explicitly involved in the solution of U, the transverse
component Ta (which represents the radiativ e degreesof freedom) is freely speci�able. I could just
as well chooseit to be vanishing at initial time. Thus, given charge density � Q , I can solve for U
via (2.99). Having found U, I can then determine L a via (2.96). Meanwhile, I are free to specify
any reasonable(i.e., smooth, di�eren tiable, and satisfying regularity conditions discussedin section
2.4) initial valuesfor any remaining variables not determined by gravitational constraints.

2.2.2 The Initial Value Problem for General Relativit y

The Einstein, Einstein-Klein-Gordon and Einstein-Maxwell equations are known to possesswell-
posedinitial value formulations.11 The initial value problem of the Einstein equations is in many
ways analogousto that of electromagnetism. Where in electromagnetisma choice of gaugecon-
dition had to be made for four-vector potential Aa , the gaugechoice for the Einstein equations
amounts to a choice of coordinates along with a slicing condition that determines the embedding
of hypersurfaces� t . Furthermore, while the well-posednessof electromagnetismwas dependent on
the abilit y to cast the inhomogeneousMaxwell equationsas a linear, diagonal second-orderhyper-
bolic system,well-posednessfor generalrelativit y requiresthe reformulation of Einstein's equations
as a quasilinear, diagonal second-orderhyperbolic system(see[145] for details). Well-posednessof
the Einstein equationswas �rst demonstrated in [33]. Further developments of special signi�cance
were produced in [34], and [35].

While the inhomogeneousMaxwell equations (2.85) form the initial value constraints of elec-
tromagnetism, for Einstein's equations they are furnished by the Hamiltonian constraint (2.29)
and momentum constrains (2.30). Then, by theorem, providing an initial data set (� t =0 ; hab; K ab)
satisfying (2.29) and (2.30) is supplied on a Cauchy surfacedi�eomorphic to � t =0 , the system is
guaranteed to satisfy the Einstein equationson subsequent � t . Here 
 ab is the spatial three-metric
as de�ned in subsection2.1.2 and K ab is the extrinsic curvature as de�ned in subsection2.1.4.

9The 3-dimensional Laplacian in polar areal coordinates acting on U(t; r ) is

D a D a U(t; r ) =
�

1

a2

� �
2

r
(@r U) �

1

a
(@r a) (@r U) + (@r @r U)

�

=
�

1

a

�
1

r 2
@r

�
r 2

a
(@r U)

�
: (2.98)

10 In polar-areal coordinates, � Q = � na Ja = � 1
� J t .

11 The equations of Chapter 3 form an Einstein-Maxw ell system where the sourcesare given by an electromagnet-
ically coupled complex scalar �eld.
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The solution of (2.29) and (2.30) can be carried out by decomposing extrinsic curvature, K ab,
into longitudinal and transversecomponents, and then freely specifying the divergenceless(trans-
verse)component while solving the required elliptic for the divergenceful(longitudinal) part. This
is closely analogousto the preceding decomposition and solution of the electric �eld where the
transversecomponent represented the radiativ e degreesof freedom for the electromagnetic �eld.
In the caseof Einstein's equations, the transversecomponent of the extrinsic curvature encodes
gravitational radiation content of the spacetime.12

2.3 Conserv ed Quan tities

If a given tensor T abc���
def ��� is divergenceless,for example

r aT abc���
def ��� = 0; (2.101)

it hasassociated with it zeroor more conserved quantities, depending on the symmetries(and thus
Killing vectors) of the spacetime. If the divergencelesstensor is the stress-energy, Tab, then the
conserved quantities will be energy and a component of the momentum. If the tensor is instead
the current four-vector Ja , the conserved quantit y will be a charge.

2.3.1 Conserv ation of Charge

Consider �rst the caseof a conserved current four-vector, Ja ,

r aJ a = 0; (2.102)

an examplebeing the electromagneticcurrent. Then, contracting this vector with the hypersurface
orthonormal na yields charge density, � Q ,

� Q = � naJ a ; (2.103)

as measuredby an observer with four-velocity na . Using Gauss' theorem, the total charge, Q, can
be obtained by integrating (2.103) over one of the spacelike hypersurfaces� t ,

Q = �
Z

� t

p
j
 jnaJ ad3x; (2.104)

where j
 j is the determinant of the spacial metric 
 ab, and d3x is the invariant volume element
on � t . This integrated charge will then be a constant, regardlessof any dynamics. Observe how
conservation is manifest for divergencelessfour-vectors regardlessof spacetime symmetry. The
situation is di�eren t for tensorsof rank-two or more|conserv ation there dependson the existence
of Killing vectors.

2.3.2 Conserv ation of Energy and Momen tum

The (rank-t wo) stress-energytensor Tab is by construction divergenceless,

r aT ab = r aT ba = 0: (2.105)

12 For the spherically symmetric spacetime in polar-areal coordinates, the constrain t equations and slicing condition
have been reduced to ordinary di�eren tial equations (2.64), (2.65) and (2.71) which can easily be integrated. In this
case, the system also possessesno radiativ e degreesof freedom.
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In situations where the spacetimepossessesa timelik e Killing vector �eld ta , the contraction

� T = na tbT ab (2.106)

is the energy density measuredby an observer with four-velocity na . And when the spacetime
possessesa spacelike Killing vector �eld sa , the quantit y

� S = � nasbT ab (2.107)

represents the momentum density in the direction of sa . Then integrals

T =
Z

� t

p
j
 jna tbT abd3x (2.108)

and

S = �
Z

� t

p
j
 jnasbT abd3x (2.109)

respectively represent the total conservedenergyand total conservedcomponent of momentum. For
instance, S could be the radial, angular, or other-directional momentum, the speci�cs depending
on Killing vector sa .

2.4 Regularit y Conditions

In simulations presented later in this dissertation I employ coordinate systemswhich becomede-
generate over �nite sets of spatial coordinate values. Speci�cally , in the spherically symmetric
simulation of charged scalar critical collapsein Chapter 3, I use the (t; r; � ; � ) polar-areal coordi-
nate system over a range which includes r = 0. Similarly, in Chapter 4, I study axially symmetric
charged scalar accretion in (t; r; � ; � ) Kerr-Schild coordinates over a range which includes � = 0
and � = � . The system of equations to be evolved sometimesbecomesingular at r = 0 for the
polar-areal coordinates, and at � = 0 or � = � for Kerr-Schild. In caseswhere the equations do
not explicitly diverge, the evolution often becomesnumerically unstable at the degeneratepoints
unlessthe equations are recast in a more appropriate form. The form they take on is determined
by so-calledregularity conditions at the degeneratecoordinate values [6], [45].

2.4.1 Regularit y at r = 0 in Polar-Areal Coordinates

Following [6], I say a tensorial quantit y is regular at r = 0 of the (t; r; � ; � ) polar-areal coordinate
system if and only if its components can there be expandedin non-negative integer powers of the
(x; y; z) spatial Cartesian components de�ned

x = r sin � cos� ; (2.110)

y = r sin � sin � ; (2.111)

z = r cos� : (2.112)

Clearly, assumingneither the spacetimenor matter are anywhere singular, I should ensure that
all physical quantities are in this senseregular. Once the regularity conditions have been deter-
mined for the physical quantities, their consequencesshould be consistently propagated through
the equations of any unphysical auxiliary variables. For example, under this de�nition, a physical
rank-zero tensor quantit y such aselectric chargedensity, � Q , or scalar �eld amplitude, � = �( t; r ),
would to leading order have to be an even function of radial coordinate at r = 0. This would in
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turn imply that an auxiliary variable such as

� r (t; r ) � @r � (2.113)

would by consequencehave to be an odd function of r and therefore vanishing about r = 0.
Furthermore, as the electric �eld is a rank-one tensor, the radial component E r would have to be
odd in r in order to be regular there. Indeed, if I were to integrate charge density � Q over space,I
would �nd that E r would have to be odd about r = 0 by consequenceof � Q being even there (cf.
Appendix C). This line of argument is similarly applied to determine the nature of each function
about r = 0 in the evolution leading to critical collapseof charged scalar �elds in Chapter 3.

2.4.2 Regularit y at � = 0 and � = � in Kerr-Sc hild Coordinates

Extending the de�nition, I say a tensorial quantit y is regular at � = 0 and � = � of the (t; r; � ; � )
Kerr-Schild coordinate systemif and only if its components canbeexpandedin non-negative integer
powers of its (x; y; z) spatial Cartesian components at thesecoordinate values. As a consequence,
physical rank-zero tensors such as the scalar �eld, � = �( t; r; � ), or charge density, � Q , are to
leading order in � even functions about � = 0 and � = � . By de�nition, auxiliary quantit y

� � (t; r; � ) � @� � (2.114)

would then have to be odd at these degeneratecoordinate values. The components of a physical
rank-one tensor can similarly be determined. For example, regularity requires the radial and axial
components, E r and E � , of the electric �eld vector be even to leading order in � , and the angular
component, E � , be odd in � about � = 0 and � = � . The regularity conditions are obtained and
enforcedfor all functions in Chapter 4.

2.5 The Sommerfeld Condition

When studying a dynamical system|or any system, for that matter|on a �nite spatial domain,
properties of the system on the domain boundary must be considered. The exact properties may
or may not be known. If not known, the only choice is to apply approximate boundary conditions
and examinewhether they are su�cien t for the purposeof current investigation.

As an example of a system where exact boundary conditions can be determined, consider the
spherically symmetric masslessKlein-Gordon equation

r ar a �( t; r ) = 0 (2.115)

in Mink owski spacetime. In the usual (t; r; � ; � ) spherical polar coordinates, the spacetimeis de-
scribed by line element

ds2 = � dt2 + dr2 + r 2d
 2 ; (2.116)

where
d
 2 = d� 2 + sin2 � d� 2 : (2.117)

The spherically symmetric masslessKlein-Gordon equation (2.115) can then be written

@tt (r �) = @r r (r �) ; (2.118)

where @tt denotes the secondpartial derivative with respect to temporal coordinate t, and @r r

designatesthe secondpartial derivative with respect to radial coordinate r . There are both ingoing
and outgoing solutions to (2.118), the ingoing being given by

(r �)( t; r ) = f (c� t + r ) ; (2.119)
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f (c� t + r ) being an arbitrary function of its single variable, while the outgoing solution is given by

(r �)( t; r ) = g(c+ t � r ) ; (2.120)

g(c+ t � r ) again being an arbitrary function of just one variable, c� being the ingoing wave speed
and c+ being the outgoing wave speed. The wave speedsare given by solutions of the radial null
geodesicequation, here �

dr
dt

�

�
= c� = � 1 : (2.121)

From (2.119) it follows that ingoing solutions can be written

@t (r �) � (c� )@r (r �) = 0 ; (2.122)

while from (2.120) it can be shown that outgoing solutions have the form

@t (r �) + (c+ )@r (r �) = 0 : (2.123)

A radial in
o w boundary condition for (2.115) then is given exactly by (2.122), while radial out
o w
is given exactly by (2.123). When applied at the domain boundary, equation (2.123) is commonly
known as an outgoing radiation boundary condition or the Sommerfeldcondition (cf. [135], [136]).

2.5.1 The Sommerfeld Condition in Polar Areal Coordinates

In the spacetimedescribed by polar areal metric

ds2 = � � 2dt2 + a2dr2 + r 2d
 2 ; (2.124)

where � = � (t; r ), a = a(t; r ), and d
 2 again is given by (2.117), the Sommerfeldcondition (2.123)
will exactly describe out
o w conditions of the masslessKlein-Gordon equation when � = 1 and
a = 1 on the boundary. The Sommerfeld condition can still be applied when the spacetime is
curved, but the quality of its approximation to perfect out
o w will have to be tested. In the case
of curved spacetime,radial null geodesicssatisfy

�
dr
dt

�

�
= c� = �

� �
a

�
; (2.125)

and so the (now approximate) condition (2.123) becomes

@t (r �) +
� �

a

�
@r (r �) = 0 : (2.126)

In Chapter 3 (2.126) is usedto study the critical gravitational collapseof chargedmassive complex
scalar �elds in spherical symmetry. While only approximate, the condition is su�cien t for the
choicesof scalar �eld parameters and coordinate range, as demonstrably little in
o w or re
ection
is observed from the domain boundary.

2.5.2 The Sommerfeld Condition in Kerr-Sc hild Coordinates

Suppose, instead, the masslessKlein-Gordon equation is evolving in the spacetimeof a rotating
black hole described by the Kerr metric. In (t; r; � ; � ) Kerr-Schild coordinates, this spacetime is
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described by the line element

ds2 = �
�

1 �
2M r

�

�
dt2 +

�
1 +

2M r
�

�
dr2 + � d� 2 + sin2 �

�
r 2 + a2 +

2M ra2 sin2 �
�

�
d� 2

+
�

4M r
�

�
dtdr �

�
4M ra sin2 �

�

�
dtd� � 2a sin2 �

�
1 +

2M r
�

�
drd� ; (2.127)

where
� � r 2 + a2 cos2 � ; (2.128)

a �
J
M

; (2.129)

t is the temporal coordinate, and r , � and � are respectively the radial and angular spatial coordi-
nates, M represents the total massof the black hole spacetimeand J its total angular momentum.
In this case,the radial null geodesicssatisfy equation

0 = �
�

1 �
2M r

�

�
dt2 +

�
4M r

�

�
dtdr +

�
1 +

2M r
�

�
dr2 ; (2.130)

and so the wave speedsare
�

dr
dt

�

�
= c� =

�
� 2M r=� � 1
1 + 2M r=�

�
: (2.131)

Assuming the scalar �eld wavefronts are nearly sphericalat the domain boundary, the approximate
Sommerfeldcondition can then be written

@t (r �) +
�

� 2M r=� + 1
1 + 2M r=�

�
@r (r �) = 0 : (2.132)

This approximate boundary condition is usedin Chapter 4 when studying the dynamics of electro-
magnetic radiation and chargedmassivescalar �elds on a Kerr spacetimebackground. As discussed
above, the implementation must be tested for in
o w and re
ections o� the outer boundary. In doing
so (2.132) is found su�cien t for the purposesof the study.

To conclude, the Sommerfeld condition is often acceptable in practice. The computational
boundaries can always be moved su�cien tly far from regions of physical interest that partial re-

ections at late time will add only a tolerably small error to the solution. In situations wheremore
precisely outgoing conditions are required on the boundary of a �nite domain, a technique using
boosted coordinates in conjunction with numerical dissipation can be applied. However, as the
Sommerfeldcondition is su�cien t for the investigations presented in Chapters 3 and 4, discussion
of this boosted coordinate method is reserved for Appendix D.
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CHAPTER 3

CHAR GED SCALAR CRITICAL COLLAPSE

3.1 Preliminary Discussion

3.1.1 Con text of This Study

The near-critical collapseof a charged massive scalar �eld in spherical symmetry is studied in this
chapter. Critical phenomenain gravitational collapsehave been brie
y discussedin the Chapter
1. More important, the interested reader can accessa signi�can t amount of review work on this
subject, most notably due to Gundlach [59], [60], along with other detailed accounts of previous
studies of critical phenomenain spherical symmetry. The latter include Ph. D. thesesof many
of Choptuik's former students (speci�cally , Liebling [93], Neilsen [106], Hawley [64], Honda [77],
Pretorius [127], Ventrella [144], Noble [108], Olabarrieta [117] and Lai [92]).

Brie
y , the readeris reminded that, in traditional critical behaviour, a critic al solution hascome
to be identi�ed as a type of separatrix (in solution space)betweensolutions modelling collapseto
a black hole from those which do not. This separatrix has a small number of unstable modes|
indeed, often only a single unstable mode|in perturbation theory. Even within the context of
sphericalsymmetry, in which the bulk of critical phenomenacomputations|including those in this
chapter|ha vebeencarried out, critical solutions are characterizedby additional symmetry relative
to genericsolutions admitted for the model. To date, the additional symmetry has beenof one of
two types,each of which is further sub-typed asto whether the symmetry is discreteor continuous.

This has lead to the following classi�cation hierarchy of critical solutions. In the top of this
hierarchy, the phasetransition betweenblack hole spacetimesand those that are not are classi�ed
�rst or secondorder (Type I or Type I I respectively) depending on whether or not the minimum
black hole mass above threshold is �nite or in�nitesimal. Historically, this motivation through
observation that the mass could be viewed as an order parameter traces back to Christodoulou
[36] and Evans [46]. Now, in the second level of this hierarchy, the solutions are further sub-
classi�ed as either discrete or continuous, depending on their symmetry. As discussedin Chapter
1, one of the additional symmetries of Type I I solutions is spatiotemporal discrete self-similarity
(DSS). Continuously self-similar (CSS) and static solutions have also been found for Type I I case
in sphericalsymmetry. On the other hand, Type I solutions in sphericalsymmetry have beenfound
to additionally possessa time-translational symmetry, which manifestsaseither (discrete) periodic
or (continuous) static evolution. This classi�cation hierarchy is presented with examplesin Table
3.1.

One of the more novel features of the model studied in this chapter|shared with those of
[24], [12] and [16] (for the massive real scalar �eld), [26] and [29] (for SU(2) Yang-Mills), [9] and
[10] (for the SU(2) Skyrme model), [63], [64], [65] and [92] (for massive complex scalar �elds),
and [114] and [108] (for perfect 
uids)|is the existenceof both Type I and Type I I behaviour.
This arisesfrom dimensionful terms in the matter Lagrangian that set a length scalewhich factors
into the type critical solution obtained. In the limit of small scalar �eld mass m � , and for an
appropriate range of electric coupling parameter e, the massive charged scalar �eld solutions at
black hole threshold should observe the Type I I scaling relations noted in [66], [68] and [58]. The
existenceand properties of charged boson star solutions (see [79], [80], [81]), together with the
current understanding of massive scalar critical phenomena,suggestthat Type I critical solutions
resembling perturb ed charged boson stars should exist for an appropriate set of initial conditions
and range of parameter values e and m � [31]. However, details regarding the emergenceand
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critical solution additional symmetry example (from spherical symmetry)

Type I continuous (static) SU(2) Yang-Mills [26], [29]

SU(2) Skyrme [9]

perfect 
uids [108]

discrete (periodic) massive real scalar �eld [12], [16]

Type I I continuous (static) SU(2) Skyrme [10]

continuous (CSS) perfect 
uids [114], [108]

discrete (DSS) massive real scalar �eld [24]

SU(2) Yang-Mills [26], [29]

Table 3.1: Classi�cation hierarchy of critical solutions. At the top of the hierarchy, the solutions
are classi�ed aseither Type I or Type I I. In Type I, near-critical black hole massesare
�nite. The spherically symmetric Type I solutions are further sub-typed by additional
symmetry as either continuous (static) or discrete (periodic). In Type I I, near-critical
black hole massesare in�nitesimal. The spherically symmetric Type I I solutions are
further sub-typed by additional symmetry as either continuously self-similar (CSS) or
static, or discretely self-similar (DSS). Examples are given from spherically symmet-
ric computations for each of these sub-types. All of the tabulated example models
allow both Type I and Type I I solutions, depending on parameter values and initial
conditions.

properties of such solutions have not beendocumented elsewhere.
Note that the study described below has much in common with those of Brady, Chambers

and Goncalves [12], [16], Hod and Piran [66], [68], Gundlach and Martin-Garcia [57], Hawley and
Choptuik [63], [64], [65] and Lai [92]. Also note that, for the caseof the Type I I behaviour described
herein, the results of Hod and Piran [66], [68] are expected to be signi�can tly more accurate, and
possessive of better convergenceproperties due to the fact that they were computed using a high-
order unigrid technique, originally due to Gar�nkle [52], tailored to the critical solution. The
value of this particular study then, has been largely one of providing further con�rmation of the
view described by Gundlach and Martin-Garcia [57], and Hod and Piran [66], [68] with regardsto
charge scaling in the model, as well as completeness,as yet another caseof critical collapsehas
beenexaminedand the basic theoretical understanding of the phenomenologyfound solid. Perhaps
most important, this study has provided valuable experienceand insight into the nature of critical
phenomena. This experience is likely to be vital in the studies of non-spherical charged collapse
planned for the future.

3.1.2 Issues Regarding Horizons

Beforesolving the Einstein-Maxwell-Klein-Gordon equationswith electromagneticallycoupledcom-
plex scalar �eld sources,it is prudent to �rst considerwhat global structure one could expect for
the spacetime. Even the spherically symmetric gravitational collapse of simple charged matter
is nontrivial. The spacetimethat results is one of a spherically symmetric charge-carrying black
hole with somedynamic spherically symmetric charged matter distribution in its exterior. How-
ever, a generalization of Birkho� 's theorem guarantees the spacetime external to all matter is
represented by the static Reissner-Nordstr•om solution. While the maximal analytic extension of
Reissner-Nordstr•om spacetimeis described by the Penrosediagram 3.1, it doesnot actually depict
the spacetimegeneratedby the realistic collapseof charged matter in spherical symmetry.

The dynamical evolution of a charged spherical shell of dust has been described in detail by
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Figure 3.1: Penrosediagram showing causalstructure of Reissner-Nordstr•om spacetime(cf. [62]).
I and I' depict asymptotically 
at regionsof the spacetimeoutside the black hole. I I
and I I' are interior to the event horizon at r = r + , while interior regionsI I I and I I I'
are separatedfrom II and I I' by the Cauchy horizonsat r = r � . I + represents future
null in�nit y and I � past null in�nit y, while i � represents past timelik e in�nit y, i +

future timelik e in�nit y and i 0 spacelike in�nit y. The singularity at r = 0 is timelik e,
and can thus be avoided by a timelik e tra jectory.
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Figure 3.2: Conformal diagram for gravitational collapseand apparent horizon formation for a
spherical shell of charged dust when the charge is too small to prevent spacelike
singularity formation in its interior (cf. [11]). I + represents future null in�nit y, I � is
past null in�nit y, i 0 is spacelike in�nit y, and i + represents future timelik e in�nit y. An
apparent horizon forms at radial coordinate r = r + , and r = r � represents a Cauchy
horizon. The spacetimesingularity is spacelike and appearsin the interior at r = 0.

Boulware [11] for various valuesof total mass,M , total charge, Q, and total rest massM .1 While
the spacetimeinterior to the spherically symmetric distribution is 
at, the complete structure of
spacetimeis generally complicated and dependent on the valuesM , Q and M . For example, if the
charge carried by the matter is su�cien tly small, it will not be able to prevent the formation of a
spacelike spacetimesingularity in its interior by electrostatic repulsion. In this case,the collapse
will follow the evolution shown in Figure 3.2, which is a conformal diagram showing formation of
an apparent horizon at radial coordinate value r = r + during evolution. The spacetimesingularity
appears in the interior at r = 0, and there exists a Cauchy horizon at r = r � beyond which
spacetimeis not determined by Einstein's equationswith the given initial data. In the casewhere
charge Q is large enough to prevent spacelike singularity formation, the evolution proceedsas
depicted in Figure 3.3. An apparent horizon still forms at r = r + , and a Cauchy horizon at
r = r � . A singularity again forms within the apparent horizon, but outside the charged matter.
This singularity is now timelik e and therefore can be avoided by the evolving matter. In fact, once
inside r = r+ , the matter can passthrough r = r � , and, avoiding the singularity, re-expand into a
secondasymptotically 
at region of space.

However, the casewhere a charged shell collapsesto leave a black hole spacetimewith timelik e
singularity is thought to be unrealistic. In fact, Penrosewas�rst to notice that an observer crossing
Cauchy horizon r = r � would seethe entire history of asymptotically 
at regions in a �nite time
[122], implying that r = r � should be unstable to small perturbations as later demonstrated
in [100]. Meanwhile, by studying generic self-gravitating charged scalar �eld collapse, Hod and
Piran were the �rst to demonstrate that in addition to the spacelike singularity at r = 0, a null
singularity forms along the Cauchy horizon which then contracts and meetsthe spacelikesingularity

1Novik ov similarly studied the evolution of a shell of charged matter in [115].
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Figure 3.3: Conformal diagram for gravitational collapseand apparent horizon formation for a
spherical shell of charged dust when the charge is large enough to prevent spacelike
singularity formation in its interior (cf. [11]). I + represents future null in�nit y, I � is
past null in�nit y, i 0 is spacelike in�nit y, and i + represents future timelik e in�nit y. An
apparent horizon forms at radial coordinate r = r + , and r = r � represents a Cauchy
horizon. A spacetimesingularity again appears at r = 0, but it is now timelik e and
exterior to the matter.
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Figure 3.4: Conformal diagram for gravitational collapseand horizon formation for a spherically
symmetric distribution of charged scalar �eld matter (cf. [72], [73]). I + represents
future null in�nit y, I � is past null in�nit y, i 0 is spacelike in�nit y, and i + represents
future timelik e in�nit y. An apparent horizon forms at radial coordinate r = r + , and
r = r � represents a Cauchy horizon. A spacelike singularity forms in the interior at
r = 0. Meanwhile, a weak null singularity forms along the Cauchy horizon and then
contacts to meet the spacelike singularity at r = 0.

at r = 0 [72], [73]. This scenario is depicted in Figure 3.4. These results were con�rmed and
analyzed in somewhat greater detail by Oren and Piran [119]. Furthermore, their investigations
demonstratedthe contracting null singularity is weak, in that an observer crossingit will experience
only �nite tidal forces(cf. [120], [121]). Sowhile their future is unpredictable after crossingr = r � ,
observerscan ultimately still escape to a causally disconnectedregion of spacetimewhich may also
be asymptotically 
at.

The salient feature of all these charged matter collapse scenarios is the appearance of the
apparent horizon, outside which the spacetimeis still predictable, regardlessof any details within
the Cauchy horizon. This property is what allows the useof any of a large number of coordinates
to model processesleading up to the formation of a black hole by charged matter. Providing I am
not interested in evolution beyond apparent horizon formation, non-penetrating coordinates are a
completely suitable choice. The system of equations used in simulations of critical gravitational
collapseof charged massive scalar �elds now follows.

3.2 System of Equations

3.2.1 The Matter Lagrangian and Equations of Motion

The Lagrangian for a massive electromagnetically coupled complex scalar �eld is given by [62]

L M =
p

� g[� (r a � � ieA a �)( r a � � + ieA a � � ) �
1
4

F abFab � m 2
� � � �] ; (3.1)
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where m� is the scalar �eld massparameter, e sets the strength of electromagnetic coupling be-
tweenthe real and imaginary components of complex scalar �eld � = �( t; r ), the symbol � denotes
complex conjugation, Aa = Aa(t; r ) is the electromagnetic vector potential, and Fab is the anti-
symmetric electromagnetic �eld strength tensor de�ned according to

Fab = r aAb � r bAa : (3.2)

In terms of its real and imaginary components (respectively � 1 = � 1(t; r ) and � 2 = � 2(t; r )) the
scalar �eld is written

� = � 1 + i� 2 : (3.3)

To make connection with the physical �elds, an observer moving with four-velocity na would
measurean electric �eld

Ea = Fabnb (3.4)

and a magnetic �eld

Ba = �
1
2

� cd
ab Fcdnb ; (3.5)

where � abcd is the totally antisymmetric tensor of positive orientation. 2

The set of Euler-Lagrangeequations for the system described by (3.1),

@L M

@�
� r a

�
@L M

@(r a �)

�
= 0 ;

@L M

@� � � r a

�
@L M

@(r a � � )

�
= 0 ; (3.6)

@L M

@Ab
� r a

�
@L M

@(r aAb)

�
= 0 ; (3.7)

yields equations of motion3

r a r a � � + 2ie(r a � � )Aa � e2� � AaAa + ie� � r aAa � m 2
� � � = 0 ; (3.8)

r ar a � � 2ie(r a �) Aa � e2� AaAa � ie� r aAa � m 2
� � = 0 ; (3.9)

r aFab � ie(� � r b� � � r b� � ) � 2e2�� � Ab = 0 : (3.10)

I have the freedom to choose an electromagnetic gauge condition. I choose the Lorentz gauge
condition

r aAa = 0 : (3.11)

This provides me with an equation of evolution for the temporal component of Aa .
Furthermore, sinceit can be demonstrated that

r aJ a = 0 ; (3.12)

where

� J b � r aF ab = ie(� � r b� � � r b� � ) + 2e2�� � Ab; (3.13)

I concludeJ a is a conserved current.4

2 � abcd has norm given by � abcd � abcd = � 24, and � 0123 = 1 in a righ t-handed orthonormal basis.
3Under decomposition (3.3) it is clear that (3.8) and (3.9) are completely equivalent.
4The choice of sign and normalizing factor on J b are somewhat arbitrary . A di�eren t choice of sign would later

intro duce a factor of � 1 in the value of the electric charge density � Q .
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3.2.2 The Einstein Lagrangian and Field Equations

The Einstein Lagrangian is
L G =

p
� gR ; (3.14)

and the total Lagrangian is given by minimally coupling the matter Lagrangian to the geometry
via

L = L G + � M L M ; (3.15)

wherecoupling constant � M will have to be chosento give the correct normalization for the stress-
energy tensor of the matter �eld.

The Einstein �eld equations are obtained by variation of the action

S[gab; � ; � � ; Aa ] =
Z

Ld4x (3.16)

with respect to gab. They are

Gab = Rab �
1
2

gabR = 8� Tab ; (3.17)

where the stress-energytensor Tab is given by

Tab =
� M

8�
1

p
� g

�
�

@L M

@gab +
1
2

gabL M

�
: (3.18)

Using (3.1) and (3.18) I explicitly obtain

Tab =
1
2

(r a � r b� � + r b� r a � � ) �
1
2

ie [(� r b� � � � � r b�) Aa + (� r a � � � � � r a �) Ab]

+ e2�� � AaAb +
1
2

FacFbdgcd �
1
2

gab[(r c� � ieA c�)( r c� � + ieA c� � ) +
1
4

F cdFcd

+ m 2
� � � �] ; (3.19)

where � M = 8� has been chosen in order that I retrieve the Einstein-Maxwell-Klein-Gordon
equations from (3.17).

3.2.3 The Spacetime Metric and Equations

While many coordinate systemscould be used to study the critical collapseof a massive charged
scalar �eld, oneconvenient choice is polar-areal. As presented in subsection2.1.8, the line element
of a spherically symmetric spacetimein polar-areal coordinates is

ds2 = � � 2dt2 + a2dr2 + r 2d
 2; (3.20)

where � = � (t; r ), a = a(t; r ), d
 2 = d� 2 + sin2 � d� 2, t is the temporal coordinate, and r , � and �
are respectively the radial and angular spatial coordinates. Again, the future-directed unit-norm
spatial hypersurfaceorthogonal vector is na = (1=�; 0; 0; 0), and the spatial metric is


 ab = diag
�
a2; r 2; r 2 sin2 �

�
: (3.21)

Clearly, as the divergenceof a2 marks the formation of an apparent horizon, this coordinate sys-
tem becomessingular and is therefore horizon non-penetrating. With the choice I'v e made for
normalization of the electromagnetic �eld Lagrangian density, the massaspect function takes on
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the form

m =
r
2

�
1 �

1
a2 +

q2

4� r 2

�
; (3.22)

where m = m(t; r ) is the gravitational massand q = q(t; r ) is the electric charge of the source.
Finally, the Hamiltonian constraint is

a0

a
+

a2 � 1
2r

� 4� r a2� = 0; (3.23)

the momentum constraint is
_a � 4� r a�j r = 0; (3.24)

and the polar slicing condition is

� 0

�
�

a2 � 1
2r

� 4� r a2Sr
r = 0; (3.25)

where prime, 0, designated partial di�eren tiation with respect to radial coordinate r , overdot, _,
designatespartial di�eren tiation with respect to temporal coordinate t.5 The explicit forms of �
(energy density), j r (momentum density) and Sr

r (stress tensor) are

� = Tabnanb

=
1
2

�
1
a2

�
[� � � �

� + (� r � ie� A r ) (� �
r + ie� � A r )] +

1
4

(� r )2 +
1
2

m 2
� �� � ; (3.26)

j r = �? (T a
r na)

= �
1
2

�
1
a

�
[(� �

r + ie� � A r ) � � + (� r � ie� A r ) � �
� ] ; (3.27)

Sr
r = ? T r

r

=
1
2

�
1
a2

�
[� � � �

� + (� r � ie� A r ) (� �
r + ie� � A r )] �

1
4

(� r )2 �
1
2

m 2
� �� � ; (3.28)

where � � = � � (t; r ), � r = � r (t; r ), and � r = � r (t; r ) are de�ned below in equations(3.30), (3.31)
and (3.38).

3.2.4 Matter Equations in First-Order Form

I can rewrite equation of motion (3.9) as

r a (r a � � ieA a �) � ieA a (r a � � ieA a �) � m 2
� � = 0 : (3.29)

Then, computing covariant derivatives of (3.29) for metric (3.20), the equation of motion is a
relatively simple expression.I chooseto re-expressit in �rst order form. De�ning

� � (t; r ) � naa (r a � � ieA a �) ; (3.30)

� r (t; r ) � @r � ; (3.31)

5However, to eliminate divergencesand loss of numerical precision when a and � approach values close to zero,
the Hamiltonian constrain t and slicing condition are best solved using logarithmic variables A � ln a and L � ln � .
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where @r designatespartial di�eren tiation with respect to coordinate r , equation of motion (3.29)
becomesthe following triplet

_� � = 3@r 3

h
r 2 �

a
(� r � ieA r �)

i
� ie

h�
a

(� r � ieA r �) A r � � � A t

i
� �am 2

� � ; (3.32)

_� r = @r

h�
a

(� � ) + ieA t �
i

; (3.33)

_� =
h�

a
(� � ) + ieA t �

i
; (3.34)

whereoverdot, _, again designatespartial di�eren tiation with respect to t, and I have usedthe chain
rule to rewrite the partial derivative with respect to r as a partial derivative with respect to r 3,
designated@r 3 .6

As with the scalar �eld, I chooseto write and evolve the spatial part of Aa in �rst order form.7

De�ning

� r (t; r ) � na 1
a

(r aA r � r r Aa ) ; (3.38)

A tr (t; r ) � @r A t ; (3.39)

the Euler-Lagrange equation for the spatial component of Aa becomesthe following set of three
equations

_� r =
�
a

(Jr ) ; (3.40)

_A r = [�a (� r ) + A tr ] ; (3.41)

A tr = @r (A t ) ; (3.42)

where (3.13) gives
Jr = � ie(� � � r � �� �

r ) � 2e2�� � A r : (3.43)

Finally, while the Lorentz gaugecondition is already in �rst order form, I �nd it convenient to
de�ne


 t (t; r ) � naaAa ; (3.44)

� t (t; r ) � _
 t ; (3.45)

6By using the chain rule as per
@f

@r
=

@r n

@r

@f

@r n
= nr n � 1 @f

@r n
(3.35)

numerically unsuitable forms such as
1

r 2

@f

@r
(3.36)

at r = 0 can be rewritten more appropriately as

1

r 2

@f

@r
= 3

@f

@r 3
: (3.37)

The �rst appearance in the literature of numerical relativit y for this application of the chain rule was [45].
7 It can be demonstrated that in spherical symmetry the components A � and A � must completely decouple from

the system of equations. I am therefore free to set them both to zero for all time.
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and recast the gaugecondition as the triplet

� t = 3@r 3

h
r 2 �

a
(A r )

i
; (3.46)

_
 t = � t ; (3.47)

A t =
�
a

(
 t ) ; (3.48)

wherethe chain rule hasagain beenapplied to recastthe di�eren tial equation in a more appropriate
form.

3.2.5 Ph ysical and Conserv ed Quan tities

The only non-vanishingelectromagnetic�eld component measuredby an observer with four-velocity
na can be expressed

Er = � a� r ; (3.49)

the temporal component of the current four-vector can be written

Jt = ie
�
a

(� � � � � �� �
� ) ; (3.50)

and the conserved electric charge density expressed

� Q = � ie
1
a

(� � � � � �� �
� ) : (3.51)

Outside gravitational sources,where ta = (1; 0; 0; 0) is a timelik e Killing vector �eld, the quantit y

� T =
1
2

� �
a2

�
[� � � �

� + (� r � ie� A r ) (� �
r + ie� � A r )] +

1
4

� (� r )2 +
1
2

�m 2
� �� � (3.52)

is a conserved energy density. Then, from (2.104), the total charge,

Q =
Z 2�

� =0

Z �

� =0

Z 1

r =0
� Q

�
ar2 sin �

�
drd� d� ; (3.53)

will be constant. Similarly, from (2.108), the total energy,

T =
Z 2�

� =0

Z �

� =0

Z r 2

r = r 1

� T
�
ar2 sin �

�
drd� d� ; (3.54)

will also be constant if no gravitational sourcesresidewithin r 1 � r � r2.

3.2.6 Regularit y, Boundary Conditions and Dissipation

According to the de�nitions of section2.4 (cf. [6], [45]), the regularity conditions for functions listed
above require that matter variables �, � � , A t , 
 t , � t Jt , � Q and � T are, to leading order, even in
r about r = 0. Variables � r , A r , � r , A tr , Jr and Er will to leading order be odd. For the leading-
order-even variables I enforce regularity at the grid point corresponding to r = 0 by applying a
quadratic �x as listed in Appendix C. Meanwhile, the regularity condition of the leading-order-odd
variables is enforcedby setting the functions equal to zero at the degeneratepoint.

I apply the (approximate) Sommerfeldoutgoing radiation condition to � at the computational
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domain boundary r = r max . As discussedin Chapter 2, this condition adopts the form

@t (r �) +
� �

a

�
@r (r �) = 0 (3.55)

for the spherically symmetric metric in polar areal coordinates. Assuming spacetimeis essentially

at at r = rmax , condition (3.55) reducesto

@t (r �) + @r (r �) = 0 : (3.56)

Observe how (3.55) and (3.56) assumeboth e and m � have an insigni�can t e�ect on scalar �eld
dynamics at the boundary. It can be shown that, under theseassumptions,an approximate Som-
merfeld condition can also be written for � � as per

@t (r � � ) + @r (r � � ) = 0 : (3.57)

Assuming r = rmax is su�cien tly large, an approximate Sommerfeld condition can similarly be
written for � r . I implement the theseequations(and all others containing partial derivativesin r )
using backwards spatial di�erencing operators.

Sincethe Hamiltonian constraint is solvedby integrating outwards, I imposethe inner boundary
condition

a(t; 0) = 1 (3.58)

on metric function a(t; r ). Function a is set to unit y here becausethis is the 
at-space value the
metric takesinterior to a spherically symmetric matter distribution. Meanwhile, for � (t; r ) I impose
an outer boundary condition

� (t; rmax ) =
1

a(t; rmax )
: (3.59)

The condition is for the outer boundary becauseI solve the slicing condition by integrating inwards
from r = rmax . Furthermore, the speci�c choice a� 1(t; rmax ) is used becauseof the analogy with
Reissner-Nordstr•om spacetime in which the temporal and radial metric functions are reciprocal.
Finally, regularity for metric functions a and � requiresthey be even to leading order in coordinate
r about r = 0.

I employ Kreiss-Oliger dissipation as discussedin Appendix C. The dissipation is added to
all functions whose evolutionary equations explicitly include derivatives with respect to t. The
completeset is �, � r , � � , A r , � r , 
 t and amom , whereamom represents the metric function a(t; r )
when solved using the momentum constraint (3.24). Since the Kreiss-Oliger dissipation operator
has a stencil8 �v e points wide, it is only applied at locations two grid points from the bounds of
the computational domain (r = 0 and r = r max ). Finally, I �nd the value � = 0:5 a good choice
for the adjustable dissipation parameter in all simulations presented. With the choice of Courant
factor � = 0:5, the systemof equationsevolvesstably under the Crank-Nicholson iterativ e scheme.

3.3 Results

3.3.1 Initial Data Pro�les

The basic idea is to choosea family of initial data parametrized by a single variable p and let the
systemevolve. Observing the dynamics, I note whether or not the outcome is formation of a black
hole at somefuture time. I then successively adjust the value of p to the critical value p� which
marks the threshold of black hole formation: if p > p� the system forms a black hole, if p < p� it
doesnot.

8A stencil is essentially a list of the set of points on which a �nite di�erence operator is dependent. Details and
discussion can be found in App endix C.
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Now, since the scalar �eld is complex

� = � 1 + i� 2 ; (3.60)

its conjugate momentum must also be complex

� � = � 1 + i � 2 ; (3.61)

where� 1 = � 1(t; r ) and � 2 = � 2(t; r ). From de�nition (3.30) it is evident the complexcomponents
of � � are explicitly

� 1 =
a
�

�
_� 1 + eAt � 2

�
; (3.62)

and
� 2 =

a
�

�
_� 2 � eAt � 1

�
: (3.63)

In terms of the �eld variables, electromagnetic coupling parameter, and metric components, the
electric charge density (3.51) is explicitly

� Q = �
2e
a

(� 1� 2 � � 2� 1)

= �
2e
�

�
� 1

_� 2 � � 2
_� 1 � eAt (� 2

1 + � 2
2)

�
: (3.64)

So while it may be tempting to ascribe positive charge to, say, scalar �eld component � 1 and
negative charge to � 2, the dependenciesof � 1 and � 2 on both � 1 and � 2 indicates that positive
and negative charge must simultaneously be attributed to both scalar �eld components. Families
of initial data can therefore possessa variety of chargedensity pro�les, depending on the choiceof
� 1, � 2, � 1, � 2 and e, and genericinitial data will evolve to a state with both positive and negative
charge density distributed within somevolume of space.9

For given valuesof e and m � , I choosefrom one of six di�eren t initial data families tabulated
below and tune a single free parameter to its critical value. Each of the six families are constructed
from initial Gaussianpro�les for � 1, � 2, � 1, � 2, A t and A r .10 That is,

� 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2) ; (3.65)

� 2(t = 0; r ) = a2 exp(� (( r � r 2)=� 2)2) ; (3.66)

� 1(t = 0; r ) = a3 exp(� (( r � r 3)=� 3)2) ; (3.67)

� 2(t = 0; r ) = a4 exp(� (( r � r 4)=� 4)2) ; (3.68)

A t (t = 0; r ) = at exp(� (( r � r t )=� t )2) ; (3.69)

9Furthermore, assumethat a system is assembled from two speciesof massive complex scalar �eld, both with the
same charge coupling parameter e, but one having a large mass parameter m � and the other a small one. Data could
always be constructed where the �eld with large mass parameter contributes a positiv e charge density at initial time,
while the �eld with small mass parameter contributes a negative charge density. However, as evident from equation
(3.64), generic evolution of the �eld with initial positiv e charge density will soon appear to carry a component of
negative charge, while the initially negative charge density �eld will appear to contribute some amount of positiv e
charge. While total charge of the ensemble will be conserved, neither positiv e nor negative contributions by either
�eld need remain separately constant. This behaviour is borne out by numerical simulation. It is in this sensethat
massive charged scalar �elds are incapable of modelling the generic behaviour of an ionized gas composed of heavy,
always positiv ely charged ions amid a cloud of ligh t, always negatively charged electrons.

10 From equation (3.43) a nonzero radial electric current requires e, � and � � to be nonzero. In addition, the
conditions for a nonzero current are either A r be nonzero, � r be nonzero, or � �

r be nonzero. Clearly , families A, B,
C and D of Table 3.2 satisfy the nonzero current condition at initial time if e 6= 0. Charge separation in these four
casescan therefore be said to originate at initial time t = 0. Furthermore, since families E or F do not satisfy the
requirements for nonzero radial current at initial time, charge separation can only occur when t > 0.
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and
A r (t = 0; r ) = ar exp(� (( r � r r )=� r )2) : (3.70)

The tuning parameter is always a1, at = ar = 0:0132,and depending on the family, a2, a3 and a4

take on valueseither 0.0 or 0.0132. For all families

r1 = r2 = r3 = r4 = 10:0 (3.71)

and
� 1 = � 2 = � 3 = � 4 = 2:0 : (3.72)

The spatial coordinate range is always 0 � r � 80. Finally, all solutions are computed on a �nite
di�erence grid with at least J = 3201grid points in the radial direction, and using adaptive mesh
re�nement as outlined in Appendix C.

family � 1, � 2, � 1, � 2 � Q (t = 0; r ; e 6= 0)

A � 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2), 6= 0

� 2(t = 0; r ) = a2 exp(� (( r � r 2)=� 2)2),

� 1(t = 0; r ) = a3 exp(� (( r � r 3)=� 3)2),

� 2(t = 0; r ) = a4 exp(� (( r � r 4)=� 4)2)

B � 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2), 6= 0

� 2(t = 0; r ) = 0,

� 1(t = 0; r ) = a3 exp(� (( r � r 3)=� 3)2),

� 2(t = 0; r ) = a4 exp(� (( r � r 4)=� 4)2)

C � 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2), 6= 0

� 2(t = 0; r ) = a2 exp(� (( r � r 2)=� 2)2),

� 1(t = 0; r ) = a3 exp(� (( r � r 3)=� 3)2),

� 2(t = 0; r ) = 0

D � 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2), = 0

� 2(t = 0; r ) = 0,

� 1(t = 0; r ) = a3 exp(� (( r � r 3)=� 3)2),

� 2(t = 0; r ) = 0

E � 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2), = 0

� 2(t = 0; r ) = a2 exp(� (( r � r 2)=� 2)2),

� 1(t = 0; r ) = 0,

� 2(t = 0; r ) = 0

F � 1(t = 0; r ) = a1 exp(� (( r � r 1)=� 1)2), = 0

� 2(t = 0; r ) = 0,

� 1(t = 0; r ) = 0,

� 2(t = 0; r ) = 0

Table 3.2: Critical gravitational collapseinitial data families A through F. The �rst column lists
the family and the secondcolumn speci�es the initial data pro�les for � 1, � 2, � 1 and
� 2 of that family. The third column lists whether or not the initial data can carry
nonzeroelectric charge density when e 6= 0.
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3.3.2 Results for e = 1:0 with m� = 0:0

As expected, I recover Choptuik's original discretely self-similar and universal solution [23] in the
limit e ! 0 and m� ! 0. For valuese = 1:0 with m � = 0:0 I again observe a discretely self-similar
and universal solution, but the near-critical solution now carries electric charge.

Discrete Self-Similarit y and Univ ersalit y

The solution represents itself as an in�nite seriesof echoesas the scalar �eld repeatedly attempts
to collapseto a black hole, but never quite makesit. With each failed attempt somescalar �eld is
shed,and the succeedingecho occurson an exponentially smaller spatial scaleafter an exponentially
shorter interval of time.

The discrete self-similarity of the critical solution is apparent in successive maxima of the
quantit y

2m(t; r )=r = (1 � a� 2) + Q 2=(4� r 2) ; (3.73)

whereQ = Q(t; r ) is the net chargeenclosedby a sphereof radius r at time t. For example,having
tuned to jp � p� j � 10� 16, I take the pro�le of 2m(t; r )=r at the maximum of its third echo for
family A and spatially rescaleit by a factor exp(�), � � 3:47. I then �nd the rescaledthird echo
pro�le matches that of the preceding (second) echo, consistent with the �ndings of [66] and [68].
This is displayed below in Figure 3.5. Meanwhile, universality of the solution is manifest in the
fact that all critical solutions exhibit like pro�les and that the scaling exponents � are essentially
the samefor all families A through F.

Mass and Charge Scaling

As the critical solution is approached from above, it would appear the back holes formed become
arbitrarily small as p ! p� . This is supported by the results presented in Figure 3.6. Down to
machine precision, black hole massesthere observe a power-law behavior

ln(mBH ) = 
 m ln ((p � p� )=p� ) + c1; (3.74)

where c1 is a family dependent constant. For family A I �nd a value 
 m � 0:385, consistent with
the results of [66], [68] and analysis of [57]. Not only do black hole massesobserve a power-law
relationship with respect to the critical parameter, but so do the black hole charges. Supporting
numerical results are presented in Figure 3.7. Similarly, this power-law has the functional form

ln( jQBH j) = 
 Q ln ((p � p� )=p� ) + c2; (3.75)

wherec2 is another family dependent constant. 11 However, 
 Q > 
 m sothe black hole shedscharge
more rapidly than masswith each successive echo asthe critical solution is approached from above.
For family A I �nd 
 Q � 0:854, again consistent with [66], [68] and [57], and also their prediction
that 
 Q � 2
 m . Explicitly , I show the charge to massratio of the black hole solutions in Figure
3.8. Clearly, while the ratio jQBH j=mBH decreasesexponentially as p ! p� , it is possibleto form
black holeswith 0 . jQBH j=mBH . 1 when su�cien tly far from the critical solution.

11 The data of Figure 3.7 suggest a small periodic wiggle superimp osed on the otherwise straigh t line �t, consistent
with the predictions and results of [57], [66] and [68]. While a similar periodic wiggle is known to exist for the mass
scaling relationship of both charged [57], [66], [68] and uncharged [58], [67] massive scalar �elds, the behaviour is
not apparent in Figure 3.6. The absence of a wiggle can there be attributed to numerical inaccuracy arising with
the divergence of polar areal radial metric function a(t; r ) just before apparent horizon formation. Of course, the
periodic wiggle could be explored further by examining maxim um spacetime curvature of subcritical solutions as
p ! p� from below.
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Figure 3.5: Discrete self-similarity for the critical solution of family A with e = 1:0, m � = 0:0
as demonstrated by spatially rescaling the third echo of 2m(t; r )=r by exp(�) and
comparing it to the unscaledsecondecho. The two echo pro�les agreesocloselytheir
di�erences are not apparent on the scaleof this �gure.
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Figure 3.6: Power-law scaling of the black hole massmBH as the critical solution is approached
from above for family A with e = 1:0 and m � = 0:0. Here, the scaling exponent is

 m � 0:385.
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Figure 3.7: Power-law scaling of the black hole chargeQBH as the critical solution is approached
from above for family A with e = 1:0 and m � = 0:0. Here, the scaling exponent is

 Q � 0:854.
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Figure 3.8: Chargeto massscalingof the black holesolutionsasthe critical solution is approached
from abovefor family A with e = 1:0 and m � = 0:0. The chargeof black holesolutions
decreasesmore rapidly than black hole massasp ! p� , indicating the exactly critical
solution will be uncharged. Furthermore, solutions with 0 . jQBH j=mBH . 1 can be
obtained when p is su�cien tly far from its critical value p� .
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3.3.3 Results for e = 1:0 with m� = 1:0

When the scalar �eld massparameter m � is su�cien tly larger than zero, the critical solution ceases
to bediscretely self-similar. Rather, it becomesperiodic|resem bling an oscillating perturb edboson
star with nonzeroelectric charge. Again, the existenceof such solutions is not surprising|not only
are charged boson star solutions known to exist [79], [80], [81], but the current understanding of
massive scalar critical phenomenawould also suggestthat critical solutions resembling perturb ed
chargedbosonstars should exist for an appropriate set of initial conditions and rangeof parameter
values e and m� [31]. However, the emergenceand details of such solutions were not previously
observed.

Figures 3.9, 3.10 and 3.11 show the maximum of 2m(t; r )=r and its location for an e = 1:0,
m� = 1:0 supercritical evolution of the family F when jp � p� j � 10� 16. Examining Figures 3.10
and 3.11 it is clear the nearly critical solutions are composedof a high frequencycomponent with
period � 4t modulated by a lower frequency of period � 40t. Assuming the results from [63],
[64] and [65] carry over to the situation presented here, the low frequency period � 40t can likely
be attributed to excitation of the �rst harmonic mode of an unstable boson star. However, the
occurrence of an additional higher frequency period (� 4t or otherwise) has not been noted in
previous studies of critical gravitational collapsein massive complex scalar �eld systems. But note
thosepreviousstudies involvedperturbation of (static) bosonstar initial conditions when obtaining
critical solutions. It is entirely possible initial conditions of that sort may actually disallow the
additional high frequency components as observed in this study. Finally, note the presenceof the
high frequencymode throughout the entire evolution (not just over the critical phase140. t . 450)
here indicates it is not unique to the critical solution, and somust be associated with more generic
properties of the scalar �eld evolution.

To investigate further consequencesof the additional high frequency mode, the scalar �eld
modulus at r = 0 is plotted as a function of time in Figure 3.12. It is there apparent how the
maxima of j�( t; 0)j follow a low frequency period likely equal to that of the �rst harmonic mode
of an unstable boson star. However, the scalar �eld amplitude also oscillates with a period � 4t,
dropping to nearly zero with each oscillation.12 Furthermore, careful examination reveals that
while the low frequency maxima of j�( t; 0)j occur in phasewith the low frequency mode maxima
of max(2m(t; r )=r), the high frequencyextrema of j�( t; 0)j occur exactly out of phasewith thoseof
max(2m(t; r )=r). This opposingphasecorrelation is observed throughout evolution, not just during
the critical phase140 . t . 450. Furthermore, the high frequency opposing phasecorrelation is
observedbetweenfunctions j�( t; 0)j and max(2m(t; r )=r) for (generic) evolution of this family when
p is far from p� .

To examine possiblecorrelation of the two dominant modes of oscillation and electric charge,
Figure 3.13 displays Q(t; r ), the total charge contained within spheresof r , for family F when
jp � p� j � 10� 16. The chosenvalues for r are r = �r , r = 2�r , r = 3�r and r = 4�r , where �r � 2:7
is the averageradius of max(2m(t; r )=r) over 150 . t . 360. This �gure shows how, just as for
j�( t; 0)j, the low frequency local maxima in Q(t; �r ) and Q(t; 2�r ) correlate with the low frequency
local maxima in max(2m(t; r )=r). Furthermore, a high frequencycomponent is observed in Q(t; �r )
and Q(t; 2�r ), as would be expected from the relationship between charge density and scalar �eld
amplitude. Notice how integration of charge density over larger radii e�ectiv ely averagesthe
dynamics observed in Q(t; r ). Finally, it is clear the averagevalue of Q(t; r ) tends towards zero
from above, indicating small net leakage of positive charge (or in
o w of negative charge) from
smaller (larger) radii during critical evolution.

Finally, to investigatewhether the additional high frequencymode stemsfrom electromagnetic
coupling, the critical solution was obtained for family F when m � = 1:0 and e = 0:0. In doing so,
it found the high frequency oscillation of period � 4t was again present, as was the fundamental

12 Similar behaviour has been noted for the so-called (uncharged, non-critical) phase-shifted boson star solutions
documented in Hawley's dissertation [64]. There, numerical evolution suggested the oscillations in scalar �eld
amplitude were lik ely stable and quasi-periodic.
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Figure 3.9: max(2m(t; r )=r) of the critical periodic state for e = 1:0, m � = 1:0 Maxwell-Klein-
Gordon �elds evolved from initial data family F when jp � p� j � 10� 16. After an
initial phase of evolution, the solution enters its critical state which lasts over the
period 140 . t . 450. The sharp increaseof max(2m(t; r )=r) at late time corre-
sponds with a(t; r ) ! 1, the signal of imminent apparent horizon formation. An
MPEG animation of 2m(t; r )=r over the period 0 � t . 507 leading to black hole
formation is available at http://$WWW/People /p etr yk/an imati ons/ 1.mpeg where
$WWWis currently laplace.physics. ubc.c a .
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Figure 3.10: A closer view of max(2m(t; r )=r) showing oscillations within the critical periodic
state for e = 1:0, m � = 1:0 Maxwell-Klein-Gordon �elds evolved from family F
when jp � p� j � 10� 16. The averagevalue of max(2m(t; r )=r) over 150 . t . 360
is approximately 0.30. The periodicit y of the solution is clearly evident as a low
frequency component with period � 40t along with a high frequency component
with periodicit y � 4t.
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Figure 3.11: A view of r (max(2m(t; r )=r)) within the critical periodic state for e = 1:0, m � = 1:0
Maxwell-Klein-Gordon �elds evolved from family F when jp � p� j � 10� 16. Clearly,
the location of max(2m(t; r )=r) oscillatesabout an averageradius of approximately
�r � 2:7 for 150. t . 360 during the critical phaseof evolution.
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Figure 3.12: Modulus of the scalar �eld amplitude at r = 0 for the critical periodic state of
e = 1:0, m� = 1:0 Maxwell-Klein-Gordon �elds evolved from family F when jp �
p� j � 10� 16. Unlike previously studied boson star critical solutions where just
the �rst harmonic mode is excited and j�( t; 0)j remains far from zero, the central
scalar �eld amplitude of the highly excited periodic critical solution drops to nearly
zero with each high frequency oscillation of period � 4t.14 Furthermore, while
previous perturb ed boson star critical solutions displayed coincident peak values
of max(2m(t; r )=r) and j�( t; 0)j, just the local maxima associated with the low
frequencyexcitation remain coincident for the solution displayed here. In fact, local
maxima associated with the high frequencymode of j�( t; 0)j are preciselycoincident
with the local minima associated with the high frequencymode of max(2m(t; r )=r).
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Figure 3.13: Charge contained within spheresof radius r for the critical periodic state from
e = 1:0, m� = 1:0 Maxwell-Klein-Gordon �elds evolved from initial data family
F. A frame displaying max(2m(t; r )=r) is provided for reference.Sub�gure (a) dis-
plays Q(t; r ) for r = �r where �r � 2:7 is the averageradius of max(2m(t; r )=r) over
150 . t . 360. Meanwhile, (b) displays Q(t; r ) for r = 2�r , (c) displays Q(t; r ) for
r = 3�r , and (d) shows Q(t; r ) for r = 4�r . From (a) and (b) it is clear that, at
small radii, Q(t; r ) 
uctuates with a low frequency component period � 40t and a
high frequency component period of � 4t. While the low frequency mode becomes
somewhat irregular at later time, the high frequency component is persistent and
very regular throughout evolution. Integration over larger radii e�ectiv ely averages
the 
uctuations in Q(t; r ). In doing so, it makesclear a tendency for the net charge
within r = 4�r to slowly decreasein time during the critical phaseof evolution.
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Figure 3.14: Lifetime of the critical periodic state for e = 1:0, m � = 1:0 Maxwell-Klein-Gordon
�elds evolved from initial data family F. The exponential scalingof � with jp� p� j is
typical of perturb ed bosonstar critical solutions [63], [64], [65], [92], and the scaling
exponent is here 
 � � 12:3.

harmonic mode of period � 40t. The critical solutions for family F with m � = 1:0 and e = 1:0, and
m� = 1:0 and e = 0:0 are very similar in all but two regards. The �rst being the obvious lack of
charge for casee = 0:0. The secondis the lifetime of the critical state for jp � p� j � 10� 16. While
the critical phaseof evolution for the e = 1:0 charged casewas 140. t . 450, the critical phaseof
the e = 0:0 unchargedcasewasmerely 140. t . 240, indicating the unstable mode of the charged
critical solution appearsto grow more slowly than that of the unchargedcritical solution when the
adjustable parameter of this family is tuned to its critical value to within one part in 10� 16.

This brings discussionto the lifetimes of the charged periodic critical solutions. Figure 3.14
displays the scaling of the critical solution lifetime, � , with ln jp � p� j. Clearly, the relationship of
lifetime with tuning parameter is

� = � 
 � ln jp � p� j + c3 ; (3.76)

where 
 � and c3 are solution-dependent constants (cf. [63], [64], [65], [92]).15 The lifetime of
the critical solution is measured from the time it takes to form a black hole from the slightly
supercritical data. In the present case
 � � 12:3.

15 This constant is known to be related to the growth factor of unstable modes for uncharged boson stars. The
relationship can be veri�ed through perturbation theory analysis about equilibrium boson star solutions. While it
is lik ely that a similar relationship exists for weakly charged boson stars, I am unaware how this relationship could
carry over for boson stars with strong electromagnetic coupling. Investigation along these lines are certainly of
interest for future calculation.
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Typical of such periodic critical solutions is the presenceof a massgapin the black holespectrum
when tuning to p� from above (i.e., they exhibit Type I critical behaviour). This meansthere is a
minimum massfor the black holes formed from supercritical evolution. This behaviour is clearly
depicted in Figure 3.15 where the averageblack hole mass limit is mBH � 0:48. A least-squares
�t of the data to mBH = c4 ln jp � p� j + c5 yields values c4 � � 9:2 � 10� 4 and c5 � 4:6 � 10� 1.
Also provided is Figure 3.16displaying how the averagechargeof theseblack holesapproachesthe
limit QBH � 0:0032. A least-squares�t to QBH = c6 ln jp � p� j + c7 hereyields c6 � 3:6 � 10� 5 and
c7 � 4:1 � 10� 3. Theseresults together imply a charge to massratio QBH =mBH � 10� 2 as p ! p�

for this family of solutions. Theseperiodic solutions carrying electric chargerepresent a new result,
becausethe only critical solutions found prior to this investigation have beenuncharged. Finally,
the oscillation periods of the critical solution are dependent on e and m � , and the scalingexponent

 � depends on the initial data family. Of course, the family dependenceof perturb ed boson star
solutions is well known [63], [64], [65], [92] and meansthe critical solutions are not universal. Table
3.3 lists the properties of black holes formed from slightly supercritical Type I solutions for each
of the families A through F when e = 1:0 and m � = 1:0. Each family exhibiting Type I critical
behaviour has a scaling exponent 
 � � 12 and forms a black hole of massmBH � 0:5. However,
the black hole chargesvary widely, and the charge to mass ratios of the black holes range from
jQBH j=mBH � 0:006 for family D to jQBH j=mBH � 0:3 for family B.

family � Q (t = 0; r ) Q(t = 0; r ) 
 � mBH (p ! p� ) QBH (p ! p� )

A � � � � �

B < 0 � � 0:46 � 12:4 � 0:48 � � 0:16

C � � � � �

D = 0 = 0 � 11:9 � 0:45 � 0:0026

E = 0 = 0 � 12:3 � 0:47 � 0:0032

F = 0 = 0 � 12:3 � 0:48 � 0:0032

Table 3.3: Black hole properties from gravitational collapseof slightly supercritical Type I solu-
tions for families A through F when e = 1:0 and m � = 1:0. The �rst column lists the
family (cf. Table 3.2), the secondcolumn speci�es whether the initial charge density
is nonzeroand the third column lists the total charge carried by the initial data. The
fourth column lists the lifetime scaling exponent for the Type I critical solution. The
scaling exponents are all closein value. The �fth and sixth columns respectively list
the black hole massand charge from gravitational collapseof slightly supercritical so-
lutions. The black hole massesare all closein value, but the chargescover a wide range
of values. The charge to massratio of the black holesrange from jQBH j=mBH � 0:006
for family D to jQBH j=mBH � 0:3 for family B. The entries for families A and C are
left blank, since those initial data pro�les do not exhibit Type I critical solutions for
any value of tuning parameter � 1.

Concluding discussionof the results, I now comment on the �nal fate of subcritical periodic
solutions. In the earlier studies [63], [64] and [65] it was assumedthe subcritical periodic solutions
were simply described by dispersal of the scalar �eld to large distances. Since then it was found
that slightly subcritical periodic solutions may actually begin dispersal, only to gravitationally
recontract to a more compact distribution at later time [92]. After such recontraction to a more
compact state, the scalar �eld distribution may either collapseto form a black hole or again expand
to larger radii. If a seconddispersal is attempted, the scalar �eld distribution will again recontract
to a more compact compact state before either collapsing to a black hole or repeating the process
of expansion and contraction. The results I now present displaying this behaviour were found
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Figure 3.15: Mass gap for (supercritical) black hole solutions for e = 1:0, m � = 1:0 Maxwell-
Klein-Gordon �elds evolved from initial data family F. The averageminimum mass
of black holesformed from slightly supercritical data remains fairly constant about
mBH � 0:48 as p ! p� . The best �t line is shown for reference.
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Figure 3.16: Minim um charge of (supercritical) black hole solutions for e = 1:0, m � = 1:0
Maxwell-Klein-Gordon �elds evolved from initial data family F. The averagecharge
of black holesformed from slightly supercritical data remains fairly constant about
QBH � 0:0032as p ! p� . The best �t line is shown for reference.
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independent, and without knowledge, of those eventually published in [92]. Figure 3.17 shows
max(2m(t; r )=r) and j�( t; 0)j in time for the slightly subcritical evolution of family F with e = 1:0
and m� = 1:0. Meanwhile, Figure 3.18 shows max(2m(t; r )=r) and j�( t; 0)j in time for the slightly
subcritical evolution of family F with e = 0:0 and m � = 1:0. In both cases,the displayed evolution
is for a state with jp � p� j � 10� 16. Observe how the solution with e = 1:0 enters its critical
phaseof evolution from 140 . t . 450 before attempting dispersal. The solution then attempts
recollapseand max(2m(t; r )=r) peaks at t � 660. The charged scalar �eld attempts a second
dispersal, but then undergoes complete gravitational collapseat t � 960. Also observe how the
high frequency oscillations with period � 4t persist throughout the evolution. Furthermore, note
the correlation between the high frequency oscillations of j�( t; 0)j and those of max(2m(t; r )=r),
and how the amplitude j�( t; 0)j drops to nearly zero with each oscillation period � 4t from the
beginning to the endof evolution. Meanwhile, Figure 3.18demonstrateshow the slightly subcritical
evolution of for e = 0:0 enters the critical phaseof evolution which lasts from 140. t . 250before
attempting a seemingly in�nite seriesof attempted dispersalsand collapses. The high frequency
oscillations of period � 4t are again observed throughout evolution in both max(2m(t; r )=r) and
j�( t; 0)j. While the j�( t; 0)j drops to nearly zero with each oscillation, the cycle averagedvalue of
j�( t; 0)j shows direct correlation with the cycle averagedvalue of max(2m(t; r )=r). Finally, with
each attempted dispersal and contraction on the scaleof � 230t (similar to that found in [92]), the
value of max(2m(t; r )=r) asymptotes towards a value � 0:14. Similar behaviour is seenin j�( t; 0)j
as its peak values tend to approach � 0:04. While only presented for family F initial conditions,
similar behaviour can be observed for periodic solutions of all families A through F when m � = 1:0
and 0:0 � e � 1:0.

3.3.4 Code Testing

Finally, the adaptive mesh code I use to obtain the results is demonstrably convergent to second
order, and through convergenceof conserved quantities can be shown to be accurate to well within
a percent for a typical evolution. Also, the suitabilit y of the approximate Sommerfeldboundary
condition wasbrie
y investigatedand found to contribute an error on the order of a percent in worst
casescenarios.Detailed investigation of theseboundary condition e�ects is certainly of interest in
future calculation.

In conclusionI provide in Figure 3.19an explicit demonstration that the code, being convergent,
generateslifetime scaling exponents that asymptote towards a speci�c value. In this �gure are
plotted the lifetime of the nearly critical periodic solutions for family F whene = 1:0 and m � = 1:0.
The lifetimes were calculated using the adaptive code, but with the mesh re�nement e�ectiv ely
disabled by setting a large solution error tolerance.16 Results were thus obtained on �xed �nite
di�erence mesheswith J = 1601, J = 801 and J = 401 grid points. Since the critical parameter
value p� is resolution dependent, this required recalculation of the critical parameter value for each
of the three resolutions. Fitting a liner function to the results at each resolution generatesvaluesof

 � � 12:5 for J = 1601, 
 � � 13:0 for J = 801 and 
 � � 17:5 for J = 401. Clearly, as resolution is
increased,the lifetime scalingexponent approachesthe value 
 � � 12:3 obtained using the adaptive
code. Of course,this behaviour is entirely expected.

16 SeeApp endix C for discussion of the adaptiv e algorithm and re�nemen t by solution error.
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Figure 3.17: max(2m(t; r )=r) and j�( t; 0)j in coordinate time t for the e = 1:0, m � = 1:0 �elds
for slightly subcritical initial data family F, speci�cally jp � p� j � 10� 16. After the
critical phaseof evolution 140. t . 450, the charged massive scalar �eld attempts
dispersal twice before eventually collapsing to form a black hole at t � 960. The
high frequency oscillations of period � 4t are apparent throughout evolution for
both max(2m(t; r )=r) and j�( t; 0)j, and j�( t; 0)j drops to nearly zero with each of
theseoscillations.
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Figure 3.18: max(2m(t; r )=r) and j�( t; 0)j in coordinate time t for the e = 0:0, m � = 1:0 �elds
for slightly subcritical initial data family F, speci�cally jp � p� j � 10� 16. The mas-
sive scalar �eld exits its critical period of evolution and undergoes an apparently
in�nite seriesof dispersalsand contractions. The high frequency oscillations of pe-
riod � 4t are apparent throughout evolution for both max(2m(t; r )=r) and j�( t; 0)j,
and j�( t; 0)j drops to nearly zero for each of these oscillations. It appears that
max(2m(t; r )=r) and j�( t; 0)j gradually relax to a lessexcited state as the evolution
proceeds.
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Figure 3.19: Lifetime of the critical periodic state for e = 1:0, m � = 1:0 Maxwell-Klein-Gordon
�elds evolved from initial data family F on three successive grid resolutions. The
lifetime scalingexponent of the nearly critical solution on a grid of J = 401points is

 � � 17:5, on a grid of J = 801points is 
 � � 13:0, and on a grid of J = 1601points
is 
 � � 12:5. With increasein resolution, the scaling exponent thus approachesa
value near 
 � � 12:3 as found with the adaptive code.
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CHAPTER 4

CHAR GED SCALAR A CCRETION

To summarize,Chapter 1 intro ducedand motivated the research and results to be presented in this
dissertation, Chapter 2 coveredthe physical formalism to be usedin the investigationsof following
chapters, and Chapter 3 provided discussionand results for the critical gravitational collapseof
spherically symmetric charged massive scalar �elds. This chapter will cover the scattering and
accretion of axially symmetric charged massive scalar �elds in Kerr spacetime. The length of this
chapter warrants outline of the physics to be investigated and results obtained through numerical
solution. Table 4.1 has also beenprovided for referenceand summary.

In this chapter, I �rst provide discussionof theory and previous work on the subject of s = 0
(scalar) and s = 1 (electromagnetic) perturbations of black hole spacetimes. Speci�cally , x4.1.1
outlines the e�ectiv e potential formulation for Schwarzschild spacetime, the trapping of massive
scalar perturbations in the e�ectiv e potential formulation, and the scattering of both scalar and
electromagneticperturbations from the e�ectiv e potential perspective. x4.1.2 outlines the physics
of glories and orbiting resonancesin Schwarzschild spacetimefrom the perspective of the e�ectiv e
potential formulation. x4.1.3 outlines the e�ectiv e potential formulation of s = 0 and s = 1
perturbations in Kerr spacetime,and x4.1.4covers the physicsof superradiant scattering and some
related topics. x4.1.5 and x4.1.6 closediscussionof the underlying theory by respectively covering
the topic of black hole perturbation decay at late time and reviewing related work in the area
of charged scalar perturbations. Table 4.1 referencesthese subsectionsin the context of physics
investigated through numerical simulation as presented later in the chapter.

Following the theory is a section which details the system of equations to be usedin numerical
simulation. This includes discussionof the Kerr spacetime (x4.2.1), the matter Lagrangian and
equations of motion (x4.2.2 and x4.2.3), physical �elds and conserved quantities (x4.2.4). The
section ends by discussingsome aspects of the numerical solution method, including regularity,
boundary conditions and dissipation (x4.2.5), and then strategies for adaptive mesh re�nement
and parallel computation (x4.2.6).

The remainder of this chapter presents numerical solution of the equations presented in x4.2
to investigate the theory of x4.1. Speci�cally , x4.3.1 outlines the prescription of initial data, x4.3.2
presents results for orbiting resonancesand mode trapping of massive s = 0 perturbations and
x4.3.3 presents results displaying orbiting resonanceand superradiant scattering of s = 1 pertur-
bations. x4.3.4, x4.3.5 and x4.3.6 then present solutions for electromagnetically coupled s = 0 and
s = 1 perturbations which display orbiting resonance,charge separation, dynamo-like behaviour
and collimation along the axis of black hole rotation. Again, Table 4.1 provides quick and con-
venient summary of the observed physics in relation to predictions from the theory of black hole
perturbations. The last few subsectionsof the chapter provide validation of the numerical solutions
through convergencetesting (x4.3.7) and independent residual testing (x4.3.8) the numerical imple-
mentation, and by testing the approximate outgoing radiation boundary condition usedthroughout
(x4.3.9).
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s phenomenon, m� , e, a=M detail(s)

subsection(s)

0 orbiting resonance, 0:0, 0:0, � 0:0 orbital period � 70t,

x4.1.1, x4.1.2, x4.1.3, orbital attenuation � 10� 1,

x4.3.2 log(T) � � kt, k � 1 � 10� 2

mode trapping, 0:3, 0:0, � 0:0 log(T) � � kt, k � 5 � 10� 3

x4.1.1, x4.1.3, x4.3.2

rapid infall, 2:4, 0:0, � 0:0 log(T) � � kt, k � 7 � 10� 2

x4.1.1, x4.1.3, x4.3.2

energycollimation, 0:3, 0:0, � 0:0
R

� T (t; r; 0)dtdr

x4.3.2 �
R

� T (t; r; � )dtdr

�
R

� T (t; r; � =2)dtdr

1 orbiting resonance, 0:0, 0:0, � 0:0 orbital period � 70t,

x4.1.1, x4.1.2, x4.1.3, orbital attenuation � 10� 1,

x4.3.3 log(T) � � kt, k � 1 � 10� 2

superradiant scattering, 0:0, 0:0, 0:8 ampli�cation � 0:05%

x4.1.3, x4.1.4, x4.3.3 0:0, 0:0, 0:98 ampli�cation � 1:3%

0:0, 0:0, � 0:998 ampli�cation � 1:6%

0, 1 orbiting resonance, 0:0, � 0:6, � 0:0 orbital period � 70t,

x4.1.1, x4.1.2, x4.1.3, orbital attenuation � 10� 1,

x4.3.4, x4.3.5 log(T) � � kt, k � 1 � 10� 2

orbiting resonance, 0:6, 0:6, � 0:0 orbital period � 70t,

x4.1.1, x4.1.2, x4.1.3, orbital attenuation � 10� 1,

x4.3.6 log(T) � � kt, k � 6 � 10� 3

charge separation, � 0:0, > 0:0, � 0:0 @t � Q (t; r; � ) 6= 0 for t � 0

x4.3.4, x4.3.5, x4.3.6

dynamo-like behaviour, � 0:0, > 0:0, � 0:0 @t J � (t; r; � ) 6= 0 for t � 0

x4.3.4, x4.3.5, x4.3.6

energycollimation, 0:3, 0:6, � 0:0
R

� T (t; r; 0)dtdr

x4.3.6 �
R

� T (t; r; � )dtdr

�
R

� T (t; r; � =2)dtdr ,
R

� T (�) (t; r; 0)dtdr

�
R

� T (A ) (t; r; 0)dtdr

�
R

� T (� A ) (t; r; 0)dtdr

Table 4.1: Predicted and observed physics of the s = 0 (scalar) and s = 1 (electromagnetic)
perturbations in Kerr spacetime. The secondcolumn lists phenomenawhich arise
and chapter subsectionscovering the relevant theory and numerical solutions. The
third column speci�es the scalar �eld massparameter m � , the fourth lists the value of
electromagneticcoupling parameter e, and the �fth column lists a=M where M is the
black hole massand a is the black hole angular momentum per unit mass. The sixth
column summarizessome of the most signi�can t details from numerical simulation.
This table is to be treated as an index, and the reader is referred back to the listed
chapter subsectionsfor notation, detail and complete discussion.
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4.1 Scattering and the Ph ysics of Blac k Hole Perturbations

4.1.1 The E�ectiv e Poten tial Form ulation for Schwarzschild Spacetime

The programme of quasi-normal mode analysis has provided insight that, in part, helps explain
the early and intermediate time behaviour in the scattering phenomenaI study. Considera pertur-
bation 	 = 	( t; r; � ; � ) in the form of a massless,uncharged Klein-Gordon �eld in Schwarzschild
spacetime. Recall this spacetimeis described by the line element

ds2 = �
�

1 �
2M
r

�
dt2 +

�
1 �

2M
r

� � 1

dr2 + r 2d
 2 (4.1)

in the usual (t; r; � ; � ) Schwarzschild coordinates, where M determinesthe black hole massand

d
 2 = d� 2 + sin2 � d� 2 : (4.2)

By instead choosing to usethe (t; r � ; � ; � ) radial tortoise coordinate system, de�ned in relation to
the (t; r; � ; � ) coordinates by

d
dr �

=
�

1 �
2M
r

�
d
dr

; (4.3)

and expanding the perturbing �eld in spherical harmonics Ylm (� ; � ) as per

	( t; r; � ; � ) =
X

l;m

 l (t; r )
r

Ylm (� ; � ) ; (4.4)

the radial equation of motion for the perturbing �eld is simply
�

@2

@r 2
�

�
@2

@t2 � Vl (r )
�

 l (t; r ) = 0 ; (4.5)

where Vl (r ) is the e�ective or Regge-Wheeler potential (cf. [132])

Vl (r ) =
�

1 �
2M
r

� �
l (l + 1)

r 2 +
2M
r 3

�
: (4.6)

Furthermore, if a harmonic time decomposition

 l (t; r ) =
Z

e l (! ; r )e� i! t d! (4.7)

is assumed,then equation (4.5) becomesthe ordinary di�eren tial equation
�

d2

dr2
�

+ ! 2 � Vl (r )
�

e l (! ; r ) = 0 ; (4.8)

whereVl is again given by (4.6). More generally, for axial perturbations (i.e., thosewhich transform
as (� 1)l +1 under a changeof parit y)

Vl (r ) =
�

1 �
2M
r

� �
l (l + 1)

r 2 +
2(1 � s2)M

r 3

�
; (4.9)

where s = 0; 1; 2 is the spin of the perturbing �eld. For masslessKlein-Gordon �elds s = 0, for
electromagneticradiation perturbations s = 1, and for gravitational perturbations s = 2. The term
2M =r is interpreted as the Newtonian contribution, l (l + 1)=r2 is the so-calledcentrifugal barrier,
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Figure 4.1: The e�ectiv e (Regge-Wheeler)potential for masslessscalar perturbations in M = 0
Mink owski spacetime. Displayed is the potential for modes l = 0 through l = 10.
l = 0, l = 5 and l = 10are highlighted for reference.SinceM = 0, only the centrifugal
barrier contributes to scattering of scalar perturbations. This indicates scalar modes
cannot be trapp ed in the Mink owski spacetime.

and 2(1 � s2)M =r3 is the additional term from relativistic e�ects. Notice how the relativistic term
is dominant for su�cien tly small r . Purely radial modes are those with l = 0. Equations (4.6)
and (4.9) show the e�ectiv e potential has a peak near r = 3M (corresponding with the unstable
circular photon orbit from the null geodesicequations). Figures 4.1, 4.2 and 4.3 show the e�ectiv e
potential for scalar modes l = 0 through l = 10 for M = 0, M = 1 and M = 5 spacetimes,
respectively. Except for the caseM = 0, it is clear that a change in black hole massM rescales
the Vl , but leavesthem otherwise unchanged. In the exceptional M = 0 case,only the centrifugal
barrier contributes. Figure 4.4 displays the e�ectiv e potential for electromagnetic modes l = 0
through l = 10. Besidesthe vanishing l = 0 mode, the electromagnetice�ectiv e potential is similar
to that for scalar perturbations. Becausethe e�ectiv e potential has at most a single extremum (in
this casea maximum) masslessscalar and electromagnetic perturbations are expected to scatter
without becomingtrapp ed.

Now, allowing for massive scalar perturbations in Schwarzschild spacetime,the e�ectiv e poten-
tial becomes

Vl (r ) =
�

1 �
2M
r

� �
l (l + 1)

r 2 +
2(1 � s2)M

r 3 +
(1 � s)(2 � s)m2

	

2

�
; (4.10)

m	 being the massparameter of the perturbing scalar �eld. Figures 4.5 and 4.6 show the e�ectiv e
potential for scalar modes l = 0 through l = 10 in a spacetime with M = 5, respectively for
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Figure 4.2: The e�ectiv e (Regge-Wheeler) potential for massless scalar perturbations in
Schwarzschild spacetime with M = 1. Displayed is the potential for modes l = 0
through l = 10. l = 10. l = 0, l = 5 and l = 10 are highlighted for reference.
Scalar perturbations can scatter o� the centrifugal barrier and also o� the peak near
r = 3M , but cannot be trapp ed in the spacetime.
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Figure 4.3: The e�ectiv e potential for masslessscalar perturbations in Schwarzschild spacetime
with M = 5. Displayed is the potential for modes l = 0 through l = 10. l = 10.
l = 0, l = 5 and l = 10are highlighted for reference.Again, while scalarperturbations
scatter o� both the centrifugal barrier and potential peak near r = 3M , they do not
experiencetrapping in the spacetime. The change in black hole masssimply shifts
the location of the potential maximum to larger radii.
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Figure 4.4: The e�ectiv e potential for electromagneticperturbations in Schwarzschild spacetime
with M = 5. Displayed is the potential for modesl = 0 through l = 10. l = 10. l = 0,
l = 5 and l = 10 are highlighted for reference.As in the caseof scalar perturbations,
scattering o� the centrifugal barrier and potential peak near r = 3M doesnot allow
the possibility of mode trapping.
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Figure 4.5: The e�ectiv e potential for m 	 = 0:3 massive scalar perturbations in Schwarzschild
spacetimewith M = 5. Displayed is the potential for modes l = 0 through l = 10.
l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. The nonzero scalar
perturbation massintro ducesa local minimum of potential about which perturbations
can be trapp ed.

m	 = 0:3 and m	 = 0:6. This shows the scalar �eld mass parameter can modify the e�ectiv e
potential by either removing the maximum, or shifting its location to larger radii and possibly
intro ducing a local minimum. The details depend on the black hole mass,the mode number, and
the scalar�eld massparameter. Figures4.7and 4.8show the e�ectiv epotential for the scalarmodes
with local minima for m 	 = 0:3 and m	 = 0:6 respectively. For the casem 	 = 0:3 the minimum
occurs near r = 45 for mode l = 5, and for m 	 = 0:6 it occurs near r = 35 for l = 10. Since
the e�ectiv e potential possessa local minimum, massive scalar perturbations of an appropriate
mode and energycan becometrapp ed and persist inde�nitely in a region of spacetimenot far from
the black hole. The e�ect is like that of mirrors re
ecting the modesback and forth between two
radii straddling the potential minimum. Also note that trapping does not occur in the M = 0
Mink owski limit, sincethen the only contributions to the potential are a positive term l(l + 1)=r2,
and a constant m2

	 .
Deeper analysis of the e�ectiv e potential reveals interesting behaviour. The e�ort is simpli�ed

if oneconsidershigh or low frequencylimits for scatteredperturbations. In thesecasesclosedform
approximations can be obtained. The results for masslessscalarand electromagneticperturbations
clearly indicate that, in the high frequency limit ! M ! 1 , perturbations are hardly a�ected by
the e�ectiv e potential barrier. This meansthat such incident perturbations are almost completely
absorbed by the black hole (it has a large transmission amplitude, A tran , and small re
ection
amplitude, A ref ). The opposite is true in the low frequencylimit ! M ! 0. In that case,almost all
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Figure 4.6: The e�ectiv e potential for m 	 = 0:6 massive scalar perturbations in Schwarzschild
spacetimewith M = 5. Displayed is the potential for modes l = 0 through l = 10.
l = 10. l = 0, l = 5 and l = 10 are highlighted for reference. Again, the scalar
perturbation massgivesrise to a local minimum of potential whereperturbations can
be trapp ed. Furthermore, the location of this minimum changeswith perturbation
mass.
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Figure 4.7: The l = 5 e�ectiv e potential for m 	 = 0:3 massive scalar perturbations in
Schwarzschild spacetime with M = 5. This �gure details the potential for l = 5
scalar modes. These modes exhibit the deepest local minimum of potential and
should therefore experiencethe greatest trapping in the M = 5 spacetime. The local
minimum is in this caselocated near r = 45.
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Figure 4.8: The l = 10 e�ectiv e potential for m 	 = 0:6 massive scalar perturbations in
Schwarzschild spacetime with M = 5. The l = 10 modes experience the deepest
local minimum for the M = 5 spacetime. The minimum is located near r = 35 for
this choiceof perturbation mass. This designatesthe location about which m 	 = 0:6
perturbations are likely to be trapp ed.
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of the incident perturbation is scattered o� the potential barrier (A tran is low, and A ref is high).
The analysisis well documented, and I refer the readerto [49], [51] and referencescontained therein.
Finally, it should be clear from this discussionthat the radial pro�le of an ingoing perturbation
will have an e�ect on the transmission and re
ection amplitudes. Speci�cally , steep gradients in
the radial pro�le imply rapid changesin amplitude as the perturbation movespast a �xed radius.
This meansthe high frequencycontent of such a perturbation will be relatively large. The converse
is true with perturbations possessinga relatively 
at radial pro�le. This e�ectiv ely meanssharply
peaked distributions will have smaller A tran (and larger A ref ) that those with a 
atter pro�le.
For demonstrative purposes,I have computed the scattering of initially ingoing masslessscalar
perturbations from a Schwarzschild black hole in spherical symmetry. The radial pro�le of the
scalar perturbation is speci�ed at initial time with a Gaussian

	( t = 0; r ) = a	 exp

"

�
�

r � r 	

� 	

� 2
#

; (4.11)

where a	 is the Gaussianamplitude, r 	 determinesthe center of the Gaussianpro�le, and � 	 sets
its width. As expected, the transmission increases(and re
ection decreases)with decreasing� 	 ,
as such pro�les have steeper radial gradients. Denoting the energyof the set of ingoing modesTin

and the energy of that set upon re
ection Tout , the fractional transmitted energy, Z + 1, is

Z + 1 =
Tout

Tin
; (4.12)

Figure 4.9 shows this fractional transmitted energyas a function of 0 � � 	 =M � 25.

4.1.2 The Glory E�ect and Orbiting Resonances

The phenomenaof glories and orbiting resonancescan also be obtained as limiting casesin the
analysis of (4.10). The details are again summarized in [49] and [51], while a more recent and
rather thorough investigation of scalar glories for both Schwarzschild and Kerr spacetimehas been
presented in [54]. The glory is a di�raction phenomenonthat happenswhen a di�eren tial scattering
cross-sectiondivergesin either the forwards or backwards directions. The phenomenonis known
to occur in optics, quantum mechanics, and also in the scattering of perturbations o� a black
hole, among others. In the caseof black hole scattering, glories arise as a consequenceof strong
gravitational interaction of high frequency perturbations through anglesnear � = k� , k being an
integer. The genericrelationship betweentotal scattering angle � and impact parameter b = b(�)
for masslessperturbations of this sort is [38], [39], [102],

b � 3
p

3M + 3:48M exp(� �) ; (4.13)

providing b � 2M . The impact parameter for the �rst backwards glory � = � is thus b = bglory �
5:35M . Figure 4.10depicts scattering tra jectoriesfor anglesnear � = � . The di�eren tial scattering
cross-sectionfor masslessperturbations of arbitrary spin near angles� = k� is given by [43], [155]

d�
d


�
�
�
� � 2� ! b2

�
�
�
�

db
d�

�
�
�
� J 2

2s (! bsin �) ; (4.14)

where b = b(�) is provided by (4.13), s is the perturbation spin, and J2s (! bsin �) is the standard
Bessel function with argument ! bsin �. From (4.14), it is apparent that glories constructively
interfere for massless(s = 0) scalar �elds, but destructively interfere for (s = 1) electromagnetic
and (s = 2) gravitational perturbations.

The phenomenonknown as orbiting resonance occurs when a perturbation scatters through an
angle� � 2� . The perturbations canbede
ected through several multiples of 2� beforeescapingto
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Figure 4.9: Fractional transmitted energy, Z + 1, for spherically symmetric masslessscalar per-
turbations scattering o� a Schwarzschild black hole. The pro�le is an initially ingoing
Gaussianpro�le of width � 	 . The fractional transmitted energy is plotted as a func-
tion of � 	 =M , where M is the black hole mass.
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b= bglory

Figure 4.10: In the glory e�ect, perturbations with impact parametersb = bglory de
ect through
an angle of � = � . Impact parameters larger that bglory scatter through smaller
angles,while smaller impact parametersscatter through angleslarger than � = � .
This �gure depicts scattering tra jectories for anglesnear � = � .
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Figure 4.11: Orbiting resonancesrequire impact parameters, b, smaller than those for a glory,
bglory . In an orbiting resonance,the total scattering angle is � = 2� or larger. This
�gure depicts the tra jectory for a resonancewhich orbits the black hole several times
before escapingto large distances.

distancesmuch larger than r � 2M . However, the cross-sectionobservesapproximately exponential
decay in �. For example,equation (4.14) shows that a secondbackwards glory (scattered through
angle � = 3� ) is suppressedby at least exp(� 2� ) relative to the �rst backwards glory (with
scattering angle � = � ). An resonanceof several orbits is depicted in Figure 4.11.

4.1.3 The E�ectiv e Poten tial Form ulation for Kerr Spacetime

The calculations becomefurther complicated when consideringrotating black hole spacetimes.In
the simplest caseof Kerr spacetime1, the perturbation equations can be separatedinto radial and
angular parts if, rather than sphericalharmonics, the expansionof the perturbing �eld is performed
in terms of the spin-weighted spheroidal harmonics Slm (� ) as per

	( t; r; � ; � ) =
X

l;m

 lm (t; r )
p

2�
Slm (� )e� im� : (4.20)

Then, assuminga harmonic time decomposition

 lm (t; r ) =
Z

e lm (! ; r )e� i! t d! ; (4.21)

1Recall the line element for Kerr spacetime in (t; r ; � ; � ) Boyer-Lindquist coordinates is

ds2 = �
�

1 �
2M r

�

�
dt2 �

4M r a sin2 �

�
dtd� +

�

�
dr 2 + � d� 2 +

A sin2 �

�
d� 2 ; (4.15)

where
� � r 2 + a2 cos2 � ; (4.16)

� � r 2 � 2M r + a2 ; (4.17)

A �
�
r 2 + a2 � 2

� a� sin2 � ; (4.18)

and

a �
J

M
(4.19)

is the black hole angular momentum per unit mass, J designating the black hole angular momentum.
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and using the (t; r � ; � ; � ) tortoise coordinate system related to the standard (t; r; � ; � ) Boyer-
Lindquist coordinates through

d
dr �

=
�

r 2 + a2

d
dr

; (4.22)

the radial part of the perturbation equation becomes
"

d2

dr2
�

+
K 2 � 2is(r � M )K + �

�
4ir ! s � � � r 2(1 � s)(2 � s)m2

	 =2
�

(r 2 + a2)2 � G2 �
dG
dr �

#

e� lm (! ; r ) = 0 ;

(4.23)
where

K � (r 2 + a2)! � am ; (4.24)

� � E � s(s + 1) + a2! 2 � 2am! ; (4.25)

G �
s(r � M )
r 2 + a2 +

r �
(r 2 + a2)2 ; (4.26)

e� lm � (r 2 + a2)1=2� s=2 lm ; (4.27)

E being the separation constant

E � l (l + 1) �
2ma! s2

l (l + 1)
+ O

�
a2m2

	

�
1 �

! 2

m2
	

��
; (4.28)

� � r 2 � 2M r + a2, M is the black hole mass,a is the black hole angular momentum per unit
mass,s is again the spin of the perturbing �eld, and m 	 is the massparameter of the scalar (s = 0)
perturbations. It is clear from (4.23) the e�ectiv e potential is now dependent on the perturbation
frequency, and that it reducesto the expected Schwarzschild form (4.10) in the limit a ! 0. All
the scattering phenomenapreviously presented will therefore play a role in Kerr spacetime.

4.1.4 Polarization, Superradiance, and the Blac k Hole Bom b

Two new scattering e�ects are present for perturbations on Kerr spacetimewhich are absent from
the Schwarzschild black hole scenariodiscussedin subsection4.1. They are polarization and su-
perradiant scattering of the incident perturbation. Both electromagnetic and gravitational per-
turbations can be partially polarized by scattering o� a rotating black hole. [98] and [99] present
the �rst calculations demonstrating this polarization e�ect for electromagnetic perturbations in
Kerr spacetime. The calculations are involved, but essentially di�eren t polarization states scatter
di�eren tly in the rotating black hole spacetime. It should, in principle, be possibleto observe these
e�ects in the numerical evolutions I present.

The superradiant scattering e�ect should also play a role in my computations. In superradiant
scattering an incident perturbation is ampli�ed as it scatters o� the black hole, the additional
energy being drawn from the rotation of the black hole. Someof the earliest studies of superra-
diant scattering were [151], [152], [153], [5], [101], [124], [137], [138] and [141]. The appearance
of superradiant scattering is intimately connectedwith the change of character of Killing vector
ta = (1; 0; 0; 0) in di�eren t regionsof the Kerr spacetime. For radii r > r s = M +

p
M 2 � a2 cos2 � ,

ta is timelik e. However, ta becomesspacelike for r < r s . This implies energy densities � T can
be negative within the ergoregion, de�ned by r < r s . Under these circumstances an incident
perturbation can carry negative energy into the black hole, leaving a re
ected component with
greater amplitude and energy than that which was incident. From analysis of (4.23) the incident
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perturbation will carry negative energywhen

0 < ! < m
 H ; (4.29)


 H being the horizon angular velocity


 H =
a

r 2
+ + a2 ; (4.30)

where r+ = M +
p

M 2 � a2 marks the location of the event horizon. Equation is known as the
superradiance condition, sinceit can be shown that superradiancemust occur the condition is met.
Clearly, this requires the perturbations be prograde (! > 0), and also that mode numbers satisfy
m > 0. [141] found this superradiant ampli�cation is maximal for a = M , and drops sharply with
decreasinga, or with increasingmode numbers l and m. Denoting the energy of an ingoing mode
Tin and the energyof that mode upon re
ection Tout , [141] numerically determined the maximum
of fractional energychange,Z , given by

Z =
Tout

Tin
� 1 ; (4.31)

for a single mode is 1.38 for (s = 2) gravitational perturbations, and 1.044for (s = 1) electromag-
netic perturbations. The maximal value of Z was calculated at 1.003 for (s = 0) masslessscalar
perturbations in [124]. More recent investigations have shown that the maximal value of Z can be
increasedto near 1.07 for scalar perturbations con�ned to a toroidal wedgein the equatorial plane
of the Kerr black hole [142], [1]. For the samegeometry, Z decreasesto approximately 1.003 in
the caseof con�ned electromagnetic perturbations [1]. Con�nement of plasma in a toroidal ring
by magnetosphericdynamics was the motivation for thesetwo investigations.

Becausemassive scalar perturbations are dispersive, it is di�cult to de�ne notions of purely
ingoing and outgoing modeswhen m 	 > 0. None the less,modescan be re
ected superradiantly .
The superradiant condition is again (4.29). It was pointed out to me by [48] that such massive
perturbation modespossessgrowing mode instabilities when they becometrapp ed by the e�ectiv e
potential of the black hole spacetime. If modes are trapp ed, then superradiant scattering can
amplify the trapp ed modes over and over, thereby leading to a growing mode instabilit y. The
e�ect is analogousto the so-calledblack hole bomb �rst discussedby Press and Teukolsky [124].
The �rst work to note this instabilit y for massive scalar perturbations was [37]. Later studies
include [156], [41], [50] and [140]. One implication is that through this mechanism, a black hole
can, in principle loseall of its angular momentum. However, theseunstable massive scalar modes
are slowly growing, with a growth times similar to the ageof the universefor solar massblack holes.
Theseinstabilities are thus not expectedto play a role in my calculations (which cover signi�can tly
shorter timescales). Recalling that scalar �eld models can represent the pions, note how this
time scale is also quite large relative to � 0, � + and � � lifetimes of 8:4 � 10� 17s and 2:6 � 10� 8s
respectively. Furthermore, for typical � 0, � + and � � massesof m	 ' 2:4 � 2:5 � 10� 28kg, the
growth rate is found to be maximal for black hole massesM � 1015kg. Such black holes are far
lessmassive than solar massstars, where M = M � ' 2:0 � 1030kg.

4.1.5 Late Time Decay, and the Coupling of Electromagnetic and
Gra vitational Perturbations

Perturbations are known to exhibit exponential amplitude decay at su�cien tly late time. Like
the intermediate phaseof evolution, these asymptotic late time dynamics also originate from the
spacetimecurvature. From analysisof (4.10), it hasbeenshown that decay rates of massless(s = 0)
scalar, (s = 1) electromagnetic,and (s = 2) gravitational perturbation amplitudes in Schwarzschild
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spacetimeobserve the late-time relationship

j	( t; r )j � t � (2l + P +1) ; (4.32)

whereP = 1 if the �eld is initially static, and P = 2 otherwise[130], [131]. Meanwhile, it wasfound
by [89] that, for massive Klein-Gordon perturbations, the late-time decay rate is independent of
the mode number and adopts the form

j	( t; r )j � t � 5=6 : (4.33)

While the authors of [89] have studied the massive scalar problem in detail in [88] and [90], the
�rst to begin investigation of this system were Novikov and Starobinski [139], and Burko [14].

While, it was shown in [15] that (4.33) also holds for su�cien tly late times in Kerr spacetime,
regardlessof the black holeangular momentum, the power-law decay of masslessscalar,electromag-
netic, and gravitational perturbations di�er from (4.32) when the black hole rotates. Speci�cally ,
[74] [75] and [76] studied the r j! j � 1 and aj! j � 1 limits of masslessperturbations. It was found
the decay of massless(s = 0) scalar perturbations at timelik e in�nit y obeys

j	( t; r )j � t � (2l +3) ; (4.34)

when jmj � l � jmj + 1, and
j	( t; r )j � t � ( l + jm j+ P +1) ; (4.35)

when jmj + 2 � l , where P = 0 if l � jmj is even and P = 1 otherwise. Meanwhile, electromagnetic
and gravitational perturbations were found to obey

j	( t; r )j � t � (2max( jm j ;s)+3) ; (4.36)

when max(jmj; s) � l � max(jmj; s) + 1, and

j	( t; r )j � t � ( l +max ( jm j ;s)+1) ; (4.37)

when max(jmj; s) + 2 � l . While results (4.34) through (4.37) hold for perturbations consisting of
a single mode l , [74] demonstrated that when a perturbation is initially a superposition of many
modes, the decay law becomes

j	( t; r )j � t � (2max( jm j ;s)+3) ; (4.38)

for all s. Theseresults contradict the previously widely held belief that late time decay of perturba-
tions in gravitational collapseis universal(i.e., independent of s), and arepresumablya consequence
of the coupling of modes with di�eren t l for rotating black hole spacetimes. Furthermore, these
results demonstrate the possibility of slower decay rates than in the non-rotating case. In a more
generalpair of studies [3] and [55] found the decay rate of masslessscalar perturbations reducesto

j	( t; r )j � t � 1 ; (4.39)

for a maximally rotating black hole (i.e., a = M ). This slower decay rate is apparently the result
of superradiant scattering.

In principle, all theselate time relations for scalarand electromagneticperturbations should be
observable for the system I study in this dissertation. However, sincemy numerical evolutions are
relatively short, I do not expect to get good estimatesof any power law decay. Furthermore, since
the chosencomputational domain only covers �nite radii, the results obtained for asymptotically
large distanceswill not be attainable. Spatial compacti�cation would be one way to correct this
secondrestriction.
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4.1.6 Charged Scalar Perturbations in Static and Stationary
Spacetimes

Finally, the e�ectiv e potential formulation of black hole perturbations hasbeenstudied for charged
scalar �elds in static and stationary spacetime. The analysis was performed in the context of
weakly charged perturbations about a Reissner-Norstr•om black hole in [69], [70], [86], [87]. In
[37] and [50] analysis was also carried out for weakly charged perturbations, but their spacetime
was Kerr-Newman (i.e., the charged analogueof Kerr). In all these studies it was assumedthe
scalar perturbations carry test charge in the sensethat while they could be electromagnetically
a�ected by the chargeof the black hole, they themselvesdid not contribute to electric or magnetic
�elds. These charged perturbations did not electromagnetically self-interact. In the limit where
the black hole charge vanishes,this system is thus exactly that of uncharged scalar perturbations
in Schwarzschild spacetime. It is through this approximation the equations of a charged scalar
perturbation becomelinear and allow an e�ectiv e potential formulation. 2

The system I study|describ ed in the next section|assumes a fundamentally di�eren t ap-
proximation. The scalar perturbations are massive and electromagnetically self-interacting. But
while self-interacting, this system assumesthe charge carried by these perturbations doesn't in-

uence the curvature of the spacetimein which they evolve. However, this does not imply weak
electromagnetic interaction, or even limitation to a regime in which electromagnetic interaction is
subordinate to all gravitational e�ects|consider a commoncrystalline substancewhereelectromag-
netic binding energy is orders of magnitude stronger than gravitational attraction. Furthermore,
the system assumesthe �eld massis likewisetoo small to a�ect the curvature of spacetime. Since
the in
uence of charge and masson spacetimemust be through the stress-energytensor, the as-
sumptions are essentially a statement that the local energy density of the �eld must be small.
The notion of small can be roughly quanti�ed through comparison with the Schwarzschild solu-
tion. Since the Schwarzschild radius is RS = 2M , the averageenergy density of the black hole is
� T S � M =( 4

3 � R3
S) = 3=(32� M 2). Therefore, the assumption that the perturbation energy density

� T is small means� T =� T S � 3� T =(32� M 2) � 1. For the results presented in section 4.3, where
M = 5, the maximum energydensitiesare � T � 1{10, so the assumption � T =� T S � 1 holds.

The systemof equationsfor theseperturbations are nonlinear and socannot be cast in the form
of an e�ectiv e potential problem. Being nonlinear, the system must be solved numerically. To my
knowledge,the only other work that has analysedthe nonlinear problem is [71], where the authors
investigated the late-time decay of masslesscharged scalar perturbations in a dynamic spherically
symmetric spacetime. Investigation of the nonlinear chargedmodel in rotating spacetimehas until
now beenlacking|the results I present are the �rst of their kind.

2The e�ectiv e potential formulation for charged spacetime backgrounds is known to couple electromagnetic and
gravitational perturbations. A purely electromagnetic incident perturbation can by this mechanism scatter as a
purely gravitational perturbation. This could lead to interesting consequencesfor both superradian t scattering and
eventually gravitational wave detection. The e�ect is apparently dependent on the existence of a background electric
�eld, which is not the case for the system I investigate. However, some of the earliest works on this topic are [18],
[154], [104], [53], [105], [19] and [118].
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4.2 System of Equations for Charged Scalar Accretion

4.2.1 The Spacetime Metric

The rotating black hole spacetimeis described by the Kerr metric. In (t; r; � ; � ) Kerr-Schild coor-
dinates the line element takesthe form

ds2 = �
�

1 �
2M r

�

�
dt2 +

�
1 +

2M r
�

�
dr2 + � d� 2 + sin2 �

�
r 2 + a2 +

2M ra2 sin2 �
�

�
d� 2

+
�

4M r
�

�
dtdr �

�
4M ra sin2 �

�

�
dtd� � 2a sin2 �

�
1 +

2M r
�

�
drd� ; (4.40)

where
� � r 2 + a2 cos2 � ; (4.41)

a �
J
M

; (4.42)

t is the temporal coordinate, and r , � and � are respectively the radial and angular spatial coordi-
nates, M represents the total massof the black hole spacetimeand J its total angular momentum.
The metric (4.40) divergesat � = 0 and the scalarinvariant RabcdRabcd indicatesthe root r = a cos�
is a true curvature singularity. The singularity is a ring of radius a. Becausethe form (4.40) is
horizon penetrating, it doesn't immediately reveal the existenceof other special surfacesin the
spacetimesuch as � = 0, where

� � r 2 + a2 � 2M r : (4.43)

When a2 � M 2 the root r = r+ = M +
p

M 2 � a2 marks the location of the event horizon. It is
geometrically a sphere in the given coordinates. The secondroot r = r � = M �

p
M 2 � a2 is a

Cauchy horizon.3 When a2 > M 2 there is no event horizon and the ring singularity is naked. Since
in this instance there is no event horizon, the metric does not describe a black hole spacetime.
Such a spacetime would be in violation of the Cosmic Censor Conjecture as put forth by [123]
which statesno such singularities should be visible to any observer. The spacetime(4.40) possesses
two Killing vector �elds ta = (1; 0; 0; 0) and sa = (0; 0; 0; 1). ta is timelik e and sa spacelike in the
portion of spacetimewherer > r s = M +

p
M 2 � a2 cos2 � . However, when r + < r < r s the Killing

vector �eld ta becomesspacelike. The region r + < r < r s is known as the ergosphere. From the
perspective of a stationary observer at in�nit y, a timelik e orbit cannot remain stationary within
the ergosphere,but must rotate in the direction of rotation of the black hole. r = r s is thus called
a stationary limit surface in this strong example of the frame-dragginge�ect. Figure 4.12 depicts
the rotating Kerr black hole spacetime,and Figure 4.13 displays its causalstructure.

Finally, the future-directed unit-norm spatial hypersurfaceorthogonal vector is

na =
�

p
gr r ; �

gtr
p

gr r
; 0; 0

�
(4.44)

3Based upon arguments that an observer crossing r = r � will seeentire histories evolved from a Cauchy surface
of the Kerr spacetime in a �nite period of time, the Cauchy horizon at r = r � is though t to be unstable, as �rst put
forth by Penrose in [122]. However, de�nitiv e results, numerical or otherwise, detailing the formation and evolution
of the Kerr Cauchy horizon are apparently lacking. But if the results known for horizons of charged spherically
symmetric black holes carry over, then perturbations of the Kerr spacetime could lead to the formation of null
singularities which then merge with the Cauchy horizon. However, as in the charged spherically symmetric case, this
null singularit y may still be tra versable by observers willing to su�er �nite tidal forces. While the Kerr metric may
not accurately describe the interior of a black hole formed by the collapse of matter with angular momentum, it is
assumed to accurately depict the exterior spacetime after a stationary state has been achieved. Since my interest is
with the dynamics of �elds outside the event horizon r = r + , I can excise the portion of spacetime r < r + without
additional concern.
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Figure 4.12: Horizons of Kerr spacetime: side view (a) and top view (b). r = r + marks the
event horizon, r = r s is the stationary limit surface,and 
 H is the horizon angular
velocity. The ergosphereis the region r + < r < r s. The ring singularity is shrouded
by the event horizon.
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Figure 4.13: Penrosediagram showing causal structure of Kerr spacetime (cf. [62]). I and I'
depict asymptotically 
at regions of the spacetimeoutside the black hole. I I and
I I' are interior to the event horizon at r = r + , while interior regionsI I I and I I I' are
separatedfrom II and I I' by the Cauchy horizons at r = r � . I + represents future
null in�nit y and I � past null in�nit y, while i � represents past timelik e in�nit y, i +

future timelik e in�nit y and i 0 spacelike in�nit y. The singularity at r = 0 is timelik e,
and can thus be avoided by a timelik e tra jectory originating on the Cauchy surface
(red).
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where

gtr =
�

2M r
�

�
; (4.45)

gr r =
�

1 +
2M r

�

�
; (4.46)

and the spatial metric is encapsulatedby the hypersurfaceline element

d� 2 =
�

1 +
2M r

�

�
dr2 + � d� 2 + sin2 �

�
r 2 + a2 +

2M ra2 sin2 �
�

�
d� 2

� 2a sin2 �
�

1 +
2M r

�

�
drd� : (4.47)

4.2.2 The Matter Lagrangian and Equations of Motion

The Lagrangian for a massive electromagnetically coupled complex scalar �eld is again

L M =
p

� g[� (r a � � ieA a �)( r a � � + ieA a � � ) �
1
4

F abFab � m 2
� � � �] ; (4.48)

where m� is the scalar �eld mass parameter, e sets the strength of electromagnetic coupling
between the real and imaginary components of complex scalar �eld � = �( t; r; � ) (respectively
� 1 = � 1(t; r; � ) and � 2 = � 2(t; r; � )), the symbol � denotescomplex conjugation, Aa = Aa (t; r; � ) is
the electromagnetic vector potential, and Fab is the antisymmetric electromagnetic �eld strength
tensor. The set of Euler-Lagrangeequationsfor the systemdescribed by (4.48) yields equationsof
motion

r a r a � � + 2ie(r a � � )Aa � e2� � AaAa + ie� � r aAa � m 2
� � � = 0 ; (4.49)

r ar a � � 2ie(r a �) Aa � e2� AaAa � ie� r aAa � m 2
� � = 0 ; (4.50)

r aFab � ie(� � r b� � � r b� � ) � 2e2�� � Ab = 0 : (4.51)

where (4.49) and (4.50) are completely equivalent. I also choosethe Lorentz gaugecondition

r aAa = 0 ; (4.52)

the conserved current is

� J b � r aF ab = ie(� � r b� � � r b� � ) + 2e2�� � Ab; (4.53)

and the stress-energytensor is onceagain

Tab =
1
2

(r a � r b� � + r b� r a � � ) �
1
2

ie [(� r b� � � � � r b�) Aa + (� r a � � � � � r a �) Ab]

+ e2�� � AaAb +
1
2

FacFbdgcd �
1
2

gab[(r c� � ieA c�)( r c� � + ieA c� � ) +
1
4

F cdFcd

+ m 2
� � � �] : (4.54)

4.2.3 Matter Equations in First-Order Form

Equation of motion (4.50) can be rewritten as

r a (r a � � ieA a �) � ieA a (r a � � ieA a �) � m 2
� � = 0 : (4.55)
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Computing covariant derivatives with respect to metric (4.40), the equation of motion adopts a
rather complicated form. I choose to rewrite (4.55) in terms of �rst-order temporal and spatial
derivatives. To recast it in a more tractable form I �rst de�ne �eld variables

� � (t; r; � ) � nap
� g(r a � � ieA a �) ; (4.56)

� r (t; r; � ) � @r � ; (4.57)

� � (t; r; � ) � @� � ; (4.58)

A tr (t; r; � ) � @r A t ; (4.59)

A t� (t; r; � ) � @� A t ; (4.60)

A r r (t; r; � ) � @r A r ; (4.61)

A r � (t; r; � ) � @� A r ; (4.62)

A � r (t; r; � ) � @r A � ; (4.63)

A � � (t; r; � ) � @� A � ; (4.64)

A �r (t; r; � ) � @r A � ; (4.65)

A �� (t; r; � ) � @� A � ; (4.66)

and auxiliary metric functions

f t� (t; r; � ) �
gt�

sin �
; (4.67)

f �� (t; r; � ) �
g��

sin �
; (4.68)

et� (t; r; � ) �
gt�

sin2 �
; (4.69)

e�� (t; r; � ) �
g��

sin2 �
; (4.70)

where

gt� = �
2M ra sin2 �

�
; (4.71)

g�� = sin2 �
�

r 2 + a2 +
2M ra2 sin2 �

�

�
; (4.72)

and

g = �

�
g2

tr g�� � g2
t� gr r

� 2

g4
tr sin2 �

: (4.73)
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Under thesetransformations equation of motion (4.55) becomesthe set
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(4.74)

_� r = @r

�
ie

�
A t �

gtr

gr r
A r

�
� +

gtr

gr r
� r +

g2
trp

gr r (g2
tr f �� � gt� f t� gr r )

� �

�
(4.75)

_� � = @�

�
ie

�
A t �

gtr

gr r
A r

�
� +

gtr

gr r
� r +

g2
trp

gr r (g2
tr f �� � gt� f t� gr r )

� �

�
(4.76)

_� = ie
�

A t �
gtr

gr r
A r

�
� +

gtr

gr r
� r +

g2
trp

gr r (g2
tr f �� � gt� f t� gr r )

� � (4.77)

where the overdot, _, again designatesdi�eren tiation with respect to coordinate t.
I similarly chooseto evolve the four-vector potential equations of motion (4.51) in �rst-order

form. For this purposeI de�ne auxiliary variables

� r (t; r; � ) � nap
� g(r r Aa � r aA r ) ; (4.78)

� � (t; r; � ) � nap
� g(r � Aa � r aA � ) ; (4.79)

� � (t; r; � ) � nap
� g(r � Aa � r aA � ) ; (4.80)
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under which (4.51) become
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�
; (4.89)
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� r ; (4.90)

_A � = A t� �
gtr

gr r
A r � +

gtr

gr r
A � r +

g2
trp

gr r (g2
tr f �� � gt� f t� gr r )

� � ; (4.91)
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� � ; (4.92)

where from (4.53)

Jr = � ie(� � � r � �� �
r ) � 2e2�� � A r ; (4.93)

J � = � ie(� � � � � �� �
� ) � 2e2�� � A � ; (4.94)

J � = � 2e2�� � A � ; (4.95)

and I have used the chain rule to rewrite somepartial derivativeswith respect to � .4 Finally, the
Lorentz gaugecondition (which evolvescomponent A t ) is already in the �rst order form
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4.2.4 Ph ysical and Conserv ed Quan tities

In axial symmetry, none of the components Ea or Ba generically vanish.5 This di�ers from the
spherically symmetric casepresented in Chapter 3 where E r was the only nonzero component.
Explicitly , using de�nitions

Ea = Fabnb (4.99)

4Applying the chain rule
@f

@�
=

@cos�

@�
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@cos�
= � sin �

@f

@cos�
(4.96)

transforms numerically unsuitable forms at � = 0 or � = � such as

1

sin �

@f

@�
= �

@f

@cos�
: (4.97)

5Regularit y will, however, require E � , E � , B � and B � to vanish on the axis of symmetry (i.e., along � = 0 and
� = � ).
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and
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� cd
ab Fcdnb (4.100)

for an observer with four-velocity na ,
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Meanwhile, the temporal component of the current four-vector is
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(4.107)
and the conserved electric charge density can be expressed

� Q = ie
g2

tr

(g2
tr f �� � gt� f t� gr r )

(� � � � � �� �
� ) : (4.108)

Contracting the stress-energytensor Tab of (4.54) with na from (4.44) and ta = (1; 0; 0; 0)
obtains a conserved energydensity,

� T = � T (�) + � T (A ) + � T (� A ) ; (4.109)

where � T (�) is the contribution from the scalar �eld terms of Tab, � T (A ) is the contribution from
electromagnetic �eld variable terms, and � T (� A ) is the contribution from terms involving the in-
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teraction of � and Aa through coupling constant e.6 In detail,
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Similarly, contracting Tab with na and sa = (0; 0; 0; 1) yields the conserved angular momentum
density

� S = � S(A ) + � S(� A ) ; (4.114)



CHAPTER 4. CHAR GED SCALAR A CCRETION 89
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is the electromagnetic �eld contribution, and
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is from the coupling of scalar and electromagnetic �elds. Then, from (2.104), the total charge
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from (2.108), the total energy
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and, from (2.109), the total angular momentum
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will all be constant, providing ta is timelik e everywhere the densities � Q , � T and � S are non-zero.

4.2.5 Regularit y, Boundary Conditions and Dissipation

From the de�nitions of section 2.4 (cf. [6], [45]), regularity for the functions listed above requires
�, � r , A r , A r r , Jr , A � � , � � , A � , A �r , J � , A t , A tr , Er , E � , B r , B � , Jt , � Q , � T and � S be, to
leading order, even in � on axis (i.e., at � = 0 and � = � ). In addition to being even, � � , A � , A �r ,
J � , E � and B � must also vanish along the axis of symmetry (i.e., they are at least quadratic in �
on axis). Meanwhile, remaining variables � � , � � , A r � , � r , A � , A � r , J � , A �� , � � , A t� , E � and B �

are, to leading order, odd. For the leading-order-even variables I enforceregularity on grid points
corresponding to � = 0 and � = � by applying a quadratic �x as listed in Appendix C. I also
apply interpolation in the direction of � on the next-to-axis points for thesevariables using a 3rd
order Lagrange interpolant as discussedin Appendix C. Numerical testing shows the additional
interpolation helps ensuresmooth and stable evolution along the axis of symmetry. Variables � � ,
A � , A �r , J � , E � and B � are exceptional cases.I enforceregularity by setting them equal to zero
on the axis and imposing a quadratic �x on the next-to-axis points. Meanwhile, regularity of the
leading-order-odd variables is enforced by setting the functions equal to zero at the degenerate
point. As with the leading-order-even variables, interpolation is applied next-to-axis.

Becausetheir counterparts in the masslesselectromagnetically uncoupled (i.e., e = 0) theory
can be expressedas wave equations, I apply the (approximate) Sommerfeld outgoing radiation
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condition to �, A r , A � , A � and A t . As discussedin Chapter 2, the condition can here be written

@t (r u) +
�

� 2M r=� + 1
1 + 2M r=�

�
@r (r u) = 0 ; (4.120)

whereu = u(t; r; � ) are oneof �, A r , A � , A � or A t . The condition is applied on the outermost grid
points (i.e., at the points corresponding to the largest value of radial coordinate r = r max ) with the
exception of those lying on the axis of symmetry (� = 0 or � = � ) and those next-to-axis (i.e., at
� = � � or � = � � � � ). Therefore, a backwards spatial di�erencing operator is usedto implement
@r . The Sommerfeldcondition for � provides an algebraic equation for boundary valuesof � � as
well. Fields E r , E � and E � can similarly be rewritten as a set of wave equations. Sommerfeld
conditions for the electric �eld components provide outer boundary conditions for � r , � � and � � ,
which are again applied at all points r = r max except those on axis or next-to-axis. Backwards
di�erence operators are similarly usedat r = r max for � r , A r r , A � r , A �r and A tr , while � � , A r � ,
Jr , A � � , J � , A �� , J � , A t� , Er , E � , E � , B r , B � , B � , Jt , � Q , � T and � S require no special treatment.

I avoid both the Cauchy horizon at r = r � and ring singularity at r = a cos� by excising grid
points within a surface of constant r = r ex , r � < rex < r+ , from the computational domain. I
have found that numerical evolution is stable and smooth if I apply a mixture of extrapolation (in
coordinate r ) and interpolation (in � ) to the time-dependent grid functions u(t; r; � ). Formally, I
usethe linear combination

u(t + � t; r; � ) =
� �

� r + � �

�
P t +� t

2;r

�
+

� r
� r + � �

�
P t +� t

3;�

�
; (4.121)

where

P t +� t
2;r = 3u(t + � t; r + � r; � ) � 3u(t + � t; r + 2� r; � ) + u(t + � t; r + 3� r; � ) (4.122)

is the 2nd order extrapolating polynomial in r ,
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1
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(4.123)
is the 3rd order Lagrange interpolating polynomial in � , � t designating the interval in coordinate
t, � r the interval in r and � the interval in � . Factors

� �
� r + � �

; (4.124)

and
� r

� r + � �
(4.125)

provide weights adjusted to di�erences in intervals � � and � r . This weighted combination of
interpolation and extrapolation is applied at all points r = r ex which are neither on axis nor
next-to-axis.

I employ Kreiss-Oliger dissipation as outlined and summarized in Appendix C. Dissipation is
added to all equations of motion explicitly involving partial derivativeswith respect to t. This set
of functions is �, � r , � � , � � , A r , A r r , A r � , � r , A � , A � r , A � � , � � , A � , A �r , A �� , � � and A t . The
Kreiss-Oliger dissipation operators have stencils �v e points wide. For coordinate r they can then
be applied only at locations two grid points from the boundaries r = r ex and r = rmax . Similarly,
dissipation in coordinate � can be applied only when, at minimum, two grid points away from
boundaries � = 0 and � = � . Therefore, dissipation in both r and � is applied only in the bulk of
the computational domain|where r ex + 2� r � r � rmax � 2� r and 2� � � � � � � 2� � |while
dissipation in � alone is applied at r = r ex + � r and r � rmax � � r . Formally, if u = u(t; r; � )
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is one of the functions whose equation contains an explicit derivative in time, then, using the
Crank-Nicholson schemewithout dissipation, its expressionwill be

u(t + � t; r; � ) � u(t; r; � )
� t

=
1
2

[R(t + � t; r; � ) + R(t; r; � )] ; (4.126)

where the left hand side is|to O
�

(� t)2
�

accuracy|the time derivative of u centered between

times t and t + � t, and the right hand side represents|to O
�

(� r )2
�

and O
�

(� � )2
�

|all other

terms in the equation time averagedbetweenstepst and t + � t. Then, Kreiss-Oliger dissipation is
implemented by adding speci�c terms on the right hand side of equation (4.126). In this case,
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[D � (t + � t; r; � ) + D � (t; r; � )] (4.127)

when rex + 2� r � r � rmax � 2� r and 2� � � � � � � 2� � , and
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� t
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+
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[D � (t + � t; r; � ) + D � (t; r; � )] (4.128)

when 2� � � � � � � 2� � and r = r ex + � r or r � rmax � � r , where

D r (t; r; � ) = �
� r

16� t
[u(t; r + 2� r; � ) � 4u(t; r + � r; � ) + 6u(t; r; � )
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� 4u(t; r; � � � � ) + u(t; r; � � 2� � )] ; (4.130)

and 0 � � r < 1 and 0 � � � < 1 are adjustable parameters. I use values � r = 0:5 and � � = 0:5 for
the adjustable dissipation parameters in directions r and � , respectively. Using a Courant factor

� =
� t

q
1
2 ((� r )2 + (� � )2)

' 0:25 ; (4.131)

this system of equationsevolvesstably under the Crank-Nicholson iterativ e solution scheme.

4.2.6 Strategies for AMR and Parallel Computation

I have three functional numerical implementations that solve the dynamics of the Maxwell-Klein-
Gordon system: (1) a uniprocessorunigrid code; (2) a multipro cessorunigrid code; and (3) a
uniprocessoradaptivemeshcode.7 The uniprocessorunigrid codewaswritten with the aid of RNPL

7While I attempted to incorp orate a multipro cessor adaptiv e code, I was unable to �nd conditions at once
compatible with the regularit y conditions and processordistribution process. Speci�cally , all tested implementations
were found to intro duce high frequency errors during the adaptiv e regridding process. It is suspected this problem
could be easily resolved by switching to another coordinate system where regularit y is not at issue.
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([94], [95], [96], [97]), and wasusedexclusively in obtaining results for the unchargedMaxwell-Klein-
Gordon equations. My multipro cessorunigrid code and uniprocessoradaptive mesh codes make
useof the PAMR ([128], [129]) library . While I usethe multipro cessorunigrid code extensively in
solving the electromagneticallycoupleddynamics, I havenot found meshre�nement very bene�cial.
This is discussedbelow.

In the parallel implementation it is necessaryto ensurethe computational domain is properly
distributed among the compute nodes. While PAMR takescare of the processordistribution and
information passingprocesses,I must manually specify the ghost region8 widths. For the example
given in Appendix C, a ghost width of a single point was appropriate. However, in the present
case,the chosendi�erence equations involve not only Kreiss-Oliger dissipation operators, but also
interpolation and extrapolation operators. Simple counting reveals these operator stencils can
extend as many as 3 points in each grid direction from their centers. This meansghost regionsat
least 3 points wide are required for complete information communication. However, more than 3
ghost points are not required. Using a wider ghost region is therefore unnecessaryand will only
decreasecomputational e�ciency . I exclusively useghost regionswith exactly 3 points in each grid
direction for this reason. Furthermore, it is important to use no more processorsthan necessary.
Speci�cally , since there is a cost associated with inter-node communication from the transfer of
data on ghost regions,choosing too many compute nodescould result in a total ghost point count
comparableto the number of points on the global domain itself. I have found that 64 processorsis
typically a good choice for global domains having a total of 3:2 � 105 grid points or more.

The uniprocessoradaptive meshcode usesthe modi�ed Berger and Oliger time stepping algo-
rithm as discussedin Appendix C, and implementation again usesthe PAMR libraries. Central to
this algorithm is the relative solution error that comparesresults on successive levels of resolution.
It is important to considerappropriate grid functions in this measureof error. A good choice for
the system includes the functions representing physical �elds �, Ea , Ba and Ja , and conserved
densities � T , � S and � Q . Auxiliary �elds and vector potential components could always be in-
cluded in the measureof error, but the physical �elds and conserved densities are ultimately the
quantities of interest to physics,soensuringthey are properly resolved through the measureshould
be su�cien t. Forming the measureand from these quantities and using a number of di�eren t er-
ror tolerances,I have tested the adaptive implementation by evolving massive electromagnetically
coupled Maxwell-Klein-Gordon perturbations on an a = M = 5 Kerr spacetime. While evolution
was smooth and otherwise well behaved, I have found the regions of adaptive re�nement quickly
grow and cover the greatest proportion of the computational domain, indicating the resolutional
requirements becomenearly uniform acrossmost of the domain. This behaviour is depicted in
Figure 4.14 for a maximum of four allowed levels of resolution. Considering the computational
overhead of the adaptive re�nement procedure, it is not clear that long term advantages can be
gainedfrom this implementation. The e�ciency and cost is likely comparableto that of the parallel
implementation whereI simply evolveon a grid of su�cien t uniform resolution. While the adaptive
measureof solution error could probably be optimized, the improvement will probably not be great
for the choice of spatial domain, typical initial conditions and parameter valuese and m � . I have
therefore not investigated meshre�nement in any more detail.9

8E�ectiv ely, the ghost region of a parallel �nite di�erence code is that set of grid points whose values must be
communicated between processors. The size and form of a ghost region is determined by the computational domain
of dependence, which is itself established through the choice of speci�c �nite di�erence approximations and thus
stencils. Details and discussion can be found in App endix C.

9Of course, if the evolutionary details were known ahead of time, a non-uniform grid could be used in lieu
of adaptiv e mesh re�nemen t. Clearly , these non-uniform grids would have to be chosen on a case by case basis
to accommodate resolutional requirements of the unfolding dynamics. So while much simpler to implement than
adaptiv e re�nemen t, the case-speci�c nature of non-uniform grid methods posea serious limitation for the technique.
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Figure 4.14: Adaptiv e mesh re�nement (to a maximum of four levels) of the energy density for
massiveelectromagneticallycoupledperturbations in for a = M = 5 Kerr spacetime.
The directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in
the �rst frame. The computational domain coversthe range5 � r � 50 and 0 � � �
� , and the cornersof the domain are labelled with their (r; � ) ordinate values. The
amplitude is scaledlinearly and the colour gradient is scaledlogarithmically . Re�ned
regionsquickly grow to cover a large proportion of the computational domain.
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4.3 Results

4.3.1 Initial Data

The initial value problem for the Maxwell-Klein-Gordon system in Kerr spacetime amounts to
speci�cation of all the variables in a manner consistent with regularity and gaugeconditions, and
satisfying the electromagneticconstraint equation

D aEa = � Q ; (4.132)

where D a is the spatial covariant derivative operator, and � Q , is, according to equation (4.108),

� Q = ie
g2

tr

(g2
tr f �� � gt� f t� gr r )

(� � � � � �� �
� ) : (4.133)

Following the procedure of section 2.2.1, I decomposeEa into its longitudinal and transverse
parts, respectively L a and Ta , to obtain

Ea = L a + Ta : (4.134)

Then intro ducing the scalar potential, U = U(r; � ), as per

DaU = L a ; (4.135)

(4.132) becomes
D aDaU = D aEa = � Q ; (4.136)

where the left hand side is explicitly
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� [2gr r (@r e�� )(@r U) � (@r gr r )e�� (@r U) + 2gr r e�� (@r r U)

+ gr r (@� gr r )(@� U) � 2g2
r r cos� (@cos � U) + 2g2

r r (@� � U)
�

: (4.137)

After solving (4.136) using the methods of Appendix C, I reconstruct the longitudinal electric �eld
components, which are, from (4.135),

L r = @r U ; (4.138)

L � = @� U ; (4.139)

L � = 0 : (4.140)

I can then specify any divergencelessset of components for the transversepart Ta. For simplicit y,
I choose

Tr = 0 ; (4.141)

T� = 0 ; (4.142)

T� = 0 : (4.143)
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The completely reconstructed electric �eld at initial time is then

Er = @r U ; (4.144)

E � = @� U ; (4.145)

E � = 0 : (4.146)

Having solved for Ea , the �nal step is to then initialize � r , � � and � � in accordancewith (4.101),
(4.102) and (4.103), meaning

� r = �
g2

tr f �� � gt� f t� gr r

g2
tr

Er ; (4.147)

� � = �
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E � ; (4.148)

� � = �
g2

tr f �� � gt� f t� gr r

g2
tr

E � : (4.149)

Having satis�ed the initial data constraint, I can freely specify the remaining variables in accor-
dancewith their de�nitions and regularity conditions. For simplicit y I chooseGaussianpro�les for
the complex components of �( t; r; � ) = � 1(t; r; � ) + i� 2(t; r; � ), � � (t; r; � ) = � 1(t; r; � ) + i � 2(t; r; � ),
and the vector potential components Aa (t; r; � ).10 That is,
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�
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; (4.150)
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; (4.151)

� 1(0; r; � ) = a3 exp
�
� (( r � r3)=� r 3)2�

exp
�
� (( � � � 3)=� � 3)2�

; (4.152)

� 2(0; r; � ) = a4 exp
�
� (( r � r4)=� r 4)2�

exp
�
� (( � � � 4)=� � 4)2�

; (4.153)

A t (0; r; � ) = ar exp
�
� (( r � r t )=� r t )2�

exp
�
� (( � � � t )=� � t )2�

; (4.154)

A r (0; r; � ) = ar exp
�
� (( r � r r )=� r r )2�

exp
�
� (( � � � r )=� � r )2�

; (4.155)

A � (0; r; � ) = a� exp
�
� (( r � r � )=� r � )2�

exp
�
� (( � � � � )=� � � )2�

; (4.156)

A � (0; r; � ) = a� exp
�
� (( r � r � )=� r � )2�

exp
�
� (( � � � � )=� � � )2�

; (4.157)

where a1, a2, a3, a4, at , ar , a� and a� are constants setting the initial amplitudes, r 1, r2, r3, r4,
r t , r r , r � and r � determine the Gaussian peaks in the radial direction, � 1, � 2, � 3, � 4, � t , � r , � �

and � � determine the Gaussianpeaks in the � coordinate direction, � r 1, � r 2, � r 3, � r 4, � r t , � r r , � r �

and � r � determine the Gaussianwidths in coordinate r , and � � 1, � � 2, � � 3, � � 4, � � t , � � r , � � � and � � �

determine widths in � . All remaining variables are initialized according to de�nitions in sections

10 From equations (4.93) and (4.94), nonzero electric current components J r and J � require e, � and � � to all be
nonzero. The condition for nonzero J r additionally requires that either A r , � r or � �

r be nonzero. Similarly , the
condition for nonzero J � additionally requires that either A � , � � or � �

� be nonzero. Clearly , the chosen initial data
(4.150){(4.162) satis�es the nonzero conditions for both J r and J � when e 6= 0. Therefore, it can be said charge
separation begins at t = 0 for this speci�cation of the Maxw ell-Klein-Gordon system.
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4.2.3 and 4.2.4. Unlessotherwise speci�ed, I usevalues

a1 = a2 = a3 = a4 = at = ar = a� = a� = 1:0 ; (4.158)

r1 = r2 = r3 = r4 = r t = r r = r � = r � = 25:0 ; (4.159)

� 1 = � 2 = � 3 = � 4 = � t = � r = � � = � � = � =2 ; (4.160)

� r 1 = � r 2 = � r 3 = � r 4 = � r t = � r r = � r � = � r � = 5:0 ; (4.161)

� � 1 = � � 2 = � � 3 = � � 4 = � � t = � � r = � � � = � � � = 0:3 : (4.162)

The chosenKerr spacetimeis exclusively massM = 5 with variable angular momentum per unit
mass,a. Finally, the computational domain always covers the coordinate range 5 � r � 50 and
0 � � � � .

Finally, while the form of metric (4.40) suggestssymmetry about the equatorial plane (� = � =2),
this symmetry is for the spacetimemetric and not for matter evolving in the background spacetime.
Sincethe Maxwell-Klein-Gordon �elds areheretreated asperturbations not a�ecting the spacetime,
they are free to evolve in a manner which is not symmetric about the equatorial plane. Observe
how the equations of motion and constraint have been written in a general form consistent with
the assumption of axial symmetry and therefore allow a more generic evolution|one that need
not respect any symmetry about the equatorial plane.11 As shown in section 4.3.3, the choice
of initial conditions (4.132), (4.147){(4.149), and (4.154){(4.157) do not generateelectromagnetic
�elds with covariant components all symmetric about � = � =2. Furthermore, since the di�erence

approximations usedareaccurateto only O
�

(� � )2
�

, slight asymmetriesabout the equatorial plane

will be expected throughout evolution regardlessof how initial conditions are chosen.

4.3.2 Klein-Gordon Dynamics: Orbiting Resonances and Massiv e
Mo de Trapping for s = 0 Perturbations

With initial data speci�ed as discussedabove, I evolve massive s = 0 perturbations on a Kerr
spacetime. The black hole mass is set to M = 5, and the angular momentum per unit mass is
chosento be either a = 0 or a = M . I vary the Klein-Gordon massparameter m � � m	 between
m� = 0:0 and m� = 2:4. The computational domain covers radial coordinate range 5 � r � 50
and angular coordinates 0 � � � � . The computational domain has J = 401 points radially and
K = 201 points in the � angular direction. The numerical evolutions span the range of coordinate
time 0 � t . 200.

For a = M = 5, m � = 0:0 evolution, perturbations clearly display the glory e�ect and orbiting
resonances.Figure 4.15 displays the normalized energy density within 5 � r � 50, 0 � � � � and
0 � � � 2� by a sequenceof steps from the evolution beginning at t = 0 and leading to a �nal
step at t = 77:11 shown in Figure 4.16. The orbit resonanceperiod is � 70t and each successive
orbit is attenuated by a factor of � 10� 1. Note how the orbital frequency � 1=(70t) is more than
twice that of the unstable circular photon orbits occurring at r = 3M .12 While strong gravitational

11 While an equatorially symmetric code could be written for the Maxw ell-Klein-Gordon system, it would not allow
study of any physics unique to the non-equatorially symmetric system.

12 The innermost stable circular orbit of the Schwarzschild spacetime described by (4.1) occurs at radius r = 6M ,
while the innermost unstable circular orbit occurs at r = 3M . From the study of timelik e geodesics in Schwarzschild
spacetime it can be shown that circular orbits in the equatorial plane are given by

@�

@�
=

L

r 2
; (4.163)

where � is prop er time and L is the angular momentum per unit rest mass as measured by a static observer at
in�nit y. The prop er time for the innermost stable circular orbit of an M = 5 Schwarzschild spacetime is therefore
1800 �

L , while the prop er time for the innermost unstable circular orbit in the samespacetime is 450 �
L . More cannot be

said about the orbital period without specifying a value for L . Instead consider the null geodesics of Schwarzschild
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interaction is observable in the form of orbiting resonances,neither mode trapping nor superradiant
scattering are apparent from the calculations. While mode trapping is expected only for massive
scalar perturbations, superradiant scattering could, in fact, be present for any scalar perturbation
mass. However, the e�ect is expected to be only on the order of a fraction of a percent [124].
Figure 4.17 displays the integrated normalized energy density within the computational domain
for 0 � t . 200 for both a = 0 and a = M . Clearly, the addition of black hole angular momentum
has but a small e�ect on the scalar perturbation evolution. 13 Predominantly , addition of black
hole angular momentum decreasesthe perturbation energy
ux through surfacesr = 5 and r = 50.
While not exact for either a = 0 or a = M , the late time decay of integrated normalized energy,
T , is approximately a power law of form

log(T) � � kt ; (4.165)

with constant of proportionalit y k � 1 � 10� 2. A local maximum in this integrated energydensity
would be su�cien t for identi�cation of superradiant scattering. But sincescalar perturbations are

o wing out of the computational domain at both the r = 5 excision surfaceand the r = 50 outer
boundary, a better test would also incorporate the energy 
ux through the surfacer = 50. A local
maximum in the integrated energy within the computational domain plus that of the out
o wing

ux would constitute a necessarycondition for superradiant scattering. So while not apparent in
the data shown, superradiant scattering may, in fact, be occurring in the evolution of the massless
scalar perturbations. Finally, Figure 4.18 displays the normalized energy density at t = 53:98.
Results presented in section 4.3.3 show a superradiant scattering peak for s = 1 electromagnetic
perturbations at this time (cf. Figures 4.29 and 4.30).

spacetime. It is known there are no stable circular orbits and just a single unstable circular orbit at r = 3M whose
equation in the equatorial plane is

@�

@t
=

�
r � 2M

r 3

� 1=2

: (4.164)

The period in coordinate time of a unstable circular photon orbit in M = 5 Schwarzschild spacetime is thereforep
330� ' 163:24.
13 In fact, a comparison of the normalized energy densities reveals that a = 0 and a = M evolutions are morpho-

logically nearly identical.
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Figure 4.15: The glory e�ect and orbiting resonancesfor a = M = 5, m � = 0:0 scalar perturba-
tions. The �gure displays the normalized energydensity in a sequenceof steps. The
directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the
�rst frame. The computational domain covers the range 5 � r � 50 and 0 � � � � ,
and the corners of the domain are labelled with their (r; � ) ordinate values. The
amplitude is scaledlinearly, while the scaleof the colour gradient is logarithmic.
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Figure 4.16: The glory e�ect and orbiting resonancesfor a = M = 5, m � = 0:0 scalar per-
turbations at late time. The �gure displays the normalized energy density at a
�nal step of the evolution. The directions of coordinate vectors r a � (0; 1; 0; 0)
and � a � (0; 0; 1; 0) are shown, the computational domain covers the range
5 � r � 50 and 0 � � � � , and the corners of the domain are labelled
with their (r; � ) ordinate values. The amplitude is again scaled linearly and
the colour gradient logarithmically . An MPEG animation showing orbiting res-
onance through normalized energy density for the period 0 � t . 108 is avail-
able at http://$WWW/Peopl e/ petry k/ ani matio ns/2 .mpeg where$WWWis currently
laplace.physics .ub c. ca .

As discussedin section 4.1, setting the scalar perturbation massto nonzerovaluesmay permit
mode trapping in the minimum of the e�ectiv e gravitational potential. The details depend on the
speci�c mode, and the magnitude of the perturbation mass,m � , relative to the massof the black
hole, M . Speci�cally , Figures 4.5 and 4.7 demonstrate that l = 5 can be the only trapp ed mode
of perturbation massm � = 0:3 in a spacetimewith a = 0 and M = 5. From equation (4.10) it
can be deducedthat, for r � 50, all modes with l < 5 experienceonly a potential well centered
within the event horizon. The only well for modes l > 5 is again within the event horizon, but
now additional scattering is observed becauseof a local maximum in the potential near r = 3M .
Comparing with Figures 4.3, 4.6 and 4.8 it is clear that, for a given spacetime, trapping of low l
modesoccurs for smaller valuesof m � , and trapping of higher l modes takesplace for larger m � .
Furthermore, if m� is su�cien tly large, all lower l modes are expected to experienceonly a deep
potential well and therefore fall into the black hole. Figure 4.19displays the integrated normalized
energy density for m � = 0:0; 0:3; 0:6; 1:2, and 2:4 massive scalar perturbations in an a = M = 5
Kerr spacetime. m � = 0:3 perturbations experiencethe greatest trapping and persist longest on
the computational domain, while the m � = 2:4 perturbation total energydecays most rapidly. At
late time, t � 200, the total energy of m � = 0:6 perturbations most closely matches that of the
m� = 0:0 perturbations. Superradiant scattering peaks are not observed for any of these cases,
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Figure 4.17: Integrated normalized energy density for masslessscalar perturbations. Plotted is
log(T), the logarithm of the total energy contained within 5 � r � 50, 0 � � � �
and 0 � � � 2� , asa function of coordinate time t. The dashedline represents data
for a=M = 0=5 = 0 and the dotted line data for a=M = 5=5 = 1. The decay rate
of integrated energy is approximately a power law at late time. A local maximum
signalling superradiant scattering is not observable for either evolution. Black hole
angular momentum e�ectiv ely decreasesthe overall decay rate of these massless
scalar perturbations. Note the decreasein time of this quantit y results from the
energy 
ux acrosssurfacesr = 5 and r = 50, and thus out of the computational
domain.
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Figure 4.18: Normalized energy density at t = 53:98 for a = M = 5, m � = 0:0 scalar pertur-
bations. It is at this time that superradiant scattering peaks are seenfor electro-
magnetic perturbations (cf. Figures 4.29 and 4.30), but here there is no evidence
of superradiancefor the masslessscalarperturbations. The directions of coordinate
vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown, the computational domain
covers the range 5 � r � 50 and 0 � � � � , and the (r; � ) ordinate values at the
domain cornersare provided. The amplitude is again scaledlinearly and the colour
gradient logarithmically .
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but this test is again su�cien t but not necessaryfor superradiance.
The detailed structure of massive scalar perturbation evolution in a = M = 5 Kerr spacetime

is displayed for m� = 0:3 in Figures 4.20 and 4.21, and for m � = 2:4 in Figure 4.22. Figures
4.20 and 4.21 reveal a rather detailed (normalized) energy density distribution as the m � = 0:3
perturbations evolve on the computational domain. While the evolution markedly di�eren t from
that of m� = 0:0, there is still someevidenceof orbiting resonancesvery near the excisionsurface
at r = 5, but it is not possible to provide a reasonableestimate for either the resonanceorbit
period or their attenuation. However, the perturbations now persist for a extendedperiod of time
in the vicinit y of the black hole. Furthermore, there is someevidenceof additional energydensity
concentration alongthe axis of black holerotation. Meanwhile, Figure 4.22showshow the m � = 2:4
scalar perturbations remain localized throughout evolution as they becometidally distorted and
consumedby the black hole within a relatively short period of time. The evolution of m � = 1:2
perturbations (not displayed) are very much similar in these respects. Finally, as expected. the
e�ect of black hole angular momentum are small for (s = 0) scalarperturbations. Morphologically,
the a = 0 and a = M evolutions are nearly identical for m � = 0:3 and also for m � = 2:4. Figures
4.23 and 4.24 comparea = 0 and a = M integrated normalized energy densities for the respective
m� = 0:3 and m� = 2:4 evolutions. The results again show little di�erence in the total energy
within 5 � r � 50, 0 � � � � and 0 � � � 2� as a function of time between a = 0 and a = M
spacetimes.The approximation of total integrated energy, T , to a power law of form

log(T) � � kt (4.166)

is worsethan for the masslessperturbations. However, if a power law is assumedat late time, the
decay constant would be k � 5 � 10� 3 for m� = 0:3 perturbations, and k � 7 � 10� 2 for m� = 2:4
perturbations. The lower decay rate for m � perturbations results from mode trapping about a
local potential minimum, and the increaseddecay rate for m � = 2:4 perturbations derives from
the rapid infall of perturbations in a steeper potential well. These results di�er from the caseof
(s = 1) electromagneticperturbations presented below.
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Figure 4.19: Integrated normalized energy density for massive scalar perturbations. Plotted is
log(T), the logarithm of the total energycontained within 5 � r � 50,0 � � � � and
0 � � � 2� , as a function of coordinate time t. All data is for the a=M = 5=5 = 1
Kerr spacetime. The dashed red line is for m � = 2:4, the dotted red line is for
m� = 1:2, the dashedblue line is m � = 0:6, the dotted blue line is m � = 0:0, and
the dashedblack line is m � = 0:3. Clearly, m � = 0:3 perturbations experiencethe
greatest trapping and persist longest on the computational domain. In none of the
casesis a local maximum signalling superradiant scattering apparent. The decrease
in time of this quantit y results from the energy
ux acrosssurfacesr = 5 and r = 50,
and thus out of the computational domain.
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Figure 4.20: Mode trapping and orbiting resonancesfor a = M = 5, m � = 0:3 scalar per-
turbations. The �gure displays the normalized energy density evolution in a
sequenceof steps. The directions of coordinate vectors r a � (0; 1; 0; 0) and
� a � (0; 0; 1; 0) are shown, the computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude is again scaledlinearly and the colour gradient logarithmi-
cally. An MPEG animation of the evolution over the period 0 � t . 108 is avail-
able at http://$WWW/Peopl e/ petry k/ ani matio ns/3 .mpeg where$WWWis currently
laplace.physics .ub c. ca .



CHAPTER 4. CHAR GED SCALAR A CCRETION 105

PSfrag replacements

r a
� a

(5 ; 0)

(50 ; 0)

(5 ; � )

(50 ; � )

PSfrag replacements

r a

� a
(5 ; 0)

(50 ; 0)
(5 ; � )

(50 ; � )

PSfrag replacements

r a

� a
(5 ; 0)

(50 ; 0)
(5 ; � )

(50 ; � )

PSfrag replacements

r a

� a
(5 ; 0)

(50 ; 0)
(5 ; � )

(50 ; � )

Figure 4.21: Mode trapping and orbiting resonancesfor a = M = 5, m � = 0:3 scalar pertur-
bations at late time. The �gure displays the normalized energy density evolution
in a sequenceof steps. The directions of coordinate vectors r a � (0; 1; 0; 0) and
� a � (0; 0; 1; 0) are again shown, the computational domain again covers the range
5 � r � 50 and 0 � � � � , and the corners of the domain are labelled with their
(r; � ) ordinate values. The amplitude is again scaledlinearly and the colour gradient
logarithmically .
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Figure 4.22: Localization, tidal distortion, and rapid decay of m � = 2:4 scalar perturbations
in a = M = 5 Kerr spacetime. The �gure displays the normalized energy density
evolution in a sequenceof steps. The directions of coordinate vectorsr a � (0; 1; 0; 0)
and � a � (0; 0; 1; 0) are shown, the computational domain covers the range 5 � r �
50 and 0 � � � � , and the corners of the domain are labelled with their (r; � )
ordinate values. The amplitude is again scaled linearly and the colour gradient
logarithmically . An MPEG animation of the evolution over the period 0 � t .
108 is available at http://$WWW/Peopl e/p et ryk /a nimat io ns/ 4. mpeg where $WWW
is currently laplace.physics. ubc.c a .
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Figure 4.23: Integrated normalized energydensity for m � = 0:3 scalar perturbations. Plotted is
log(T), the logarithm of the total energy contained within 5 � r � 50, 0 � � � �
and 0 � � � 2� , asa function of coordinate time t. The dashedline represents data
for a=M = 0=5 = 0 and the dotted line data for a=M = 5=5 = 1. Black hole angular
momentum decreasesthe overall decay rate for thesemassive scalar perturbations.
The decreasein time of this quantit y results from the energy 
ux acrosssurfaces
r = 5 and r = 50, and thus out of the computational domain.

4.3.3 Maxw ell Equation Dynamics: Orbiting Resonances and
Superradiance for s = 1 Perturbations

With initial data again speci�ed according to section 4.3.1, I evolve s = 1 perturbations on a Kerr
spacetime. The black hole massis again set to M = 5, and the angular momentum per unit mass
is chosensomewherein the range a = 0 through a = M . The computational domain again covers
radial coordinate range5 � r � 50 and angular coordinates 0 � � � � . The computational domain
hasJ = 401points radially and K = 201points in the � angular direction and numerical evolutions
span the range of coordinate time 0 � t . 200. In terms of physical �elds, the choseninitial data
amounts to an everywhere vanishing electric �eld and a non-vanishing nontrivial magnetic �eld
at t = 0. For example, in the casea = M , the initial magnetic �eld components are distributed
as shown in Figure 4.25. The resulting energy density distribution is shown in the �rst frame of
Figure 4.28. While the electric �eld components are initially vanishing, their time derivatives|and
also those of the magnetic �eld components|are not, implying nontrivial evolution.
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Figure 4.24: Integrated normalized energydensity for m � = 2:4 scalar perturbations. Plotted is
log(T), the logarithm of the total energy contained within 5 � r � 50, 0 � � � �
and 0 � � � 2� , asa function of coordinate time t. The dashedline represents data
for a=M = 0=5 = 0 and the dotted line data for a=M = 5=5 = 1. Black hole angular
momentum has little e�ect on the evolution of these massive scalar perturbations.
Again, decreasesin time of this quantit y result from the energy 
ux acrosssurfaces
r = 5 and r = 50, and thus out of the computational domain.
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Figure 4.25: Initial magnetic �eld distribution for a = M = 5, electromagnetic perturbations.
(a) displays B r , (b) displays B � , and (c) shows B � . The directions of coordinate
vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in (a). The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values. The amplitude and colour gradient are
both scaledlinearly.
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For evolutions a = 0 through a = M , electromagneticperturbations clearly display the glory ef-
fect and orbiting resonances.Figure 4.26displays the normalized energydensity within 5 � r � 50,
0 � � � � and 0 � � � 2� by a sequenceof steps from the evolution beginning at t = 0 and lead-
ing to a �nal step at t = 77:11 shown in Figure 4.27. Strong gravitational interaction is clearly
manifest in the form of orbiting resonances.Similar to the caseof masslessscalar perturbations,
the resonanceorbit period is � 70t, corresponding to an orbital frequency more than twice that
the unstable circular photon orbit at r = 3M (cf. equation (4.164) and related discussion). Fur-
thermore, the attenuation between successive orbits is again � 10� 1. While an e�ect akin to
mode trapping is not expected for electromagneticperturbations, superradiant scattering could be
present, depending on the initial data and value of angular momentum parameter a. The maximum
superradiant ampli�cation is expected to be on the order of four percent in an a = M spacetime.
Figure 4.28 displays the integrated normalized energy density within the computational domain
for 0 � t . 200 for a = 0; 0:8M and a = M . Clearly, the addition of black hole angular momentum
has a measurablee�ect on the evolution of electromagneticperturbations. At late time the total
integrated energy, T , can be roughly approximated by the power law

log(T) � � kt ; (4.167)

where the decay constant is k � 1 � 10� 2. Generally, the decay constant decreaseswith in-
creasingblack hole angular momentum. However, the total integrated energiesare nearly iden-
tical for all a � 0:998. Figure 4.29 displays the integrated normalized energy densities for a =
0; 0:8M ; 0:98M ; 0:998M and a = M for 47:5 � t � 57:5. The local maxima of the integrated energy
densities for a = 0:8M ; 0:98M ; 0:998M and a = M at t = 53:98 are signals of superradiant scat-
tering. From the data I deducea lower estimate on the superradiant ampli�cation in the amount
of � 0:05% for a = 0:8M , � 1:3% for a = 0:98M and � 1:6% for a � 0:998M . Observe how
the largest value measuredhere is � 1=3 the maximal value of 4:4% calculated in the study of
s = 1 perturbations by Teukolsky and Press [141]. Again, since perturbations are 
o wing out of
the computational domain at the r = 50 outer boundary, a better estimate for the total superra-
diant ampli�cation would also incorporate the energy 
ux through that surface. The superradiant
ampli�cation could thus be a couple percent larger than given by these lower estimates. For ref-
erence,Figure 4.30 displays the normalized energy density at the maximum of the superradiant
scattering peak for the a = M spacetimeperturbations. The concentration of energy density in
the plane � = � =2 within the ergospherenear the excision surface is markedly di�eren t from the
caseof scalar perturbations at t = 53:98 as depicted in Figure 4.18. Apart from the resonance
and superradiant scattering amplitudes, the energy densitiesare quite similar for electromagnetic
perturbation evolutions in a = 0; 0:8M ; 0:98M and 0:998M � a � M spacetimes.
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Figure 4.26: The glory e�ect and orbiting resonancesfor a = M = 5, electromagneticperturba-
tions. The �gure displays the normalized energydensity in a sequenceof steps. The
directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the
�rst frame. The computational domain covers the range 5 � r � 50 and 0 � � � � ,
and the corners of the domain are labelled with their (r; � ) ordinate values. The
amplitude is scaledlinearly, while the scaleof the colour gradient is logarithmic.
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Figure 4.27: The glory e�ect and orbiting resonancesfor a = M = 5, electromagnetic pertur-
bations at late time. The �gure displays the normalized energy density at a �nal
step of the evolution. The directions of coordinate vectors r a � (0; 1; 0; 0) and
� a � (0; 0; 1; 0) are shown, the computational domain covers the range 5 � r � 50
and 0 � � � � , and the corners of the domain are labelled with their (r; � ) ordi-
nate values. The amplitude is again scaled linearly and the colour gradient log-
arithmically . An MPEG animation showing orbiting resonancethrough normal-
ized energy density for the s = 1 perturbations over period 0 � t . 108 is avail-
able at http://$WWW/Peopl e/ petry k/ ani matio ns/5 .mpeg where$WWWis currently
laplace.physics .ub c. ca .

For an understanding of the magnetic and electric �eld dynamics, I composethe products B aB a

and EaE a for the a = M = 5 spacetimeevolution. Figure 4.31displays the squareof the magnetic
�eld at times t = 0, 19:28, 38:55, 53:98, 57:83 and t = 77:11. Similarly, Figure 4.32 displays the
squareof the electric �eld at t = 0, 19:28, 38:55, 53:98, 57:83 and t = 77:11. Observe that while
the BaB a is essentially zero in the equatorial plane � = � =2 outside the ergoregion, the quantit y
EaE a is not. This indicates that the energy density outside the ergosphereabout the equatorial
disk is carried predominantly by the electric �eld. Furthermore, the magnetic �eld amplitude is
substantially smaller than the electric �eld amplitude along the axis of symmetry where � = 0 or
� = � . However, note that, in curved spacetime,EaE a and BaB a are merely proportional to the
contributions from electric and magnetic �elds. The relationship between these squaresand the
energy density is only made an equality through inclusion of multiplicativ e factors that include
metric components. Therefore, the sum of squares 1

4 (EaE a + BaB a ) is not generally a conserved
quantit y. The identi�cation between this speci�c function and a conserved density can only be
made in the exceptional caseof 
at spacetime. Furthermore, Figure 4.33 plots the integrated
squaresover the computational domain,

B 2 �
Z 2�

� =0

Z �

� =0

Z 50

r =5
BaB a

p
gr r

�
g2

tr f �� � gt� f t� gr r
�

g2
tr

drd� d� ; (4.168)
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Figure 4.28: Integrated normalized energy density for electromagnetic perturbations in M = 5
Kerr spacetime.Plotted is log(T), the logarithm of the total energycontained within
5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate time t. The
dashedred line represents data for a=M = 0, the dotted red line data for a=M = 0:8,
and the dashedblack line data for a=M = 1. Clearly, black hole angular momentum
decreasesthe overall decay rate of electromagneticperturbations. Any decreasein
time of the energy results from the 
ux acrosssurfacesr = 5 and r = 50, and thus
out of the computational domain.
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Figure 4.29: Integrated normalized energy density for electromagnetic perturbations in M = 5
Kerr spacetime.Plotted is log(T), the logarithm of the total energycontained within
5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate time t. The
dashedred line represents data for a=M = 0, the dotted red line data for a=M = 0:8,
the dashedblue line data for a=M = 0:98, the dotted blue line (nearly coincident
with the dashedblack line) data for a=M = 0:998, and the dashedblack line data
for a=M = 1. The peaks in integrated energy densities at t = 53:98 for a � 0:8M
are a mark of superradiant scattering.
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Figure 4.30: Normalized energy density at the superradiant scattering peak time t = 53:98 for
electromagneticperturbations in an a = M = 5 Kerr spacetime. The directions of
coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown, the computational
domain covers the range 5 � r � 50 and 0 � � � � , and the (r; � ) ordinate values
at the domain cornersare provided. The amplitude is scaledlinearly and the colour
gradient logarithmically . A concentration of energy density in the plane � = � =2
within the ergospherenear the excisionsurfaceis the manifestation of superradiant
scattering.
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and

E 2 �
Z 2�

� =0

Z �

� =0

Z 50

r =5
EaE a

p
gr r

�
g2

tr f �� � gt� f t� gr r
�

g2
tr

drd� d� : (4.169)

After an initial period of oscillation where magnetic �elds convert to electric �elds, and vice-versa,
the integrated amplitudes becomeclosely matched. At late time, the decay rates can be roughly
approximated by the power laws

log(B 2) � � kt ; (4.170)

and
log(E 2) � � kt ; (4.171)

where k � 1 � 10� 2 in both (4.170) and (4.171). Finally, except for the lack of superradiant
ampli�cation and even smaller BaB a contribution along the axis of symmetry, evolution of BaB a

and EaE a are very similar in the a = 0 and a = M spacetimes. The integrated densities B 2 and
E 2 are also similar in the casesa = 0 and a = M .
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Figure 4.31: BaB a for a = M = 5, electromagneticperturbations. The �gure displays the square
of the magnetic �eld in a sequenceof steps including the superradiant scattering
peak at t = 53:98. The computational domain covers the range 5 � r � 50 and
0 � � � � , and the corners of the domain are labelled with their (r; � ) ordinate
values. The amplitude is scaled linearly, while the scaleof the colour gradient is
logarithmic. The magnetic �eld amplitude is negligible outside the ergoregionin the
plane � = � =2, and much smaller than the electric �eld along the axis of symmetry
where � = 0 and � = � (cf. Figure 4.32).
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Figure 4.32: EaE a for a = M = 5, electromagneticperturbations. The �gure displays the square
of the electric �eld in a sequenceof stepsincluding the superradiant scattering peak
at t = 53:98. The directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0)
are shown in the �rst frame. The computational domain coversthe range5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude is scaled linearly, while the scaleof the colour gradient is
logarithmic. The electric �eld amplitude is substantially larger than the magnetic
�eld amplitude along the axis of black hole rotation (cf. Figure 4.31).
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Figure 4.33: Integrated squaresof electric and magnetic �elds in a = M = 5 Kerr spacetime.
Plotted are log(B 2) and log(E 2), the logarithm of the integrated squarescontained
within 5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate time
t. The dashed black line represents log(B 2), and the dotted black line log(E 2).
Initially , the �eld amplitudes undergo substantial oscillation, but the decay of in-
tegrated electric and magnetic amplitudes becomeclosely matched at intermediate
and late time.

The e�ects of black hole rotation are more strongly manifest in the evolution of electromagnetic
angular momentum. The angular momentum density for electromagneticperturbations is given by
equation (4.115). Figure 4.34displays the evolution for a = M in a sequenceof steps,beginning at
t = 0, and leading to the �nal displayed step at t = 77:11 in Figure 4.35.14 Meanwhile, Figure 4.37
shows the evolution sequencefor a = 0, leading to the �nal displayed frame in Figure 4.38. Observe
how the a = M density has much larger amplitude and steeper gradients than the a = 0 data.
Furthermore, Figures 4.36 and 4.39 respectively display the angular momentum densities at the
superradiant scattering peak time t = 53:98 for a = M and a = 0. It is there evident how strongly
the electromagneticperturbation angular momentum is a�ected by the black hole rotation. Finally,
Figure 4.40 shows the angular momentum density integrated over the computational domain as
a function of time for the M = 5 spacetimeswith a = 0, a = 0:8M and a = M . Also, Figure
4.41 shows the integrated angular momentum for a = 0; 0:8M ; 0:98M ; 0:998M and a = M for
47:5 � t � 57:5. Notice that, while highly variable for a � 0:8M spacetimes,the total angular

14 This nontrivial evolution of electromagnetic perturbation angular momentum intro ducesan interesting possibilit y
for black hole formation. Namely, not only can black holes be formed from pure electromagnetic radiation, but such
black holes can also carry angular momentum. This makes it possible to generically study black hole angular
momentum scaling in critical phenomena at the threshold of black hole formation in both axial symmetry and in
four dimensional spacetimes without symmetries.
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momentum, S, tends towards S = 0.
In the standard picture of superradiant scattering, ampli�cation of incident perturbations oc-

curs at the expenseof black hole rotational energy, and therefore at the expenseof black hole
angular momentum [151], [152], [153], [5], [101], [124], [137], [138] and [141]. A net 
ux of angular
momentum should thus be observed from a black hole during superradiant scattering events. Fig-
ure 4.36 shows there is very large angular momentum density in the region of the event horizon
and ergosphere,and negligible angular momentum density at the r = 50 outer boundary, when
t = 53:98 in the a = M = 5 Kerr spacetime. Meanwhile, Figure 4.39 similarly shows negligible
angular momentum density at the r = 50 domain boundary, and a small (but not insigni�can t)
density near the event horizon at t = 53:98 in the a = 0, M = 5 spacetime. Any substantial changes
of total angular momentum in these spacetimesaround t = 53:98 will then be due to 
ux to or
from the black hole itself. Figures 4.40and 4.41show marked increasesin total angular momentum
for the 0:8 � a=M � 1, M = 5 spacetimesaround t = 53:98, but insigni�can t change in angular
momentum for the a = 0, M = 5 spacetimearound the sameperiod. But t = 53:98 is precisely the
time when total electromagnetic energy within r = 50 in the 0:8 � a=M � 1, M = 5 spacetimes
show their largest increasein value (cf. Figure 4.29). Then, according to the standard picture, the
marked increasesof electromagneticangular momentum around t = 53:98 in thesespacetimesare
the direct result of superradiant ampli�cation drawn from the rotation of the black hole itself.
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Figure 4.34: Angular momentum density for electromagneticperturbations in a = M = 5 Kerr
spacetime. The �gure displays angular momentum density density in a sequenceof
steps. The directions of coordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are
shown in the �rst frame. The computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude and colour gradient are both scaledlinearly.
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Figure 4.35: Angular momentum density for electromagnetic perturbations at late time in a =
M = 5 Kerr spacetime. The �gure displays angular momentum density density at a
�nal step of the evolution. The directions of coordinate vectors r a � (0; 1; 0; 0) and
� a � (0; 0; 1; 0) are shown, the computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude and colour gradient are again scaledlinearly.
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Figure 4.36: Angular momentum density for electromagneticperturbations at superradiant scat-
tering peak time t = 53:98 in a = M = 5 Kerr spacetime. The directions of co-
ordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown, the computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values. The amplitude and colour gradient are
again scaledlinearly.
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Figure 4.37: Angular momentum density for electromagneticperturbations in a = 0, M = 5 Kerr
spacetime. The �gure displays angular momentum density density in a sequenceof
steps. Notice the general decay in electromagnetic angular momentum relative to
that of the casea = M . The directions of coordinate vectors r a � (0; 1; 0; 0) and
� a � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers
the range 5 � r � 50 and 0 � � � � , and the corners of the domain are labelled
with their (r; � ) ordinate values. The amplitude and colour gradient are both scaled
linearly.
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Figure 4.38: Angular momentum density for electromagneticperturbations at late time in a = 0,
M = 5 Kerr spacetime. The �gure displays angular momentum density density at a
�nal step of the evolution. Notice how the angular momentum density distribution
here di�ers from that of the casea = M . The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown, the computational domain covers
the range 5 � r � 50 and 0 � � � � , and the corners of the domain are labelled
with their (r; � ) ordinate values. The amplitude and colour gradient are again scaled
linearly.

4.3.4 Massless Maxw ell-Klein-Gordon Equation Dynamics I: Orbiting
Resonances, Charge Separation and Dynamo-Lik e Behaviour for
e = 0:6 Electromagnetically Coupled s = 0 and s = 1 Perturbations

I againspecify initial data accordingto section4.3.1,but hereI evolvem � = 0:0 electromagnetically
coupled s = 0 and s = 1 perturbations on a Kerr spacetimeby specifying nonzerocharge coupling
constant e. The black hole mass is set to M = 5, and the angular momentum per unit mass
is again chosen somewherein the range a = 0 through a = M . As before, the computational
domain covers radial coordinate range 5 � r � 50 and angular coordinates 0 � � � � , but now
resolutional requirements demanda computational domain with J = 801radial points and K = 401
points in the � angular direction. Becauseof the computational demands,thesecalculations were
performed in parallel across64 processorswith processoroverlap regionsbeing 3 grid points wide.
The numerical evolutions again span the range of coordinate time 0 � t . 200. Since I choose
the charge coupling parameter e = 0:6 in a following analysis of charged massive scalar �elds, I
focusdiscussionmostly on the e = 0:6 casebut later comparetheseresults to the evolution of both
e < 0:6 and e > 0:6 coupling parameterdata. In terms of physical electromagnetic�elds, the chosen
initial data again amounts to an everywherevanishing electric �eld and a non-vanishing nontrivial
magnetic �eld at t = 0. For the casea = M , the initial magnetic �eld components are distributed
asshown in previous Figure 4.25. However, the coupling betweenscalar and electromagnetic�elds
now givesrise to a nontrivial four-current distribution at initial time. The nonlinear dynamics are
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Figure 4.39: Angular momentum density for electromagneticperturbations at t = 53:98 in a = 0,
M = 5 Kerr spacetime. The density distribution has signi�can tly smaller gradients
than in the casea = M The directions of coordinate vectors r a � (0; 1; 0; 0) and
� a � (0; 0; 1; 0) are shown, the computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude and colour gradient are again scaledlinearly.
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Figure 4.40: Integrated angular momentum density for electromagneticperturbations in M = 5
Kerr spacetime. Plotted is S, the total angular momentum contained within 5 �
r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate time t. The dashed
red line represents data for a=M = 0, the dotted red line data for a=M = 0:8, and
the dashedblack line data for a=M = 1. Clearly, perturbation angular momentum
is highly variable in rotating black hole spacetimes,but tends towards S = 0 at late
time.
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Figure 4.41: Integrated angular momentum density for electromagneticperturbations in M = 5
Kerr spacetime. Plotted is S, the total angular momentum contained within 5 �
r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate time t. The dashed
red line represents data for a=M = 0, the dotted red line data for a=M = 0:8, the
dashedblue line data for a=M = 0:98, the dotted blue line (nearly coincident with
the dashedblack line) data for a=M = 0:998, and the dashedblack line data for
a=M = 1. The di�erences betweena = 0 and a > 0 data are signi�can t.
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rather detailed asdiscussedbelow. In addition to orbiting resonances,I �nd the electromagnetically
coupled �elds display both charge separation and dynamo-like behaviour.

Starting with e = 0:6, a = M = 5 initial data, the total normalized energy within the compu-
tational domain is displayed as a sequenceof steps starting at t = 0 in Figure 4.42 with a �nal
displayed time at t = 77:11 as shown in Figure 4.43. Gravitational interaction in the form of
orbiting resonancesare again observed, and the resonanceperiod is again � 70t, corresponding to
an orbital frequencymore than twice that the unstable circular photon orbit at r = 3M (cf. equa-
tion (4.164) and related discussion). Furthermore, the attenuation betweenthe �rst two successive
orbits is again � 10� 1. Mode trapping is not apparent and neither is superradiant scattering15.
Figure 4.44 shows the total normalized energy within the computational domain for 0 � t . 150
for a = 0; 0:8M and a = M spacetimes.16 It is there apparent how black hole angular momentum
decreasesthe decay rate of electromagnetically coupled perturbations. Furthermore, at late time,
the decay of perturbations in the a = M spacetimecan be approximated as the power law

log(T) � � kt ; (4.172)

with decay constant k � 1 � 10� 2, similar to the casesof s = 1 and masslesss = 0 perturbations.
The evolution of energydensitiesare otherwise similar in the a = 0; 0:8M and a = M spacetimes.

15 Again, while this test does not compensate for 
ux lost through the outer boundary r = 50, some superradian t
ampli�cation could still be present

16 While the evolution was extended to t � 200, a very slowly growing instabilit y is manifest some time after
t = 175 at r = 50 for casesa = 0:8M and a = M . I therefore limit examination to the shorter time interval.
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Figure 4.42: The glory e�ect and orbiting resonancesfor a = M = 5, m � = 0:0, e = 0:6 coupled
perturbations. The �gure displays the total normalized energydensity in a sequence
of steps. The directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are
shown in the �rst frame. The computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude is scaled linearly, while the scaleof the colour gradient is
logarithmic.
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Figure 4.43: The glory e�ect and orbiting resonancesfor a = M = 5, m � = 0:0, e = 0:6 coupled
perturbations at late time. The �gure displays the total normalized energydensity
at a �nal step of the evolution. The directions of coordinate vectors r a � (0; 1; 0; 0)
and � a � (0; 0; 1; 0) are shown, the computational domain covers the range 5 �
r � 50 and 0 � � � � , and the corners of the domain are labelled with their (r; � )
ordinate values. The amplitude is again scaled linearly and the colour gradient
logarithmically .

According to equations (4.109) through (4.113), the total conserved energy density can be
decomposed into two terms independent of couping parameter e plus one dependent on e. The
e-independent terms are the energy density of purely scalar contributions, � T (�) , and the energy
density of purely electromagnetic�eld contributions, � T (A ) . The e-dependent term, � T (� A ) , couples
the scalar and electromagnetic �elds. While the total

� T = � T (�) + � T (A ) + � T (� A ) (4.173)

is a conserved quantit y, the individual components are not. In fact, the coupling term � T (� A )

isn't even strictly positive in 
at spacetime. Figures 4.45. 4.46, and 4.47 respectively depict
sequencesof evolution of � T (�) , � T (A ) and � T (� A ) . Observehow the purely scalarcontribution is the
dominant contributor for the displayed phaseof evolution. Also note how purely electromagnetic
contributions increaserapidly at very early time and then remain fairly large in amplitude for
the remaining evolution. Furthermore, the coupling term � T (� A ) is small in amplitude throughout
evolution, except along � = 0 and � = � at the time when perturbations �rst scatter o� the steep
gravitational potential near the black hole event horizon. Figure 4.48displays the total normalized
energy contained in the computational domain, T , and also the three components T(�), T (A),
and T(� A) contributing to the total. It is there apparent that T(�) is the dominant contributor
until t � 90, after which T(A) dominates. It is also clear that T(� A) is sometimespositive, and at
other times negative. Finally, there appears to be a strong correlation betweenT(�) and T(� A)
during the period 20 . t . 40, corresponding to the �rst perturbation scattering from the steep
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Figure 4.44: Integrated normalized energy density for e = 0:6 coupled masslessperturbations
in M = 5 Kerr spacetime. Plotted is log(T), the logarithm of the total energy
contained within 5 � r � 50, 0 � � � � and 0 � � � 2� , asa function of coordinate
time t. The dashedred line represents data for a=M = 0, the dotted red line data for
a=M = 0:8, and the dashedblack line data for a=M = 1. Clearly, black hole angular
momentum decreasesthe overall decay rate of electromagneticperturbations. Any
decreasein time of the energyresults from the 
ux acrosssurfacesr = 5 and r = 50,
and thus out of the computational domain.



CHAPTER 4. CHAR GED SCALAR A CCRETION 133

gravitational potential. The correlation betweenthe electromagneticcomponent T(A) and T(� A)
appearsto be rather weak during this event.
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Figure 4.45: Evolution of the scalar contribution to the total energy for a = M = 5, m � = 0:0,
e = 0:6 coupled perturbations. The �gure displays the normalized scalar contri-
bution to the energy density in a sequenceof steps. The directions of coordinate
vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The com-
putational domain covers the range 5 � r � 50 and 0 � � � � , and the corners of
the domain are labelled with their (r; � ) ordinate values. The amplitude is scaled
linearly, while the scaleof the colour gradient is logarithmic.
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Figure 4.46: Evolution of the electromagnetic contribution to the total energy for a = M = 5,
m� = 0:0, e = 0:6 coupled perturbations. The �gure displays the normalized
electromagnetic contribution to the energy density in a sequenceof steps. The
directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the
�rst frame. The computational domain covers the range 5 � r � 50 and 0 � � � � ,
and the corners of the domain are labelled with their (r; � ) ordinate values. The
amplitude is scaledlinearly, while the scaleof the colour gradient is logarithmic.
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Figure 4.47: Evolution of the coupling terms contributing to the total energy for a = M = 5,
m� = 0:0, e = 0:6 perturbations. The �gure displays the normalized coupling
contribution to the energy in a sequenceof steps. The directions of coordinate
vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The
computational domain covers the range 5 � r � 50 and 0 � � � � , and the corners
of the domain are labelled with their (r; � ) ordinate values. The amplitude is scaled
linearly, while the scaleof the colour gradient is logarithmic.
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Figure 4.48: Decomposition of integrated normalized energydensity for e = 0:6 coupledmassless
perturbations in a = M = 5 Kerr spacetime. Plotted are the total energy and
contributions to the total contained within 5 � r � 50,0 � � � � and 0 � � � 2� , as
a function of coordinate time t. The dotted black line represents the total normalized
energy, the dashedblack line represents the normalized scalar �eld contribution, the
dotted red line is the normalized electromagnetic contribution and the dashedred
line the normalized contribution from electromagneticcoupling terms.

I again analyze the magnetic and electric �eld dynamics through analysis of B aB a and EaE a .
Figure 4.49 displays BaB a , while Figure 4.50 shows EaE a . As in the caseof pure electromagnetic
perturbations, the magnetic �eld norm is substantially smaller than that of the electric �eld in the
equatorial plane (� = � =2) and along the axis of symmetry (� = 0 and � = � ). The integrals of
thesenorms are displayed in Figure 4.51. After undergoingsubstantial changeat early time, these
integrated amplitudes becomecomparableand very roughly decay according to

log(B 2) � � kt ; (4.174)

and
log(E 2) � � kt ; (4.175)

wherek � 1� 10� 2 similar to the caseof pure electromagneticperturbations. Finally, the evolution
of BaB a and EaE a are qualitativ ely very similar in both a = 0 and a = M spacetimes.
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Figure 4.49: BaB a for a = M = 5, e = 0:6 coupledperturbations. The �gure displays the square
of the magnetic �eld in a sequenceof steps. The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values. The amplitude is scaledlinearly, while
the scale of the colour gradient is logarithmic. The magnetic �eld amplitude is
negligible outside the ergoregionin the plane � = � =2.
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Figure 4.50: EaE a for a = M = 5, e = 0:6 coupledperturbations. The �gure displays the square
of the electric �eld in a sequenceof steps. The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values. The amplitude is scaledlinearly, while
the scaleof the colour gradient is logarithmic.
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Figure 4.51: Integrated squaresof electric and magnetic �elds in a = M = 5 Kerr spacetimefor
e = 0:6 coupled perturbations. Plotted are log(B 2) and log(E 2), the logarithm of
the integrated squarescontained within 5 � r � 50, 0 � � � � and 0 � � � 2� , as
a function of coordinate time t. The dashedblack line represents log(B 2), and the
dotted black line log(E 2). Initially , the �eld amplitudes undergosubstantial change,
but the decay of integrated electric and magnetic amplitudes becomecomparable
at later time.

Beforeanalyzing the physicsof chargeseparationand dynamo-like behaviour unique to electro-
magnetically coupleds = 0 and s = 1 perturbations I now include discussionof angular momentum
density evolution. I display the conservedangular momentum density in the sequenceof stepsshown
in Figure 4.52. Similar to the caseof purely electromagneticperturbations, the choseninitial data
is for zero net the angular momentum at all point in the computational domain. However, the
distribution becomesnontrivial in short order as shown. Furthermore, as seenin the caseof un-
coupled electromagneticperturbations, the distribution becomessharply peaked in the ergoregion
at intermediate time before evolving to a somewhat lessdynamic scenario. Also observe that the
local angular momentum density amplitudes are enhancedby an order of magnitude over those of
the uncoupled electromagnetic perturbations. This e�ect is clearly due to the addition of charge
coupling. Furthermore, in Figure 4.53, I display the sameevolution sequencein a = 0 spacetime.
There it is clear that the black hole rotation ampli�es the angular momentum density amplitude.
This is again similar to the situation observed for uncoupled electromagnetic perturbations. To
conclude, I display the integrated angular momentum density for a = 0; 0:8M and a = M space-
times in Figure 4.54. It is there evident that the total angular momentum is especially variable for
a � 0:8M spacetimesduring the evolutionary period 40 . t . 70.
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Figure 4.52: Angular momentum density for a = M = 5, e = 0:6 coupled perturbations in a
sequenceof steps. The directions of coordinate vectors r a � (0; 1; 0; 0) and � a �
(0; 0; 1; 0) are shown in the �rst frame. The computational domain covers the range
5 � r � 50 and 0 � � � � , and the corners of the domain are labelled with their
(r; � ) ordinate values. The amplitude and colour gradient are both scaledlinearly.
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Figure 4.53: Angular momentum density for a = 0, e = 0:6 coupled perturbations in a sequence
of steps. The directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are
shown in the �rst frame. The computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values. The amplitude and colour gradient are both scaledlinearly.
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Figure 4.54: Integrated angular momentum density for e = 0:6 coupled masslessperturbations
in M = 5 Kerr spacetime. Plotted is S, the total angular momentum contained
within 5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate
time t. The dashedred line represents data for a=M = 0, the dotted red line data
for a=M = 0:8, and the dashedblack line data for a=M = 1. The total angular
momentum is especially variable for a � 0:8M spacetimesduring 40 . t . 70.

In this subsectionI have sofar discussedthe dynamicsof energyand angular momentum for the
coupleds = 0 and s = 1 perturbations on Kerr spacetime. It is fair to say that, while quantitativ ely
di�eren t, the energy and angular momentum dynamics are in many ways similar to those of un-
coupledperturbations previously discussed.Becausethe electromagneticallycoupledperturbations
carry charge,two physically unique featuresappear in the �eld dynamics|the separationof electric
charge and dynamo-like behaviour of electric current. The evolution of electric charge density in
a = M = 5 spacetimeis displayed asa sequencein Figure 4.55. There it is seenhow an everywhere
zero net charge density quickly evolvesinto regionsof separatednet positive and negative charge.
Note that this processis not particular to rotating black hole spacetimes.For comparison,I display
the analogoussequencefor a = 0, M = 5 spacetimein Figure 4.56. The early dynamics of � Q are
nearly identical for a = M and a = 0, and only signi�can tly deviate in magnitude after the initial
scattering from the steep gravitational potential. For further comparison I plot the total charge
contained in the computational domain, Q, for a = 0; 0:8M and a = M spacetimesin Figure 4.57,
where it is observed how closely the total chargesagreeat early time for all black hole angular
momenta. In addition, observe how the choice of initial data prefers to transfer positive charge
through the event horizon and outer computational boundary for 40 . t . 50 and transfer negative
charge for 70 . t . 100.
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Figure 4.55: Charge density showing separation in the a = M = 5 spacetimefor e = 0:6 pertur-
bations. Both amplitude and colour gradient are scaledlinearly. The directions of
coordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame.
The computational domain covers the range 5 � r � 50 and 0 � � � � , and the
cornersof the domain are labelled with their (r; � ) ordinate values.
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Figure 4.56: Charge density showing separation in the a = 0, M = 5 spacetime for e = 0:6
perturbations. The amplitude and colour gradient are again scaled linearly. The
directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the
�rst frame. The computational domain covers the range 5 � r � 50 and 0 � � � � ,
and the cornersof the domain are labelled with their (r; � ) ordinate values.
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Figure 4.57: Integrated chargedensity for e = 0:6 coupledmasslessperturbations in M = 5 Kerr
spacetime. Plotted is Q, the total charge contained within 5 � r � 50, 0 � � � �
and 0 � � � 2� , as a function of coordinate time t. The dashedred line represents
data for a=M = 0, the dotted red line data for a=M = 0:8, and the dashedblack line
data for a=M = 1. The choice of initial data preferentially transfers positive charge
through the event horizon and outer computational boundary for 40 . t . 50 and
negative charge for 70 . t . 100.

As the coupled perturbations carrying charge and momentum display interesting dynamics, it
is also surmised the electric current should reveal behaviour worth studying. While the evolution
of � Q encapsulatesinformation regarding current components J r and J � , it doesn't completely
reveal the behaviour of the axial current component J � . For this reason I plot an evolutionary
sequencefor J � in a = M = 5 Kerr spacetime in Figure 4.58. Most generally, I consider the
dynamo-like behaviour to be the dynamic interplay of electric current and electromagnetic �eld,
converting between kinetic and non-kinetic contributions of the system's total energy. As there
is no outside mechanism to constrain the axial current of the coupled perturbations, they must
necessarilydisplay dynamo-like behaviour. However, observe how J � undergoesdirectional reversal
throughout evolution. The choice of initial conditions clearly disallows a single persistent current
loop.17 Instead, the loop oscillates in a nontrivial manner lacking a regular period of oscillation.

17 This behaviour can be simply explained as a manifestation of Faraday's Law. Recall the di�eren tial form of
Faraday's law in 
at spacetime can be expressed

~r � ~E +
@~B

@t
= 0 ; (4.176)

which shows that a time dependent magnetic �eld induces an electric �eld. The electric �eld, then, will induce a
current (or change in current) in a direction to counteract the change in magnetic �eld. In the case examined here,



CHAPTER 4. CHAR GED SCALAR A CCRETION 147

The same is true for evolution in a = 0, M = 5 spacetime as shown in Figure 4.59. This is
substantiated in part by Figures 4.60 and 4.61 which respectively display the global maxima and
minima of J � for a = 0 and a = M spacetimes. While a = 0 perturbations have larger global
maxima at early time, thesemaxima quickly decay and the a = M becomesdominant. Especially
note how the maximum, max(J � ), peaks during the period 20 . t . 50. Meanwhile, the global
minima, min(J � ), evolvewith comparableamplitude for early time until a = M perturbations begin
dominating when 40 . t . 80. The global maxima and minima were also analyzed for a = 0:8M
(not displayed) and were found to be qualitativ ely similar to those of the a = M spacetime. It can
therefore be concludedthat while black hole angular momentum initially suppressesthe evolution
of J � , it later acts to amplify this axial current density.

there is an axial current loop at initial time as shown in Figure 4.58. There is also a magnetic �eld at initial time,
whose square is shown in Figure 4.49. Note how this initial magnetic �eld distribution|the same as that studied
in section 4.3.3|has a nonzero time derivativ e. As this magnetic �eld changes in time it induces an electric �eld
as supported by results shown in Figures 4.50 and 4.51. Of course, the resulting induced change in current by the
electric �eld must be in the direction opposing the change in magnetic 
ux.
Now consider the scenario where a stationary charged disk generates a current loop around a black hole and persists
inde�nitely unless acted on by an external agent. If an electromagnetic wave passes through part of the loop,
a current 
uctuation will then be induced in order to oppose the change in magnetic 
ux enclosed by the loop.
And so it is by this mechanism that one could imagine electromagnetic radiation destabilizing a stationary charged
accretion 
o w in the spacetime of a black hole. Note there was no appeal to a prop erty unique to black holes in this
destabilization mechanism, and to the argument should also hold for other gravitating celestial objects lik e stars.
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Figure 4.58: Displayed is the axial current, J � , oscillation in a = M = 5 Kerr spacetime for
e = 0:6 coupled perturbations. Both amplitude and colour gradient are scaled
linearly. The directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are
shown in the �rst frame. The computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values.
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Figure 4.59: Displayed is the axial current, J � , oscillating in a = 0, M = 5 Kerr spacetime
for e = 0:6 coupled perturbations. Both amplitude and colour gradient are scaled
linearly. The directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are
shown in the �rst frame. The computational domain covers the range 5 � r � 50
and 0 � � � � , and the cornersof the domain are labelled with their (r; � ) ordinate
values.
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Figure 4.60: Global maxima of J � in the computational domain, max(J � ), as a function of t for
e = 0:6 coupledmasslessperturbations in M = 5 Kerr spacetime. The dotted black
line represents data for a=M = 0 and the dashedblack line data for a=M = 1.

To gain additional insight on the nature of chargeand current in this model, considerthe ratios
� Q =e and Ja=e. From equation (4.108), the �rst of the ratios is

� Q

e
= i

g2
tr

(g2
tr f �� � gt� f t� gr r )

(� � � � � �� �
� ) ; (4.177)

and may be interpreted asa conserved scalar �eld density. However, recall that chargedensity can
be both positive and negative. The proper interpretation of � Q =e is therefore the density of the
scalar �eld carrying chargewith sign e=jej. Negative valuesof � Q =esimply indicate the scalar �eld
is carrying charge of opposite sign at those locations. Furthermore, comparing � Q of (4.108) to
� S(� A ) from (4.116) obtains

� Q = �
2

A �
� S(� A ) ; (4.178)

revealing the connectionbetweenchargedensity and the angular momentum contribution from the
coupling of scalar and electromagnetic �elds. Meanwhile, (4.93) and (4.94) obtain the quantities

Jr

e
= � i (� � � r � �� �

r ) � 2e�� � A r (4.179)

and
J �

e
= � i (� � � � � �� �

� ) � 2e�� � A � ; (4.180)
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Figure 4.61: Global minima of J � in the computational domain, min(J � ), as a function of t for
e = 0:6 coupledmasslessperturbations in M = 5 Kerr spacetime. The dotted black
line represents data for a=M = 0 and the dashedblack line data for a=M = 1.
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which represent scalar �eld velocities in the r and � coordinate directions. Now, from (4.95),

J �

e
= � 2e�� � A � ; (4.181)

which represents a scalar �eld velocity in the axial direction|sp eci�cally , the axial velocity of
scalar �eld carrying charge of sign e=jej.

From (4.56), the quantit y � � appearing in (4.177) is

� � = nap
� g(r a � � ieA a �) ; (4.182)

where, from (4.73),
p

� g =
g2

tr f �� � gt� f t� gr r

g2
tr

: (4.183)

Substituting (4.182) and (4.183) into (4.177) and taking the limit e ! 0 obtains

lim
e! 0

� Q

e
= � na i (� � r a � � � r a � � ) : (4.184)

Similarly, taking the e ! 0 limits of (4.179){(4.181) yields

lim
e! 0

Jr

e
= � i (� � � r � �� �

r ) ; (4.185)

lim
e! 0

J �

e
= � i (� � � � � �� �

� ) ; (4.186)

and

lim
e! 0

J �

e
= 0 : (4.187)

Observe how, consistent with the assumptionsof axial symmetry, the scalar �eld velocity in the
axial direction vanishesin the limit e ! 0. Furthermore, the relationship between the Noether
current of a (masslessand uncharged) complex scalar �eld,

J a = � i (� � r a � � � r a � � ) ; (4.188)

and the quantities appearing in (4.184){(4.187) is clear.
Of course,� Q , Jr , J � and J � are observer dependent quantities. As far as that goes,so are Ea ,

Ba , � T , and � S . But it is well known from both special and general relativit y that densities and
electromagneticquantities are dependent on the frame in which they are measured.This discussion
concludessubsection4.3.4.

4.3.5 Massless Maxw ell-Klein-Gordon Equation Dynamics I I:
Comparing Electromagnetically Coupled s = 0 and s = 1
Perturbations With Di�eren t Values of Parameter e

Having examined the e�ects of charge coupling e = 0:6 in the masslessMaxwell-Klein-Gordon
system for di�eren t values of the black hole angular momentum parameter a, I now investigate
how changing e alters the observed dynamics in a = M = 5 Kerr spacetime. Speci�cally , I
investigate e = 0:0; 0:3; 0:6; 1:2 and e = 2:4. The computational domain again spans5 � r � 50
and 0 � � � � , and the initial data is speci�ed as in the preceding subsection. For e = 0:0; 0:3
and e = 0:6 I use a �nite di�erence grid with resolution J = 801 radial points and K = 401
angular points. This provides an accuracy to within � 1% before the perturbations �rst crossthe
ergosphereand then the excision surface at r = 5. For e = 1:2 a resolution of J = 1601 radial
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points and K = 801 angular points is used to provide the samelevel of accuracy. For e = 2:4, a
resolution of at least J = 3201 radial and K = 1601 angular points is required before this order
of accuracy is achieved.18 The computational requirements are thus very large for e = 1:2 and
e = 2:4, and so I compute the evolution just past the �rst excision surfacecrossingfor these two
coupling parameter values.19 Finally, the calculations for 0:0 � e � 1:2 are performed in parallel
across64 processorswith processoroverlap regions 3 grid points wide, and the calculations for
e = 2:4 are performed across256 processorswith overlap regions3 points wide.

While computational demandshave restricted the length of high e evolutions, I have complete
data for e = 0:0; 0:3, and e = 0:6 over 0 � t . 150 for the a = M = 5 Kerr spacetime. The data
for e = 0:0 are essentially the sum of results from sections4.3.2 and 4.3.3. Furthermore, the case
e = 0:6 has already been discussedin section 4.3.4. While the results for e = 0:3 should display
behaviour betweenthose of e = 0:0 and e = 0:6, I quantify the similarities and di�erences through
the total normalized energy, total angular momentum and charge contained in the computational
domain. Figure 4.62 displays the energy, Figure 4.63 the angular momentum, and Figure 4.64
the charge. While proportionately greater energy persists over time for for e = 0:3 and e = 0:6
than for e = 0:0, there is reasonably close agreement between the casese = 0:3 and e = 0:6.
While the di�erences are small, it can still be argued that addition of modest charge coupling

18 The need for higher accuracy when e is large can be inferred from equation of motion (4.50),

r a r a � � 2ie(r a �) A a � e2 � A a A a � ie� r a A a � m 2
� � = 0 : (4.189)

For simplicit y, consider solutions of this equation in a 
at spacetime with one spatial dimension and one temp oral
dimension. Points in this spacetime are designated by the value of spatial coordinate x and the value of temp oral
coordinate t. Furthermore, consider solutions of equation (4.189) of the form

� = a� exp i (kx � ! t ) ; (4.190)

where a� is the amplitude, k is the wavenumber and ! is the solution frequency. When e = m � = 0, equation
(4.189) becomes

r a r a � = 0 : (4.191)

The dispersion relation obtained by substituting (4.190) into (4.191) is simply

! 2 = k2 : (4.192)

When e = 0 and m � 6= 0, equation (4.189) becomes

r a r a � � m 2
� � = 0 : (4.193)

Assuming (4.193) has solutions of the form (4.190), the dispersion relation becomes

! 2 = k2 + m2
� : (4.194)

This shows large values for m � result in correspondingly large values of ! for a given wavenumber k. Numerically ,
this implies a need for higher resolution to obtain a solution with the same accuracy as in the casem � = 0. Similarly ,
the need for high resolution can be inferred when m � = 0 and e 6= 0 is large. Using the Lorentz gauge condition
r a A a = 0 and assuming m � = 0, equation (4.189) becomes

r a r a � � 2ie(r a �) A a � e2A a A a � = 0 : (4.195)

Solutions (4.190) then obtain a dispersion relation

! 2 + 2eA t ! = k2 + 2eAr k + e2A a A a : (4.196)

Comparing with (4.193) and (4.194), the quantit y
�
e2A a A a

� 1=2 plays a role similar to that of a t and r dependent
scalar �eld mass. Furthermore, it is clear from (4.196) that increasing e correspondingly increases the solution
frequency ! for a given wavenumber k. This, in turn, suggests the need for higher resolution to numerically obtain
the same solution accuracy as in the casee = 0.

19 Finally , while adaptiv e mesh re�nemen t is not clearly bene�cial for the evolution of e � 0:6 perturbations
from the speci�ed initial conditions on the given computational domain (as discussed in preceding section 4.2.6),
caseswith su�cien tly large coupling may bene�t from the technique. Speci�cally , my results demonstrate how (at
least for the early phase of evolution) a relativ ely high resolution is required in a prop ortionately small region of
the computational domain for cases such as e = 2:4. The utilit y of adaptiv e mesh re�nemen t was, however, not
investigated in any more detail.
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Figure 4.62: Total normalized energyfor the masslesselectromagnetically coupledperturbations
in a = M = 5 Kerr spacetime. The dashedred line represents data for e = 0:0, the
dotted red line data for e = 0:3 and the dashedblack line data for e = 0:6. The
decay rates of charged perturbations are smaller than for the casee = 0:0. Any
decreasein time of this quantit y results from the energy 
ux acrosssurfacesr = 5
and r = 50, and thus out of the computational domain.

decreasesthe overall decay rate of total perturbation energy.20 Meanwhile, note that only the
s = 1 component of perturbations contributes to the total angular momentum of the e = 0:0 data.
However, an additional coupling term contributes with the intro duction of nonzero e. It is clear
from Figure 4.63 how the addition of electromagneticcoupling increasesthe amplitude of angular
momentum remaining in the computational domain as evolution progresses. Furthermore, the
maximum amplitude of this total angular momentum increaseswith parameter e. Finally, while
the casee = 0:0 has zero chargedensity, I still display the e = 0:0 data along with those of e = 0:3
and e = 0:6 in Figure 4.64. The charge remaining in the computational domain varies in time,
and the di�erence between the casesis more signi�can tly a�ected by parameter e than by black
hole angular momentum a as discussedin section 4.3.4. Also note that it cannot be determined
in advance whether net positive of negative charge will preferentially leave the domain. Rather,
the details must be determined through numerical evolution. Overall, the e�ect of changing e is
notable over the period of evolution.

20 It is not possible to de�nitiv ely conclude what trends in decay rate will arise with increased electromagnetic
coupling parameter without further computation. From the data of Figure 4.62 it is clear that energy decay rates
are not ordered according to the value of e. A similar trend was observed in the massive uncharged perturbation
decay rates of Figure 4.19, where the value m � = 0:3 gave rise to mode trapping, and m � � 1:2 resulted in rapid
energy decay by infall onto the black hole. It is possible that the behaviour displayed in Figure 4.62 is the beginning
of a similar trend with the electromagnetic coupling parameter.
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Figure 4.63: Total angular momentum for the masslesselectromagneticallycoupledperturbations
in a = M = 5 Kerr spacetime. The dashedred line represents data for e = 0:0, the
dotted red line data for e = 0:3 and the dashedblack line data for e = 0:6. The total
angular momenta are more dynamic for charged perturbations than for e = 0:0.
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Figure 4.64: Total chargefor the masslesselectromagneticallycoupledperturbations in a = M =
5 Kerr spacetime. The dashedred line represents data for e = 0:0, the dotted red
line data for e = 0:3 and the dashedblack line data for e = 0:6.
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Investigating the evolution of high e perturbations it is further apparent that dynamics of large
e �elds are much richer than those with small e. Figure 4.65 displays the total normalized energy
density of e = 2:4 in a sequenceof steps from t = 0 through t = 16:06.21 To emphasize,I provide
an enlarged view of time step t = 16:06 in Figure 4.66. Comparing with the results of sections
4.3.2, 4.3.3 and 4.3.4 it is clear how the morphology changesand the density gradient increases
with charge coupling. There is also a tendency is for density amplitudes to grow with increasing
e. Furthermore, notice how early evolution of the e = 2:4 data would suggestperturbations with
large coupling are likely to persist in the computational domain for an extended period of time.
That is, the rate at which large e perturbations are likely to decay|either by passing through
the r = 5 excision surface or escapingthrough the r = 50 outer boundary|is probably smaller
than for small or vanishing e. This, in turn, suggeststhe possibility of an e�ect similar to mode
trapping for masslesselectromagnetically coupled perturbations. However, the origins of such a
phenomenonwould have to be investigatedby evolving the �elds in spacetimeswith di�ering black
hole mass and angular momentum. The rich dynamics are also manifest in quantities like the
angular momentum density of Figures 4.67 and 4.68, and the charge density of Figures 4.69 and
4.70. Again, comparing with previous results it is clear how the dynamics are enriched asboth the
density gradients and amplitudes increasewith e.

21 The evolutionary dynamics for e = 0:3 lie between those of e = 0:0 and e = 0:6, and the dynamics of e = 1:2 lie
between those of e = 0:6 and e = 2:4. Neither e = 0:3 nor e = 1:2 are displayed.
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Figure 4.65: Displayed is the total normalized energy density in a = M = 5 Kerr spacetimefor
e = 2:4 masslessperturbations for the early phaseof evolution. Amplitude is scaled
linearly and the colour gradient logarithmically . The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.66: Displayed is a closer view of the total normalized energy density at t = 16:06 in
a = M = 5 Kerr spacetimefor e = 2:4 masslessperturbations. Amplitude is again
scaledlinearly and the colour gradient logarithmically . The computational domain
and coordinate vectors would be the sameas those shown in Figure 4.65.
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Figure 4.67: Displayed is the total angular momentum density in a = M = 5 Kerr spacetime
for e = 2:4 masslessperturbations for the early phaseof evolution. Both amplitude
and colour gradient are scaled linearly. The directions of coordinate vectors r a �
(0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.68: Displayed is a closer view of the total angular momentum density at t = 16:06 in
a = M = 5 Kerr spacetime for e = 2:4 masslessperturbations. Amplitude and
colour gradient are both scaledlinearly. The computational domain and coordinate
vectors would be the sameas those shown in Figure 4.67.
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Figure 4.69: Displayed is the charge density in a = M = 5 Kerr spacetimefor e = 2:4 massless
perturbations for the early phaseof evolution. Both amplitude and colour gradient
are scaled linearly. The directions of coordinate vectors r a � (0; 1; 0; 0) and � a �
(0; 0; 1; 0) are shown in the �rst frame. The computational domain covers the range
5 � r � 50 and 0 � � � � , and the corners of the domain are labelled with their
(r; � ) ordinate values.
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Figure 4.70: Displayed is a closer view of the charge density at t = 16:06 in a = M = 5 Kerr
spacetimefor e = 2:4 masslessperturbations. Amplitude and colour gradient are
again scaledlinearly, and the computational domain and coordinate vectors would
be the sameas those shown in Figure 4.69.

4.3.6 Massiv e Charged Maxw ell-Klein-Gordon Equation Dynamics:
Collimation, Orbiting Resonances and Decay of m� = 0:3, e = 0:6
Electromagnetically Coupled s = 0 and s = 1 Perturbations

Now that I have examined masslesscoupled and uncoupled s = 0 and s = 1 perturbations in
su�cien t detail, I am in a position to examinethe physicsof massive coupledperturbations in M =
5 Kerr spacetime. To summarizeprecedingresults, masslesss = 0 perturbations display the e�ect
of orbiting resonance,while massive s = 0 perturbations display mode trapping. Furthermore, for
the valuem� = 0:3 which displays the strongesttrapping, the s = 0 perturbations appear to display
preferential scattering along the axis of black hole rotation. While s = 1 perturbations also exhibit
orbiting resonance,they do not display either trapping or preferential scattering in the spacetime.
However, there is evidencein the form of total energyincreaseand angular momentum 
ux from the
black hole to support superradiant scattering of the s = 1 perturbations. Finally, while massless
electromagnetically coupled s = 0 and s = 1 perturbations display orbiting resonance,charge
separation, and dynamo-like behaviour, neither trapping, preferential scattering, nor superradiant
ampli�cation are in evidencefrom analysis of the choice e = 0:6.

I now demonstratehow a choiceof nonzeromassand chargecoupling parameter together lead to
new dynamics. The natural choicefor massparameter is m � = 0:3|since that is the value at which
mode trapping is greatest(for the given initial conditions), it is hypothesizedthe choicewill provide
a substantial period over which the perturbations will persist and interact electromagnetically in the
black hole spacetime. The choice for charge coupling parameter is not as obvious. While valuesas
large ase = 2:4 may be desired,the resulting intricate dynamics would require very high resolution
and correspondingly large computational resources. However, the intermediate choice e = 0:6
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has demonstrated su�cien t coupling for interesting electromagnetice�ects while requiring modest
�nite di�erence grid resolution. I therefore compute the evolution for m � = 0:3 perturbations
with e = 0:6 on M = 5 Kerr spacetimesof rotation a = 0; 0:8M and a = M . The computational
domain spansthe coordinate range 5 � r � 50, 0 � � � � , and the period 0 � t . 200. The data
is computed in parallel across64 processorswith overlap regions 3 grid points wide. The �nite
di�erence grid itself hasJ = 801radial and K = 401angular points, providing su�cien t resolution
to maintain an accuracyof � 1% until perturbations �rst crossthe ergosphere.

Examining �rst the total normalized energy density of Figures 4.71 and 4.72, it is apparent
that evolution in the a = M = 5 spacetimedisplays behaviour di�eren t from that seenin the other
choicesfor m� and e. Except for the casem � = 0:3, there waspreviously no evidencefor preferential
scattering along the axis of black hole rotation. In the present case,addition of charge coupling
results in somewhatdi�eren t focusingof the energydensity and greater collimation. To understand
contributions to the observed dynamics, I also display the normalized scalar energy density, � T (�)

(Figures 4.73 and 4.74), and the electromagnetic contribution, � T (A ) (Figures 4.75 and 4.76).
For completeness,I also display the corresponding evolutionary sequencefor � T (� A ) (seeFigures
4.77 and 4.78). From � T (�) and � T (A ) it is apparent how the scalar component accounts for the
greatest contribution to the collimated energydensity. I then concludethat while electromagnetic
coupling has an e�ect on the collimation of energy, it doesnot seemto be more signi�can t in this
regard than the e�ect of massive mode scattering from the black hole potential. One casewhere
electromagnetismcould have a profound in
uence is in the collimation of large m � scalar �elds
that would otherwise not re
ect o� the spacetimepotential barrier. This hypothesis will have be
be tested with future computation. Finally, in Figure 4.79 I display the total normalized energy in
the computational domain, T , along with individual contributions T(�), T (A) and T(� A). It is
there obvious that T(�) is the dominant component throughout evolution. T(A) is initially very
small, but quickly increasesby ordersof magnitude at early time. During this phaseboth T(�) and
T(� A) decreasesharply. Afterwards, T(A) remains large, and T(� A) increasesat the expenseof
T(�). After t = 20 the changesin each of the components are lessdramatic. Again, T(� A) takes
on both positive and negative values during evolution. Before proceeding,note also the presence
of orbiting resonancesas displayed in the data, and notice how � T (A ) is the principal contributor.
As in the caseof masslesse = 0:6 perturbations, the period between the �rst two orbits is � 70t
and the attenuation is � 10� 1. Again, the orbital period here corresponds to a frequency more
than twice that of unstable circular photon orbits at r = 3M (cf. equation (4.164) and related
discussion).
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Figure 4.71: Displayed is the total normalized energy density in a = M = 5 Kerr spacetime
for e = 0:6, m� = 0:3 perturbations. The amplitude is scaled linearly and the
colour gradient is scaledlogarithmically . The directions of coordinate vectors r a �
(0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.72: Displayed is the total normalized energy density at t = 77:11 and t = 154:22 in
a = M = 5 Kerr spacetime for e = 0:6, m � = 0:3 perturbations. The ampli-
tude is scaled linearly and the colour gradient is scaled logarithmically . The di-
rections of coordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in
the �rst frame. The computational domain covers the range 5 � r � 50 and
0 � � � � , and the corners of the domain are labelled with their (r; � ) ordi-
nate values. An MPEG animation showing evolution of normalized energy den-
sity for e = 0:6, m � = 0:3 perturbations over the period 0 � t . 154 is avail-
able at http://$WWW/Peopl e/ petry k/ ani matio ns/6 .mpeg where$WWWis currently
laplace.physics .ub c. ca .
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Figure 4.73: Displayed is the normalized scalar energy density in a = M = 5 Kerr spacetime
for e = 0:6, m� = 0:3 perturbations. The amplitude is scaled linearly and the
colour gradient is scaledlogarithmically . The directions of coordinate vectors r a �
(0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.74: Displayed is the normalized scalar energy density at t = 77:11 and t = 154:22 in
a = M = 5 Kerr spacetimefor e = 0:6, m � = 0:3 perturbations. The amplitude is
scaledlinearly and the colour gradient is scaledlogarithmically . The directions of
coordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame.
The computational domain covers the range 5 � r � 50 and 0 � � � � , and the
cornersof the domain are labelled with their (r; � ) ordinate values.
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Figure 4.75: Displayed is the normalized electromagnetic energy density in a = M = 5 Kerr
spacetimefor e = 0:6, m � = 0:3 perturbations. The amplitude is scaledlinearly and
the colour gradient is scaled logarithmically . The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.76: Displayed is the normalized electromagnetic energy density at t = 77:11 and t =
154:22 in a = M = 5 Kerr spacetime for e = 0:6, m � = 0:3 perturbations. The
amplitude is scaledlinearly and the colour gradient is scaledlogarithmically . The
directions of coordinate vectorsr a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the
�rst frame. The computational domain covers the range 5 � r � 50 and 0 � � � � ,
and the cornersof the domain are labelled with their (r; � ) ordinate values.
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Figure 4.77: Displayed is the normalized coupling energy density in a = M = 5 Kerr spacetime
for e = 0:6, m� = 0:3 perturbations. The amplitude is scaled linearly and the
colour gradient is scaledlogarithmically . The directions of coordinate vectors r a �
(0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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To determine how much e�ect black hole rotation hason collimation I alsoevolve the m � = 0:3,
e = 0:6 perturbations in M = 5 Kerr spacetimeswith a = 0 and a = 0:8M . The results are nearly
identical in all respects to the casea = M . I simply display the total normalized energy density
at t = 77:11 for a = 0 in Figure 4.80. To further quantify similarities I plot the total normalized
energy, T , contained in the computational domain for 0 � t . 200 for a = 0; 0:8M and a = M in
Figure 4.81. It is there seenthat black hole angular momentum has a rather small e�ect in the
evolution of the coupled massive perturbations. However, while the di�erences are small, it can
still be seenthat black hole rotation decreasesthe perturbation energydecay rate at intermediate
and late time. At late time, this decay rate can be approximated with the power law

log(T) � � kt ; (4.197)

with the decay constant k � 6 � 10� 3. The proximit y of this value to k � 5 � 10� 3 measuredfor
uncoupled m� = 0:3 perturbations in a = M = 5 Kerr spacetimefurther supports the conclusion
that massive scalar e�ects have a dominant in
uence in the dynamics.

Detailed analysis of the remaining conserved quantities (angular momentum and charge) and
axial current component arenot especially illuminating sincetheir behaviour canbe largely deduced
from the results of preceding sections. It is almost su�cien t to state they evolve in a nontrivial
and morphologically unique manner for e = 0:6, m � = 0:3 perturbations. For completeness,I
provide just a few steps of each evolution. Figure 4.82 depicts the angular momentum density
at t = 0; 77:11 and t = 154:22 for black hole parameter values a = M = 5. As in the caseof
masslesselectromagnetically coupled perturbations, the initial angular momentum density is zero
everywhere, but quickly evolves in a rather detailed manner. The complexity of its dynamics lies
somewherebetweenthoseof masslessperturbations with e = 0:6 and thosewith e = 2:4 (cf. Figures
4.52,4.67and 4.68). At both intermediate and late time there is noticeablecorrelation betweenthe
angular momentum and orbiting resonancesseenin the energydensity distributions of Figure 4.72.
To analyze the e�ects of black hole rotation I have also evolved perturbations on the a = 0 and
a = 0:8M spacetimes.As in the caseof masslesse = 0:6 perturbations, comparisonrevealsthe black
hole rotation has a noticeable e�ect on the evolution. Figure 4.83 shows the angular momentum
density at t = 77:11 in a = 0, M = 5 spacetime. Comparing with Figure 4.82, it is evident that
black hole rotation dramatically ampli�es the density and its gradients. This is especially true
in the ergoregion and surrounding spacetimeat intermediate times near t = 77:11. For further
analysisI display the total integrated angular momentum in Figure 4.84 for the period 0 � t . 200
for a = 0; 0:8M and a = M Kerr spacetimes.Also similar to the masslesse = 0:6 solutions is the
high variabilit y of total angular momentum over an intermediate phaseof the evolution (cf. Figure
4.54). In the present case, this variabilit y peaks during 50 . t . 80 when the electromagnetic
component is largely concentrated in the ergoregion (cf. Figure 4.76). Thus, the total angular
momentum is strongly a�ected by black hole angular momentum, predominantly associated with
the electromagneticperturbations, and not dramatically altered by simply increasingm � from zero
to m� = 0:3.
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Figure 4.78: Displayed is the normalized coupling energydensity at t = 77:11 in a = M = 5 Kerr
spacetimefor e = 0:6, m � = 0:3 perturbations. The amplitude is scaledlinearly and
the colour gradient is scaled logarithmically . The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.79: Decomposition of integrated normalized energy density for m � = 0:3, e = 0:6 per-
turbations in a = M = 5 Kerr spacetime. Plotted are the total energy and contri-
butions to the total contained within 5 � r � 50, 0 � � � � and 0 � � � 2� , as a
function of coordinate time t. The dotted black line represents the total normalized
energy, the dashedblack line represents the normalized scalar �eld contribution, the
dotted red line is the normalized electromagnetic contribution and the dashedred
line the normalized contribution from coupling terms.
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Figure 4.80: Displayed is the normalized total energydensity at t = 77:11 in a = 0, M = 5 Kerr
spacetimefor e = 0:6, m � = 0:3 perturbations. Observe how closely the a = 0 data
matchesthat of a = M shown in Figure 4.72. The amplitude is scaledlinearly and
the colour gradient is scaled logarithmically . The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values.
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Figure 4.81: Integrated normalized energydensity for m � = 0:3, e = 0:6 perturbations in M = 5
Kerr spacetime. Plotted is log(T), the logarithm of the total energy contained
within 5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate
time t. The dashed red line represents data for a=M = 0, the dotted red line
data for a=M = 0:8, and the dashedblack line data for a=M = 1. Observe how
black hole angular momentum decreasesthe overall decay rate of electromagnetic
perturbations. Again, the decreaseof energy over time results from the 
ux across
surfacesr = 5 and r = 50, and thus out of the computational domain.
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Figure 4.82: Angular momentum density at t = 0; 77:11; 154:22 for e = 0:6, m � = 0:3 per-
turbations in a = M = 5 Kerr spacetime. The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values. The amplitude and colour gradient are
both scaled linearly. An MPEG animation showing evolution over 0 � t . 154 is
available at http://$WWW/Peopl e/p et ryk /a ni matio ns/ 7. mpeg where $WWWis cur-
rently laplace.physics. ubc.c a .
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Figure 4.83: Angular momentum density at t = 77:11 for e = 0:6, m � = 0:3 perturbations in
a = 0, M = 5 Kerr spacetime. The directions of coordinate vectors r a � (0; 1; 0; 0)
and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers
the range 5 � r � 50 and 0 � � � � , and the corners of the domain are labelled
with their (r; � ) ordinate values. The amplitude and colour gradient are both scaled
linearly. Observe how small theseangular momentum density gradients are in com-
parison to those at t = 77:11 in a = M Kerr spacetimeas shown in Figure 4.82.

Examining the charge density depicted in Figure 4.85 for time steps t = 0; 77:11 and t =
154:22 for the e = 0:6, m � = 0:3 perturbations in a = M = 5 spacetime, I observe nontrivial
evolution beginning from a zero net charge density initial data pro�le and leading to dynamic
charge separation for all t > 0. While somewhatmore intricate than the corresponding evolution
of masslesse = 0:6 perturbations (cf. Figure 4.55), the dynamics are certainly not as rich as those
of masslesse = 2:4 perturbations (cf. Figures 4.69 and 4.70). It therefore appearsthat addition of
a nonzeromassparameter has a signi�can t e�ect on the details of the evolution of charge density.
Comparing with the t = 77:11 time step of e = 0:6, m � = 0:3 perturbation evolution in a = 0,
M = 5 spacetimeas shown in Figure 4.86, it is clear that while slightly di�eren t in detail, the
degreeof charge separation is comparable in rotating and nonrotating black hole backgrounds.
The comparison is further investigated in Figure 4.87 where I display the total charge integrated
over the computational domain for 0 � t . 200 in a = 0; 0:8M and a = M backgrounds. This
�gure shows how the total charge is in very closeagreement for each of the spacetimesthroughout
evolution. It is thus obvious that while a modest change in the value of m � has a substantial
e�ect on chargeseparation, the evolution of chargedensity from the given initial conditions is only
slightly dependent on black hole angular momentum for e = 0:6 perturbations (cf. Figures 4.55,
4.56 and 4.57).
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Figure 4.84: Integrated angular momentum density for e = 0:6, m � = 0:3 perturbations in
M = 5 Kerr spacetime. Plotted is S, the total angular momentum contained within
5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate time t.
The dashed red line represents data for a=M = 0, the dotted red line data for
a=M = 0:8, and the dashed black line data for a=M = 1. Clearly, perturbation
angular momentum is especially variable in rotating black hole spacetimesover
50 . t . 80, but tends towards S = 0 at late time.
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Figure 4.85: Charge density at t = 0; 77:11; 154:22 for e = 0:6, m � = 0:3 perturbations in
a = M = 5 Kerr spacetime. The directions of coordinate vectors r a � (0; 1; 0; 0)
and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers
the range 5 � r � 50 and 0 � � � � , and the corners of the domain are la-
belled with their (r; � ) ordinate values. The amplitude and colour gradient are both
scaledlinearly. An MPEG animation showing evolution over 0 � t . 154 is avail-
able at http://$WWW/Peopl e/ petry k/ ani matio ns/8 .mpeg where$WWWis currently
laplace.physics .ub c. ca .
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Figure 4.86: Charge density at t = 77:11 for e = 0:6, m � = 0:3 perturbations in a = 0, M = 5
Kerr spacetime. The directions of coordinate vectors r a � (0; 1; 0; 0) and � a �
(0; 0; 1; 0) are shown in the �rst frame. The computational domain covers the range
5 � r � 50 and 0 � � � � , and the corners of the domain are labelled with their
(r; � ) ordinate values. The amplitude and colour gradient are both scaledlinearly.
Comparing with Figure 4.85, it is clear that chargedensity distributions at t = 77:11
are a�ected by the value of black hole rotation parameter a, but not very strongly.

As could havebeendeducedfrom the precedingstudy of angular momentum evolution|and also
from earlier investigation of angular momentum for the masslesse = 0:6 perturbations|the e�ects
of black hole rotation on the axial component of current, J � , are signi�can t. Figure 4.88 displays
J � at t = 0; 77:11 and t = 154:22 for the e = 0:6, m � = 0:3 perturbations in a = M = 5 spacetime.
From a relatively simple pro�le at t = 0, the axial component evolvesin a nontrivial manner. The
current oscillates in direction and amplitude, indicating dynamo-like behaviour. Furthermore, the
distribution displays large amplitude and steepgradients at t = 77:11 before relaxing at late time.
As shown in Figure 4.82, the angular momentum density of the e = 0:6, m � = 0:3 perturbations
also evolved from a simple distribution at t = 0 to a state with steep gradients in the ergoregion
at t = 77:11 before settling down to somedegreeat late time. To determine the e�ects of black
hole rotation on the axial component of the current, I evolve the e = 0:6, m � = 0:3 perturbations
evolved in an a = 0, M = 5 Kerr spacetime. The distribution of J � at t = 77:11 is displayed
in Figure 4.89. Comparing the small amplitudes and gradients of J � at t = 77:11 for the a = 0,
M = 5 spacetimeto the pro�le of J � at t = 77:11 for the a = M = 5 Kerr spacetimeof Figure
4.82 it is clear that black hole rotation leadsto signi�can t ampli�cation of J � in the ergoregionand
surrounding space.To examinethe e�ects of black hole rotation in more detail, I display the global
maxima of J � evolved in a = 0 and a = M spacetimesin Figure 4.90. The corresponding global
minima are shown in Figure 4.91. As in the data of masslesse = 0:6 perturbations (cf. Figures
4.61 and 4.60), max(J � ) for a = M dominates over that of a = 0 after an early phaseof evolution.
The sameis observed in the development of min(J � ). Therefore, while black hole rotation initially
suppressesJ � , its e�ect is to amplify the axial component of current after t � 20.
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Figure 4.87: Integrated charge density for e = 0:6, m � = 0:3 perturbations in M = 5 Kerr
spacetime. Plotted is Q, the total charge contained within 5 � r � 50, 0 � � � �
and 0 � � � 2� , as a function of coordinate time t. The dashedred line represents
data for a=M = 0, the dotted red line data for a=M = 0:8, and the dashedblack
line data for a=M = 1.
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Figure 4.88: Axial current component, J � , at t = 0; 77:11; 154:22 for e = 0:6, m � = 0:3 per-
turbations in a = M = 5 Kerr spacetime. The directions of coordinate vectors
r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational
domain covers the range 5 � r � 50 and 0 � � � � , and the cornersof the domain
are labelled with their (r; � ) ordinate values. The amplitude and colour gradient are
both scaled linearly. An MPEG animation showing evolution over 0 � t . 154 is
available at http://$WWW/Peopl e/p et ryk /a ni matio ns/ 9. mpeg where $WWWis cur-
rently laplace.physics. ubc.c a .
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Figure 4.89: Axial current component, J � , at t = 77:11 for e = 0:6, m � = 0:3 perturbations in
a = 0, M = 5 Kerr spacetime. The directions of coordinate vectors r a � (0; 1; 0; 0)
and � a � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers
the range 5 � r � 50 and 0 � � � � , and the corners of the domain are labelled
with their (r; � ) ordinate values. The amplitude and colour gradient are both scaled
linearly. Observe how small the amplitude and gradients are when compared to
those at t = 77:11 in a = M Kerr spacetimeshown in Figure 4.88.

Before concluding discussionof the results, a brief analysis of electric and magnetic �eld am-
plitudes is in order. Again, the details can be deducedfrom preceding results. As in the caseof
masslesse = 0:6 perturbations, the magnetic �eld square, BaB a , is very small in the equatorial
plane (� = � =2) and also along the axis of black hole rotation (� = 0 and � = � ) as depicted in
Figure 4.92. Meanwhile, Figure 4.93 shows how the electric �eld square EaE a begins evolution
from a state of zero initial amplitude and displays signi�can t amplitude along both the axis of
rotation and equatorial plane at later time. The integrals of the magnetic and electric �eld norms
(respectively B 2 and E 2) are shown in Figure 4.94. After an initial phase of rapid change the
amplitudes take on comparable magnitudes. Also note how the most signi�can t increasesin B 2

and E 2 take placewell beforetime t � 40 at which collimation of energydensity becomesapparent
(cf. Figures 4.71 and 4.72). This suggestselectromagnetic �elds likely play a secondaryrole in
collimating the perturbations along the axis of black hole rotation (� = 0 and � = � ). Also note
how the late time decay of B 2 and E 2 can be approximated by

log(B 2) � � kt ; (4.198)

and
log(E 2) � � kt ; (4.199)

where k � 1 � 10� 2. This decay rate is comparable to those for the masslesscaseswith e = 0:0
and e = 0:6 (cf. Figures 4.33 and 4.51). Finally, the evolution of BaB a , EaE a , B 2 and E 2 in the
a = 0 spacetime(�gures not provided) are qualitativ ely similar to those in the a = M black hole
spacetime.
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Figure 4.90: Global maxima of J � in the computational domain, max(J � ), as a function of t for
e = 0:6 coupled massive perturbations in M = 5 Kerr spacetime. The dotted black
line represents data for a=M = 0 and the dashedblack line data for a=M = 1. The
global maximum value of J � for a=M = 1 spacetime is substantially larger than
those of a=M = 0 spacetimeat intermediate and late time, providing evidencethat
black hole rotation ampli�es the axial current.
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Figure 4.91: Global minima of J � in the computational domain, min(J � ), as a function of t for
e = 0:6 coupled massive perturbations in M = 5 Kerr spacetime. The dotted black
line represents data for a=M = 0 and the dashedblack line data for a=M = 1. The
global minimum valueof J � for a=M = 1 spacetimeis substantially larger than those
of a=M = 0 spacetimeat intermediate and late time, providing further evidencethat
black hole rotation ampli�es the axial component of the electric current.
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Figure 4.92: The �gure displays the squareof the magnetic �eld, BaB a , at t = 0; 77:11; 154:22for
e = 0:6, m� = 0:3 perturbations in a = M = 5 Kerr spacetime. The directions of
coordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame.
The computational domain covers the range 5 � r � 50 and 0 � � � � , and the
cornersof the domain are labelled with their (r; � ) ordinate values. The amplitude is
scaledlinearly, while the colour gradient is logarithmic. Observe how the magnetic
�eld squareis relatively small in the equatorial plane (� = � =2) and along the axis
of black hole rotation (� = 0 and � = � ).
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Figure 4.93: The �gure displays the squareof the electric �eld, EaE a , at t = 0; 77:11; 154:22 for
e = 0:6, m� = 0:3 perturbations in a = M = 5 Kerr spacetime. The directions of
coordinate vectors r a � (0; 1; 0; 0) and � a � (0; 0; 1; 0) are shown in the �rst frame.
The computational domain covers the range 5 � r � 50 and 0 � � � � , and the
cornersof the domain are labelled with their (r; � ) ordinate values. The amplitude is
scaledlinearly, while the colour gradient is logarithmic. Note how the electric �eld
square in the equatorial plane (� = � =2) and along the axis of black hole rotation
(� = 0 and � = � ) are comparableto the squarealong other surfacesof constant � .
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Figure 4.94: Plotted are log(B 2) and log(E 2), the logarithm of the integrated squarescontained
within 5 � r � 50, 0 � � � � and 0 � � � 2� , as a function of coordinate
time t. The results are for e = 0:6, m � = 0:3 perturbations in a = M = 5
Kerr spacetime. The dashed black line represents log(B 2), and the dotted black
line log(E 2). Initially , the �eld amplitudes undergo substantial oscillation, but the
decay of integrated electric and magnetic amplitudes becomeclosely matched at
intermediate and late time.

4.3.7 Convergence of Conserv ed Quan tities

I examinethe convergenceand accuracyof my codeby examining the evolution of e = 0:6, m � = 0:3
perturbations (initial data speci�ed as above) in the a = M = 5 spacetime. As discussed,the
implemented solution schemeincorporates second-order�nite di�erence methods, and the results
I have presented are typically accurate to � 1% over the period 0 � t . 12|the time at which
perturbations begin crossingthe excision surfaceat r = 5|as demonstrated by the invariance of
conserved quantities over this period. The conserved quantit y values are expected to vary after
t � 10 as perturbations cross the ergosphereand then 
o w out of the computational domain at
the r = 5 excision surface. After t � 17 there will be additional changeas they also begin 
o wing
through the r = 50 outer boundary. Figures 4.95, 4.96 and 4.97 respectively display the total
normalized energy, total angular momentum and total charge within the computational domain
5 � r � 50, 0 � � � � over the period 0 � t � 10 for three levels of grid resolution. The lowest
resolution grid has J = 801 radial points and K = 401 angular points, the intermediate resolution
grid has J = 1601radial points and K = 801 angular points, and the grid with highest resolution
has J = 3201 radial and K = 1601 angular points. All data was computed in parallel across64
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Figure 4.95: Convergenceof total normalized energy, T , for e = 0:6, m � = 0:3 perturbations
in a = M = 5 Kerr spacetime. The dashed red line represents data for a �nite
di�erence grid with J = 801 radial points and K = 401 angular points, the dotted
red line represents data for a grid with J = 1601 radial and K = 801 angular
points, and the dashedblack line represents data for a grid with J = 3201 radial
and K = 1601angular points.

processors.Clearly, the conserved quantities display convergence.22 Furthermore, the convergence
factor, time averagedover the period 0 . t . 24, is C � 7:7 for the total normalizedenergy, C � 3:7
for the total angular momentum and C � 8:6 for the total chargeof the system. This is somewhat
better than the C ' 4 I would expect for a completely centered second-orderconvergent scheme.
However, somedeviation is expected,as the operators I usenear the computational boundariesare
not completely centered. At any rate, the convergencefactors may still approach valuescloser to
4 as resolution is further increased.

While the second-orderconvergenceof a conserveddensity implies the secondorder convergence
of its integral (providing the numerical integration scheme is itself at least second-order),it may
still be useful to display the convergencefactor for the density itself. I calculate the convergence
factors for the total angular momentum density � S , the total energy density � T and the charge
density � Q as displayed in Figure 4.98. It is there shown how the convergencefactors for energy
density and charge remain near C ' 4 for the evolution. However, while still convergent, the
result is not as good for the angular momentum density. Averaged over time, C � 4:9 for the
energy density, C � 4:1 for the angular momentum density and C � 5:0 for the charge density.

22 Convergent invariance of conserved quantities indicates I am numerically approximating the true solutions of the
system. Technically , it is then not necessary to perform independent residual evaluations as discussed in App endix
C. I can for this reason justi�ably omit independent residual testing of the code.
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Figure 4.96: Convergenceof total angular momentum, S, for e = 0:6, m � = 0:3 perturbations
in a = M = 5 Kerr spacetime. The dashed red line represents data for a �nite
di�erence grid with J = 801 radial points and K = 401 angular points, the dotted
red line represents data for a grid with J = 1601 radial and K = 801 angular
points, and the dashedblack line represents data for a grid with J = 3201 radial
and K = 1601angular points.
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Figure 4.97: Convergenceof total charge, Q, for e = 0:6, m � = 0:3 perturbations in a = M = 5
Kerr spacetime. The dashedred line represents data for a �nite di�erence grid with
J = 801 radial points and K = 401 angular points, the dotted red line represents
data for a grid with J = 1601 radial and K = 801 angular points, and the dashed
black line represents data for a grid with J = 3201 radial and K = 1601 angular
points.
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Figure 4.98: Convergencefactors for energydensity (dashedred line), angular momentum density
(dotted red line) and charge density (dashed black line) for e = 0:6, m � = 0:3
perturbations in a = M = 5 Kerr spacetime. The convergencefactors are based
on a comparisonof functions evolved on �nite di�erence grids with J = 801 radial
points and K = 401 angular points, J = 1601 radial and K = 801 angular points,
and J = 3201radial and K = 1601angular points.

Again, deviations from the expectedvalue of C ' 4 are likely due to points near the computational
boundary where non-centered operators are employed. Since,given the initial conditions, at least
someamount of perturbation should evolve to the computational domain boundaries by t � 24,
convergencetesting over the period 0 . t . 24 should be adequate. To verify the results, testing
over a longer period of evolution could be performed at a later date.

4.3.8 Indep endent Residual Testing Dynamical Variables

Having shown convergenceof conserved quantities over the period 0 . t . 24, further validation
of the code is provided by independent residual testing as described in Appendix D. Recall that
a properly implemented �nite di�erence scheme will not only be convergent, but also drive the
residual

r h � L h ~uh � f h (4.200)

to zero, where L h is the discretized di�erence operator, f h is the discretized sourcefunction, and
~uh is the approximate solution obtained by the scheme. In an independent residual test a second
(independent) discretization ~L h is applied to the approximate solution, and it is veri�ed whether
the residual-like quantit y

~r h � ~L h ~uh � f h (4.201)
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approacheszero as the scaleof discretization h approacheszero. If it does, then quantit y ~uh has
beenveri�ed a true approximation of the solution u to di�eren tial equation

Lu � f = 0 : (4.202)

In obtaining solutions presented in this chapter, equations of motion for �, A r , A � and A � are
discretized using the Crank-Nicholson schemewith centered spatial derivativeswhen r min + � r �
r � rmax � � r and 2� � � � � � � 2� � . Approximate solutions of auxiliary variables � r , � � ,
A r r , A � r , A �r , A r � , A � � and A �� are thus obtained. A suitable independent residual test then
involves substituting the approximate solutions into respective equations (4.75), (4.76), (4.84),
(4.85), (4.86), (4.87), (4.88) and (4.89), wherepartial derivativesin time and spaceare replacedby
independent di�erence approximations. Formally, if u = u(t; r; � ) represents an auxiliary variable
and R = R(t; r; � ) the operand on the right hand side of di�eren tial equation

_u = @r R ; (4.203)

then a suitable independent di�erence approximation for (4.203) is

1
2

�
u(t + � t; r + � r; � ) � u(t � � t; r + � r; � )

2� t
+

u(t + � t; r; � ) � u(t � � t; r ; � )
2� t

�

=
R(t; r + � r; � ) � R(t; r; � )

� r
; (4.204)

where a leap-frog style centered di�erence schemeis used to approximate the derivative in t, and
the di�erence schemeapproximating the derivative in r is centered about the virtual spatial point
r + 1

2 � r in analogyto Crank-Nicholson. Observehow the left hand sideof (4.204)hasbeenaveraged
in spacebetweenr and r + � r so that it too is centered about virtual point r + 1

2 � r . Similarly, a
suitable independent di�erence approximation for

_u = @� R ; (4.205)

is

1
2

�
u(t + � t; r; � + � � ) � u(t � � t; r ; � + � � )

2� t
+

u(t + � t; r; � ) � u(t � � t; r ; � )
2� t

�

=
R(t; r; � + � � ) � R(t; r; � )

� �
; (4.206)

which is now centered about the virtual point � + 1
2 � � . Rewriting (4.205) and (4.206) in the form

(4.201), and substituting in approximate solutions ~u and ~R, I thus compute independent residuals
from the equations for _A r r , _A r � , _A � r , _A � � , _A �r , _A �� , _� r and _� � , and then calculate the l2 norms
jj ~r h jj2. The independent residuals are computed in parallel across 64 processorson di�erence
meshesof J = 210radial and K = 101angular points, J = 401radial and K = 201angular points,
J = 801 radial and K = 401 angular points, and J = 1601 radial and K = 801 angular points.
Figure 4.99 displays jj ~r h jj2 from the equations _A r r , _A � r and _A �r at three subsequent resolutions.
Similarly, Figure 4.100displays jj ~r h jj2 from the equationsfor _� th at three di�eren t subsequent levels
of resolution. The decreaseof jj ~r h jj2 with h is proof the solutions obtained are true approximations
of the system of di�eren tial equations.

4.3.9 Testing The Sommerfeld Boundary Condition

The Sommerfeldboundary condition is only approximate for the �elds evolved in my computations.
A test of its suitabilit y is thereforerequired, especially for the casewhenthe �elds haveboth nonzero
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Figure 4.99: Independent residual norms jj ~r h jj2 from the equation (4.84) for _A r r , equation (4.85)
for _A � r and equation (4.86) for _A �r . Frame (a) represents the independent residual
norm associated with _A r r , frame (b) the independent residual norm associated with
_A � r , and (c) represents the samefor _A �r . The ~r h have beencomputed for di�erence

grids with J = 401 radial and K = 201 angular points (dashed red line), J = 801
radial and K = 401 angular points (dotted red line), and J = 1601 radial and
K = 801angular points (dashedblack line). As expectedof a correctly implemented
scheme,the independent residual norm decreaseswith increasedresolution.
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Figure 4.100: Independent residual norms jj ~r h jj2 from equation (4.76) for _� � . Recall that � =
� 1 + i� 2, and so _� � = _� 1� + i _� 2� . Frame (a) displays the independent residual norm
associated with _� 1� while frame (b) displays the samefor _� 2� . Note the logarithmic
scaling of the vertical axes. The ~r h have beencomputed for di�erence grids with
J = 201 radial and K = 101 angular points (dashedred line), J = 401 radial and
K = 201angular points (dotted red line), and J = 801radial and K = 401angular
points (dashed black line). The decreasein jj ~r h jj2 with h provides evidencethe
numerical implementation is correct.
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massand electromagneticcoupling parameters. I test this suitabilit y by comparing the results of
evolution for m� = 0:3, e = 0:6 perturbations in a = M = 5 Kerr spacetimeon a �nite di�erence
grid with resolution and initial conditions identical to these used in above, but now covering the
larger computational domain 5 � r � 95, 0 � � � � . The grid of this larger computational domain
is therefore composedof J = 1601radial and K = 401 angular points. I again compute across64
processors,but division of the computational domain acrossprocessorsnow di�ers from that used
for the smaller grid.23

In detail, comparison is through the relative errors of conserved quantities. For example, the
relative error of energy density, � � T =� T , is given by

� � T =� T =
jj e� T � � T jj2

jj e� T jj2
; (4.207)

where e� T is the solution for energydensity on the large computational domain, and jj � jj 2 represents
the l2 norm. While the solution e� T is treated asexact, it is known to deviate from the ideal solution
after perturbations evolve to its boundary. This is becausethe approximate Sommerfeldcondition
is alsoapplied on the larger computational domain. For this reason,calculation of � � T =� T shouldbe
limited to the period 0 � t . 65. However, I extend calculation to 0 � t � 77:11 for good measure.
I similarly calculate relative errors for the angular momentum density, � � S=� S , and chargedensity,
� � Q =� Q . The results are displayed in Figure 4.101. It is there apparent how relative errors of all
three conserved densitiesare on the order of a percent. Considering that thesedensitiesare known
to be conserved to � 1% for the early stagesof evolution, the Sommerfeldboundary condition has
produced surprisingly good results. So while only approximate, the Sommerfeldcondition is likely
su�cien t for the results presented above. While a quantitativ ely better approximation is desirable,
I have not implemented one for the evolution of Maxwell-Klein-Gordon �elds on Kerr spacetime.
However, a di�eren t treatment is included in Appendix D, where I provide results on Mink owski
spacetimefor comparison.

An alternate test (the oneI usein Appendix D) is through the error of the integrated conserved
densities. For example, the error in total normalized energy, � T , is given by

� T = jj eT � T jj2 ; (4.208)

where T is the total charge in the smaller computational domain, eT is that in the large domain,
and jj � jj2 again represents the l2 norm. T and eT are obtained through integration over a common
region of space. I again calculate this quantit y over the period 0 � t � 77:11. The result is
displayed in Figure 4.102along with the analogouserrors for angular momentum (� S) and charge
(� Q). Comparing these results with the relative errors presented above, it is apparent how the
true quality of the boundary condition is obfuscated by the amplitudes of the functions under
considered.

23 This comparison will therefore also test whether parallel distribution between the processorshas a signi�can t
in
uence on the computed results.
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Figure 4.101: Displayed are the relative errors for energy density (� � T =� T , dashed red line),
angular momentum density (� � S=� S , dotted red line), and chargedensity (� � Q =� Q ,
dashed black line) for e = 0:6, m � = 0:3 perturbations in a = M = 5 Kerr
spacetime. The relative errors are basedon the comparison of functions evolved
on domains covering ranges5 � r � 50 and 5 � r � 95.
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Figure 4.102: Displayed are the errors for normalized integrated energy (� T , dashedred line),
integrated angular momentum (� S, dotted red line) and integrated charge (� Q,
dashed black line) of e = 0:6, m � = 0:3 perturbations in a = M = 5 Kerr
spacetime.The errors arebasedon the comparisonof functions evolvedon domains
covering ranges5 � r � 50 and 5 � r � 95.
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CHAPTER 5

CONCLUSIONS AND FUTURE W ORK

I have thus investigated critical solutions for massive charged scalar �elds and the detailed evolu-
tionary dynamics of Maxwell-Klein-Gordon perturbations on a Kerr spacetimebackground. The
studies were numerical, basedon �nite di�erence techniques,and have made useof adaptive mesh
re�nement and parallel computation.

In Chapter 3, I have obtained the critical solutions at black hole threshold for massive charged
scalar �elds in spherical symmetry. For the caseof su�cien tly small massparameter, the solutions
are discretely self-similar and exhibit Type I I scaling in both the black hole mass and charge.
When the massparameter is su�cien tly large, a new critical solution is obtained. In this caseit
is periodic and resembles a perturb ed charged boson star. These new periodic solutions exhibit
behaviour typical of Type I phenomena,and their lifetimes exhibit a well-de�ned scaling relation.

In Chapter 4, I have studied Maxwell-Klein-Gordon perturbations on a Kerr spacetimeback-
ground and have discovered that: (1) gravitational interaction e�ects are strongly manifest as
orbiting resonancesfor weakly coupledperturbations; (2) massive Klein-Gordon perturbations dis-
play mode trapping and a tendencyfor scattering along the axis of symmetry for intermediate mass
parameter values, but are quickly overcomeby attraction to the black hole when the values are
large; (3) there is evidencefor superradiant scattering of purely electromagneticperturbations in
rotating black hole spacetimes;(4) electromagnetic coupling intro ducesthe phenomenaof charge
separation and dynamo-like behaviour; (5) the complexity of the observed dynamics tends to in-
creasewith charge coupling parameter and black hole rotation; and �nally , (6) there is strong
evidencefor energy collimation along the axis of rotation for an appropriate choice of massand
charge coupling parameters, but it is not clear that either rotational or electromagnetic e�ects
are the strongest contributors to this phenomenon. For comparison,Appendix D provides results
for the dynamics of Maxwell-Klein-Gordon �elds in Mink owski spacetime. That appendix also
describesthe utilit y of Monotonically Increasingly Boostedcoordinates in treating outer boundary
conditions during numerical evolution of the �eld equations.

In future study, it would be useful to complete the investigation of critical phenomena,speci�-
cally investigating the possibility of new solutions details with a su�cien tly large charge coupling.
In particular, it would be interesting to seeif Type I solutions can be obtained for the massless
Maxwell-Klein-Gordon system when e � 1. It would also be interesting to study critical phenom-
ena and compact object formation for a plasma-like matter (i.e., one where positive charge can
be associated with a distribution of energeticheavy particles and negative charge associated with
a corresponding distribution of light particles). The Einstein-Vlasov-Maxwell system (see [109],
[110], [111], [112], [113]) appears to be a good candidate and should be investigated in detail for
this purpose.

As well, the study of Maxwell-Klein-Gordon perturbations in axial symmetry should be ex-
tended to include evolution of the charged casewhen the mass parameter m � is very large|it
seemspossible that electromagnetic interactions could balance or overcomethe tendency for the
otherwise rapid plunge into the black hole. Furthermore, investigation should be extended to the
casewith very large electromagnetic coupling parameter e where new physics like mode trapping
is likely to occur. It would also be worth investigating initial conditions more closely resembling
a stationary accretion disk. From such initial conditions it would then be possible to study the
possibledestabilization of stationary disks through interaction with electromagneticwaves.

Finally, in light of the availabilit y of gravitationally backreacting codes and computational
infrastructure, it is rather surprising that neither black hole formation nor critical gravitational
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collapsehave been studied for pure electromagnetic radiation. 1 The evolution of electromagnetic
radiation is not overly complicated and yet it carries a nontrivial angular momentum distribution.
The e�ects and scalingof angular momentum could thus be studied in generalby this most realistic
of �elds.

1The study of geons [147] and their formation is another exciting possibilit y for self-gravitating Maxw ell �eld
simulation.
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APPENDIX A

GLOSSAR Y OF NOT ATION

This appendix tabulates somenotation used throughout the dissertation, if not explicitly de�ned
in the text.

notation de�nition

A � B A de�ned to be B

A ) B A implies B

A ! B A approachesB

A 2 B A is a member of B

f Ag set of objects similar to A

jAj modulus of object A

jjAjj arbitrary norm of object A

jjAjj2 l2 norm of object A

jjAjj1 l1 norm of object A

(Aa)m component m of vector Aa

(Aa)mn component mn of matrix Aa

TrA trace of matrix A


 n-dimensional domain 


@
 n � 1-dimensionalboundary of domain 


Z the set of integers

Z+ the set of positive integers

Table A.1: Mathematical miscellanea.

notation de�nition

T abc:::
def ::: components of tensor T

T a(bc) :::
def ::: symmetrization of tensor T in components b and c

T abc:::
d(ef ) ::: symmetrization of tensor T in components e and f

T a[bc]:::
def ::: antisymmetrization of tensor T in components b and c

T abc:::
d[ef ]::: antisymmetrization of tensor T in components e and f

� a
b Kronecker delta where � a

b = 1 if a = b and � a
b = 0 if a 6= b

� abcd totally antisymmetric tensor of positive orientation where � 0123 = 1

Table A.2: Tensornotation.
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notation de�nition
@

@x g T abc:::
def ::: ; @gT abc:::

def ::: T abc:::
def :::;g partial derivative of tensor T abc:::

def ::: with respect to coordinate xg

$ A T abc:::
def ::: Lie derivative of tensor T abc:::

def ::: along vector A

r gT abc:::
def ::: ; T abc:::

def ::: ;g covariant derivative of tensor T abc:::
def ::: with respect to coordinate xg

r 2 the Laplacian operator

Table A.3: Derivative notation.

notation de�nition

M n-dimensional manifold M

@M n � 1-dimensionalboundary of manifold M

(M ; gab) n-dimensional manifold M with metric gab and Christo�el connection

Rabcd Riemann tensor

Rab Ricci tensor

R curvature scalar

Table A.4: Manifolds and Riemannian spaces.

notation de�nition

I � past null in�nit y

I + future null in�nit y

i � past timelik e in�nit y

i 0 spatial in�nit y

i + future timelik e in�nit y

Table A.5: Causal structure of spacetime.
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APPENDIX B

DIFFERENCE AND DISCRETE OPERA TORS

This appendix tabulates the FDAs and other discrete operators used in the dissertation.

B.1 Finite Di�erence Op erators

This section tabulates the FDAs usedin the thesis. In the tables below I usethe samenotation as
intro duced in Appendix C, except now all di�erence operators are given for the caseof two spatial
dimensions and one temporal dimension, and spacetime coordinates given by the ordered triple
(t; r; � ). That is, un

i;j labelsa point in the �nite di�erence meshwith ordinates (t; r; � ), un
i +1 ;j labels

a point with ordinates (t; r + � r; � ), et cetera. Furthermore, r i � 1 and r i +1 respectively designate
coordinate values r � � r and r + � r . Also as before,

�
un

i;j

�
;r

designatesthe partial derivative of

u(t; r; � ) with respect to coordinate r and evaluated at (t; r; � ),
�
un

i;j

�
;r r

the secondpartial derivative

of u(t; r; � ) with respect to r at (t; r; � ), and so on. The special caseis
�

u
n + 1

2
i;j

�

;t
, which designates

the partial derivative of u(t; r; � ) with respect to t and is centered at the virtual time step t + 1
2 .

All the listed FDAs are 2-nd order accurate in grid spacings� r , � � and time interval � t, and
approach the corresponding continuum limit PDE asgrid spacingsand time interval approach zero.

PDE FDA

�
un

i;j

�
;r

)
un

i +1 ;j � un
i � 1;j

2� r

�
un

i;j

�
;r r

)
un

i +1 ;j � 2un
i;j + un

i � 1;j

(� r )2

�
un

i;j

�
;r 2 )

un
i +1 ;j � un

i � 1;j

r 2
i +1 � r 2

i � 1

�
un

i;j

�
;r 3 )

un
i +1 ;j � un

i � 1;j

r 3
i +1 � r 3

i � 1

�
un

i;j

�
;�

)
un

i;j +1 � un
i;j � 1

2� �

�
un

i;j

�
;� �

)
un

i;j +1 � 2un
i;j + un

i;j � 1

(� � )2

�
un

i;j

�
;cos �

)
un

i;j +1 � un
i;j � 1

cos� j +1 � cos� j � 1

�
un

i;j

�
;t

)
un +1

i;j � un � 1
i;j

2� t
�

u
n + 1

2
i;j

�

;t
)

un +1
i;j � un

i;j

� t

Table B.1: Centered di�erence operators.
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PDE FDA

�
un

i;j

�
;r

)
� un

i +2 ;j +4 un
i +1 ;j � 3un

i;j

2� r

�
un

i;j

�
;�

)
� un

i;j +2 +4 un
i;j +1 � 3un

i;j

2� �

Table B.2: Forward di�erence operators.

PDE FDA

�
un

i;j

�
;r

)
3un

i;j � 4un
i � 1;j + un

i � 2;j

2� r

�
un

i;j

�
;�

)
3un

i;j � 4un
i;j � 1+ un

i;j � 2

2� �

Table B.3: Backward di�erence operators.

B.2 Other Discrete Op erators

In this section of the appendix I list other discrete operators used in the �nite di�erence schemes
of the dissertation.

B.2.1 Quadratic Fix Op erators

Quadratic �x operatorsareusedon functions in regionsof the �nite di�erence grid which correspond
to locations in spacewhere those functions are known to be quadratic. Typically, these regions
will be at the point of spherical symmetry or along the line of axial symmetry. The quadratic �x
operators are derived from the Forwards and backwards di�erence operators for u;r or u;� .

If a function is quadratic at the point of spherical symmetry, r = 0, then its �rst derivative is
known to vanish there. Using the forwards di�erence operator for u;r obtains the expression

0 = � un
i +2 ;j + 4un

i +1 ;j � 3un
i;j ; (B.1)

which is used to update the value of the function at the point of spherical symmetry. When the
function is quadratic about the line of axial symmetry, the forwardsand backwardsdi�erence forms
for u;� are usedto obtain the quadratic �x operators

0 = � un
i;j +2 + 4un

i;j +1 � 3un
i;j (B.2)

to be applied along axis when � = 0, and

0 = 3un
i;j � 4un

i;j � 1 + un
i;j � 2 (B.3)

which is usedto update points along � = � . Theseresults are tabulated below.
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quadratic �x operator

un
i;j = 1

3

�
� un

i +2 ;j + 4un
i +1 ;j

�

un
i;j = 1

3

�
� un

i;j +2 + 4un
i;j +1

�

un
i;j = 1

3

�
� 4un

i;j � 1 + un
i;j � 2

�

Table B.4: Quadratic �x operators.

Alternately , it is sometimes useful to use the (B.1), (B.2) and (B.3) to update grid points
adjacent to the those at which the functions are known to be quadratic in coordinate � . Under
thesecircumstances,the quadratic �x operators will be expressedas in Table B.5.

quadratic �x operator

un
i;j = 1

4

�
un

i;j +1 + 3un
i;j � 1

�

un
i;j = 1

4

�
3un

i;j +1 + un
i;j � 1

�

Table B.5: Adjacent quadratic �x operators.

B.2.2 In terp olation and Extrap olation Op erators

For function un
i;j , the mth degreeLagrangepolynomial in coordinate r , P n

m;r (r; � ), is

Pn
m;r (r; � ) �

mX

i =1

Pn
i (r; � ); (B.4)

where

Pn
i (r; � ) � un

i;j

mY

l =1
l 6= i

r � r l

r i � r l
: (B.5)

Similarly, the mth Lagrangepolynomial in coordinate � , P n
m;� (r; � ), is

Pn
m;� (r; � ) �

mX

j =1

Pn
j (r; � ); (B.6)

where

Pn
j (r; � ) � un

i;j

mY

l =1
l 6= j

� � � l

� j � � l
: (B.7)

At times I use these Lagrange polynomials to update values of un
i;j from its values at neigh-

bouring points by extrapolating in coordinate r or interpolating in coordinate � . Sincehigh degree
Lagrange polynomials generally produce poor results when used as extrapolants, especially for
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points far from those upon which they are based,I useonly the 2nd degreePolynomial to extrap-
olate for smaller r as per

un
i;j =

�
un

i +3 ;j � 3un
i +2 ;j + 3un

i +1 ;j

�
: (B.8)

Interpolation from Lagrange polynomials is, however, much more reliable. When I interpolate in
coordinate � I use3rd degreeLagrangepolynomials. I alternately usethe Lagrangepolynomial in
a centered fashion as per

un
i;j =

�
�

1
6

un
i;j +2 +

2
3

un
i;j +1 +

2
3

un
i;j � 1 �

1
6

un
i;j � 2

�
; (B.9)

and at other times in an o�-center fashion as per

un
i;j =

�
1
4

un
i;j +3 � un

i;j +2 +
3
2

un
i;j +1 +

1
4

un
i;j � 1

�
(B.10)

or

un
i;j =

�
1
4

un
i;j +1 +

3
2

un
i;j � 1 � un

i;j � 2 +
1
4

un
i;j � 3

�
; (B.11)

depending on the distribution of available grid points. Finally note the time-averaging operator of
the Crank-Nicholson scheme

u
n + 1

2
i;j =

1
2

�
un +1

i;j + un
i;j

�
(B.12)

is itself an interpolant based upon a 2nd degreeLagrange polynomial in temporal coordinate t.
Theseresults are all summarized in Table B.6.

interpolation/extrap olation operator

un
i;j =

�
un

i +3 ;j � 3un
i +2 ;j + 3un

i +1 ;j

�

un
i;j =

�
� 1

6 un
i;j +2 + 2

3 un
i;j +1 + 2

3 un
i;j � 1 � 1

6 un
i;j � 2

�

un
i;j =

�
1
4 un

i;j +3 � un
i;j +2 + 3

2 un
i;j +1 + 1

4 un
i;j � 1

�

un
i;j =

�
1
4 un

i;j +1 + 3
2 un

i;j � 1 � un
i;j � 2 + 1

4 un
i;j � 3

�

u
n + 1

2
i;j = 1

2

�
un +1

i;j + un
i;j

�

Table B.6: Interpolation and extrapolation operators.

B.2.3 Kreiss-Oliger Dissipation Op erators

I designatethe Kreiss-Oligerdissipation operator in coordinate r for an FDA acting on un
i;j by sr un

i;j ,
the dissipation operator in coordinate � by s� un

i;j , and dissipation operator in both coordinates r
and � by sr � un

i;j . The following table provides a listing of theseoperators.

dissipation operator

sr un
i;j = � r

16

�
un

i � 2;j � 4un
i � 1;j + 6un

i;j � 4un
i +1 ;j + un

i +2 ;j

�

s� un
i;j = � �

16

�
un

i;j � 2 � 4un
i;j � 1 + 6un

i;j � 4un
i;j +1 + un

i;j +2

�

sr � un
i;j = � r �

16

� �
un

i � 2;j � 4un
i � 1;j + 6un

i;j � 4un
i +1 ;j + un

i +2 ;j

�

+
�
un

i;j � 2 � 4un
i;j � 1 + 6un

i;j � 4un
i;j +1 + un

i;j +2

��

Table B.7: Kreiss-Oliger dissipation operators.
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B.2.4 In tegration Rules

The following table lists two integration rules for equally spacedabscissae.The secondin the list
is the trap ezoidal rule used in calculations presented throughout this dissertation.

integration rule

Rr J

r i
u(r )dr =

P J
j = i uj � r + O

�
(� r )2

�

Rr J

r i
u(r )dr =

P J � 1
j = i

�
1
2 uj + 1

2 uj +1
�

� r + O
�

(� r )3
�

Table B.8: Integration rules for equally spacedabscissae.
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APPENDIX C

NUMERICS

C.1 Finite Di�erence Techniques and Appro ximations

Of the numerical techniques available, �nite di�erence methods are chosento solve the equations
of constraint and evolution presented in this thesis. Finite di�erence methods are well-established
and understood, and the notion of the �nite di�erence approximation on which they are basedis
simple and intuitiv e. This makes them a natural choice for numerical relativists, especially when
solving the systemssimilar to thosein this thesis.1 Good referencesfor the topics in this sectionare
[91], [103], [61], [134], along with the summary [30]. Furthermore, [21] and [22] are useful references
for �nite di�erence techniquesas applied to the equations of general relativit y.

The key element of �nite di�erence methods is the �nite di�er ence approximation (FDA).
Essentially , an FDA is what one obtains when a continuous di�eren tial equation is replaced with
a discrete di�erence equation. The discrete di�erence equation is basedon the notion of a grid of
points at which functions are evaluated, and thus is an approximation to the continuum solution
oneaims to solve. In the subsectionsthat follow the conceptof the FDA is discussedin the context
of consistency, accuracy, stabilit y and convergenceof a �nite di�erence scheme. Another topic
covered is dissipation in �nite di�erence methods, as it plays a vital role in the computation of
solutions to equations presented in later chapters.

C.1.1 Basic De�nitions and Concepts

This dissertation considersFDAs to systemsof partial di�eren tial equations (PDEs) on a mesh
or grid of spacing h, and will therefore be vitally interested in the behaviour of the FDAs and
their solution schemesin the continuum limit as the grid spacing tends to zero, h ! 0. It is
expected that, for a correctly implemented �nite di�erence scheme,the error of the approximation
to approach zero in the continuum limit. Following discussionwill begin with the intro duction of
somenotation.

Let a di�eren tial equation be denoted by

Lu = f ; (C.1)

where L is a di�er ence operator, u is the unknown function to be solved, and f is some source
function. f will generally be a function of the variables on which u also depends. The discretized
operators, variables and functions will be denoted with a superscript h . The discretization of the
system (C.1) is thus denoted

L huh = f h ; (C.2)

or
L h uh � f h = 0: (C.3)

where L h is the discretized di�er ence operator, uh the discrete unknown function, and f h the
discretized source function. All functions of the discrete system are evaluated at points on the
�nite di�erence mesh. If h is the only discretization scale in the problem the FDA is said to be

1Other commonly used methods are spectral and �nite element, and they should be used where appropriate.
However, �nite di�erence methods are typically simpler, especially when solving systems of equations with regular
domain boundaries, as is the case in this thesis.
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convergent if and only if
uh ! u as h ! 0: (C.4)

For obvious reasons,all FDAs are desiredto be convergent. The solution error, eh , of the FDA is
de�ned

eh � u � uh : (C.5)

So if the FDA is convergent, then eh ! 0 as h ! 0.
Another type of error in the subject of FDAs will now be developed. The truncation error, � h ,

of the FDA is given by
� h � L h u � f h : (C.6)

Sowhile the solution error is a measureof how well the FDA solution approximates the solution of
the PDE, the truncation error is a measureof how closelythe �nite di�erence equationapproximates
the PDE whosesolutions are sought. Assumethe FDA again has a single discretization scaleh.
Then, if for the FDA

� h ! 0 as h ! 0 (C.7)

holds, it is called consistent. Consistencyis therefore required if the FDA is to be convergent. If,
furthermore,

lim
h! 0

� h = O (hp) (C.8)

for positive integer p (i.e., p 2 Z+ ), then the FDA is said to be pth order accurate. A useful result
pertaining to FDA truncation errors is the observation that

� h = O (hp) : (C.9)

This was �rst noted in [133] and is basedon the Richardson ansatz, that if an FDA is completely
centered2 and is basedupon a meshuniform in a singlescaleparameterh, then uh hasthe expansion

uh = u + h2e2 + h4e4 + � � � (C.10)

in the limit as h ! 0, where e2, e4, ... are functions independent of h.3

Finally, the concept of the residual of an FDA is de�ned. The form (C.3) leads us to the
de�nition that if ~uh is an approximation to the true solution uh of (C.3), then the residual of the
FDA, r h , is given by

r h � L h ~uh � f h : (C.12)

Essentially , the residual is the degreeto which �nite di�erence solutions fail to satisfy the FDA.
The aim therefore is to �nd a convergent processby which the residual of the FDA is driven to
zero.

C.1.2 Convergence Testing and Indep endent Residual Evaluation

From (C.10) the notion of the convergencetest can be developed. Supposean FDA is solved three
times, each time beginning from the same initial data set, but each time using a di�eren t grid
spacing. For the sake of argument, assumethe grid spacingsare h, 2h, and 4h. Furthermore,
assumethe three �nite di�erence grids overlap in the sensethat the 4h grid points are subsetsof
the 2h grid points, and that the 2h grid points are a subsetof the h grid points. Finally, assumethe
FDAs are completely centered, and that h, 2h and 4h are respectively the only scaleparameters

2An FD A is said to be centered if L h is symmetric about the grid point where uh is evaluated.
3 If the scheme is not completely centered then (C.10) is modi�ed as per

uh = u + he1 + h2e2 + � � � : (C.11)
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in the problem. Then investigating how solutions uh , u2h , and u4h di�er provides information
about the convergenceof the chosenFDA. The Richardsonansatz (C.10) for a completely centered
schemethen provides

uh = u + h2e2 + h4e4 + � � � ; (C.13)

u2h = u + (2h)2 e2 + (2h)4 e4 + � � � ; (C.14)

and
u4h = u + (4h)2 e2 + (4h)4 e4 + � � � : (C.15)

Then for somesuitable spatial norm jj � jj such as the l2 norm

jjuh jj2 =

 

J � 1
JX

i =1

�
uh

i

� 2

! 1
2

; (C.16)

uh
i being the i th component of vector uh , a quantit y called the convergence factor, C (t), is de�ned

C (t) �
jju4h � u2h jj
jju2h � uh jj

; (C.17)

whereargument t designatescomparing uh , u2h and u4h at the sametime, or step, in the evolution.
Using (C.13), (C.14) and (C.15), and providing the system is convergent, it should then observed

lim
h! 0

C (t) = 4: (C.18)

A convergence test using discretizations h, 2h and 4h would then amount to veri�cation that (C.18)
holds. Furthermore, having con�rmed convergenceof the FDA, the solution error betweenany two
discretizations can explicitly be calculated as per

u2h � uh =
�

u + (2h)2 e2 + (2h)4 e4 + � � �
�

�
�
u + h2e2 + h4e4 + � � �

�
= 3h2e2 + O

�
h4�

(C.19)

or

u4h � u2h =
�

u + (4h)2 e2 + (4h)4 e4 + � � �
�

�
�

u + (2h)2 e2 + (2h)4 e4 + � � �
�

= 12h2e2 + O
�
h4�

:

(C.20)
Supposea convergencetest has beenperformed as outlined above and �nd the �nite di�erence

evolution is in fact converging to somecontinuum solution. The problem then to resolve is whether
the evolution is approaching the correct continuum solution. For example,it is entirely possiblethe
FDA is convergent, but incorrectly implemented, and so a closely related (but di�eren t) system is
now being solved. If the systempossessesconservation laws, perhapsthe best way to test whether
(C.1) is being correctly solved is to ensurethe associated conserved quantities are converging to
constant values in the expected manner. In the absenceof conservation laws, or simply to check
the FDA in another manner, an independent residual test can be used. This test is alsobasedupon
the Richardson ansatz (C.10) for uh , but additionally upon the observation that for a pth order
FDA L h of L , L h can always be expandedin powers of the meshspacingaccording to

L h = L + hpEp + O
�
h2p�

; (C.21)

where Ep is a di�eren tial operator involving higher order derivatives in L . Then if ~L h is another
FDA for L , but this time is 2nd order, expression

~L h = L + h2 ~E2 + O
�
h4�

(C.22)
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is obtained, where ~E2 is another di�eren tial operator involving higher order derivativesin L . Since

uh = u + h2e2 + O
�
h4�

; (C.23)

applying ~L h to uh expression

~L huh =
� �

L + h2 ~E2 + O
�
h4� � �

u + h2e2 + O
�
h4�� �

= Lu + O
�
h2�

(C.24)

is obtained. It is then concluded ~L huh is of the form of a residual and convergesto Lu as h ! 0.
Now suppose the solution scheme has been incorrectly implemented but convergenceis still

observed as per
lim
h! 0

C (t) = 4: (C.25)

The expansionof uh instead would have to be of form

uh = u + e0 + h2e2 + O
�
h2�

; (C.26)

and thus would have an O
�
h0

�
error, e0 being an independent function of h. Calculating ~L huh

now would yield

~L h uh =
��

L + h2 ~E2 + O
�
h4� � �

u + e0 + h2e2 + O
�
h2� � �

= Lu + O
�
h0�

; (C.27)

and so the independent residual, ~r h ,
~r h � ~L huh (C.28)

would approach a �nite value ash ! 0. Such a result would indicate that either the implementation
of the solution scheme,or the independent residual evaluation, is somehow 
a wed. Since this sort
of independent residual test is applied after the �nite di�erence solution is obtained, it typically
adds negligible computational work overall.

C.1.3 Deriving Finite Di�erence Form ulae

The basic element of a �nite di�erence scheme is the FDA. FDAs for a PDE are obtained rather
simply using Taylor seriesexpansionsof the function u on the �nite di�erence grid. It is now out-
lined how to obtain FDAs for PDEs in onespatial and onetemporal dimension. The generalization
to greater than onespatial dimension is straightforward and sowill be omitted from the discussion.
Finally, Appendix B tabulates all FDAs usedin the dissertation, including all those derived in this
subsection.

Considerthe �nite di�erence grid shown in Figure C.1. Here,spacetimecoordinatesaregivenby
the ordered pair (t; r ), grid spacingin the spatial dimension is characterized by a single parameter
� r = h, and the temporal interval is characterized by parameter � t. Furthermore, grid points are
labelled by spatial indices:::i � 1; i; i + 1; ::: and temporal indices:::n � 1; n; n+ 1; :::. The discretized
function uh at ordinates (t; r � � r ) will be labelled un

i � 1, at ordinates (t; r ) by un
i , at (t; r + � r )

by un
i +1 , at (t + � t; r ) by un +1

i , and so on. The Taylor expansionsof u(t; r � 2� r ), u(t; r � � r ),
u(t; r ) u(t; r + � r ), and u(t; r + 2� r ) evaluated at (t; r ) are thus

un
i � 2 = un

i � 2� r (un
i );r +

1
2

(2� r )2 (un
i );r r �

1
6

(2� r )3 (un
i ) ;r r r + O

�
(� r )4

�
; (C.29)

un
i � 1 = un

i � � r (un
i ) ;r +

1
2

(� r )2 (un
i ) ;r r �

1
6

(� r )3 (un
i );r r r + O

�
(� r )4

�
; (C.30)

un
i = un

i ; (C.31)
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Figure C.1: A schematic representation of the �nite di�erence grid in one spatial and one tem-
poral dimension. Spacetime coordinates are given by the ordered pair (t; r ), grid
spacing in the spatial dimension is characterized by a single parameter � r , and the
temporal interval is characterized by parameter � t. Grid points are labelled by
spatial indices :::i � 1; i; i + 1; ::: and temporal indices :::n � 1; n; n + 1; :::.

un
i +1 = un

i + � r (un
i );r +

1
2

(� r )2 (un
i );r r +

1
6

(� r )3 (un
i );r r r + O

�
(� r )4

�
; (C.32)

un
i +2 = un

i + 2� r (un
i );r +

1
2

(2� r )2 (un
i );r r +

1
6

(2� r )3 (un
i );r r r + O

�
(� r )4

�
; (C.33)

wheresubscript notation (un
i );r designatesthe partial derivativeof u(t; r ) with respect to coordinate

r evaluated at point (t; r ), (un
i );r r the secondpartial derivative of u(t; r ) with respect to r at (t; r ),

and so on.
Then, as an example, to �nd the centered O

�
(� r )2

�
approximation for the FDA (un

i );r , solve

the linear system of three equations (C.30), (C.31), (C.32). The solution in this caseis simply

(un
i );r =

un
i +1 � un

i � 1

2� r
+ O

�
(� r )2

�
: (C.34)

Using this technique, the centered O
�

(� r )2
�

approximation for FDA (un
i );r r could also be ob-

tained. It is given by

(un
i );r r =

un
i +1 � 2un

i + un
i � 1

(� r )2 + O
�

(� r )2
�

: (C.35)

Analogous expressionshold for FDAs involving derivatives of t. For example, the centered FDA
for the �rst derivative in time is

(un
i );t =

un +1
i � un � 1

i

2� t
+ O

�
(� t)2

�
: (C.36)
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Notice the similarit y betweentheseFDAs and a centered limit de�nition of the derivative,

@u
@r

� lim
� r ! 0

u(r + � r ) � u(r � � r )
2� r

: (C.37)

As another example, consider the one-sidedO
�

(� r )2
�

approximation for (un
i ) ;r which makes

useof un
i , un

i +1 , and un
i +2 . Solving (C.31), (C.32), and (C.33) obtains

(un
i );r =

� un
i +2 + 4un

i +1 � 3un
i

2� r
+ O

�
(� r )2

�
: (C.38)

This so-calledforwards di�er ence operator allows me to evaluate (un
i );r at the point on the �nite

di�erence grid with smallest value of coordinate r . Similarly, the backwards di�er ence operator for
(un

i );r can be obtained by solving the system (C.29), (C.30) and (C.31). This operator allows me
to evaluate (un

i ) ;r at the largest value of coordinate r and has form

(un
i );r =

un
i � 2 � 4un

i � 1 + 3un
i

2� r
+ O

�
(� r )2

�
: (C.39)

C.1.4 The Leap-F rog and Crank-Nic holson Schemes

As an examplePDE consider the advection equation

@u
@t

= v
@u
@r

; (C.40)

which represents the passive advection of scalar �eld u carried along by a 
o w of constant speed
v. Since later chapters of this dissertation deal almost exclusively with PDEs �rst order in both
time and space, the advection equation is a useful protot ype. Using the results of the previous
subsection,this PDE could be represented with FDA

un +1
i � un � 1

i

2� t
+ O

�
(� t)2

�
= v

�
un

i +1 � un
i � 1

2� r

�
+ O

�
(� r )2

�
: (C.41)

The stencil of an FDA is de�ned asthe discreteset of spacetimepoints on which the FDA depends.
Sincethis FDA employs valuesun � 1

i , un
i � 1, un

i +1 and un +1
i , it hasa four-point stencil asrepresented

in Figure C.2. This schemeis known as leap-frog and is one of the more common �nite di�erence
schemesusedin solving PDEs. Sincethe value of u in the future, un +1

i , is determined entirely from
valuesof u in its past, this schemeis explicit. Being explicit, the value of un +1

i can be obtained in
a single step.

Instead of the leap-frog scheme, iterativ e Crank-Nicholson will be used to obtain the majorit y
of results presented in this dissertation. The principle reasonsfor this alternate choice are initial
data and stabilit y. While the leap-frog schememust be initialized with data from two time steps,
un

i � 1, un
i +1 and un � 1

i , the Crank-Nicholson scheme is initialized from valuesat a single time step,
un

i � 1 and un
i +1 . Second,the Crank-Nicholson scheme is known to be stable4 for a wide range of

FDAs, given grid spacing � r and temporal interval � t.
The Crank-Nicholson scheme is de�ned by modifying the temporal derivative operator to be

centered at the virtual time step t + 1
2 � t . A straightforward derivation obtains

�
u

n + 1
2

i

�

;t
=

un +1
i � un

i

� t
+ O

�
(� t)2

�
; (C.42)

4The issue of stabilit y of a solution scheme is brie
y discussed in subsection C.1.5.
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Figure C.2: The four-point stencil of the leap-frogschemefor the advection equation. The stencil
is marked by dashed lines and circles. Grid points are labelled by spatial indices
:::i � 1; i; i + 1; ::: and temporal indices :::n � 1; n; n + 1; :::. The scheme employs
valuesun � 1

i , un
i � 1, un

i +1 and un +1
i of function u. Spacetimecoordinates are given by

the ordered pair (t; r ), grid spacing in the spatial dimension is characterized by a
single parameter � r , and the temporal interval is characterized by parameter � t.
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Figure C.3: The four-point stencil of the Crank-Nicholson scheme for the advection equation.
The stencil is marked by dashedlines and circles, and is centered about the virtual
point marked with a dashed square. Grid points are labelled by spatial indices
:::i � 1; i; i + 1; ::: and temporal indices :::n � 1; n; n + 1; :::. The scheme employs
valuesun

i � 1, un
i +1 , un +1

i � 1 and un +1
i +1 of function u. Spacetimecoordinates are given by

the ordered pair (t; r ), grid spacing in the spatial dimension is characterized by a
single parameter � r , and the temporal interval is characterized by parameter � t.

where u
n + 1

2
i designatesthe value of u centered spatially at point labelled i and temporally at a

virtual point betweenn and n + 1. The expressionof advection equation (C.40) asan FDA is then
accomplishedby evaluating spatial derivatives at this intermediate time step through a temporal
average. The FDA thus becomes

un +1
i � un

i

� t
+ O

�
(� t)2

�
=

v
2

 
un

i +1 � un
i � 1

2� r
+

un +1
i +1 � un +1

i � 1

2� r

!

+ O
�

(� r )2
�

: (C.43)

This schemehasa four-point stencil asdisplayed in Figure C.3. Sincethis schemecouplesvaluesat
the future time step, un +1

i � 1 and un +1
i � 1 , it is called implicit . Being implicit, valuesof u in the future

cannot be obtained in a single step. Rather, they must be obtained with an iterativ e procedure.

C.1.5 Stabilit y

As mentioned in the previous subsection, one reason for choosing the implicit Crank-Nicholson
scheme is becauseit tends to minimize instabilities for many PDEs. Since a detailed discussion
of stabilit y for �nite di�erence schemesis beyond the scope of this dissertation, the conditions for
stabilit y will not be explicitly calculated for the PDEs usedin this thesis,but instead will intro duce
the concept of stabilit y at a heuristic level and mention an important result known as the CFL
condition. Technical aspects and detailed discussionsof stabilit y can be found in [91], [103], [61],
[134], and [30].
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It is entirely possible to correctly implement a �nite di�erence scheme for a time dependent
problem, yet have the solutions plaguedby 
oating point over
o ws at somepoint in the evolution.
Providing there are no instabilities in the PDE being solved, the over
o w will be as a consequence
of the nature of the �nite di�erence schemeitself|some schemesare inherently unstable for a given
classof problem while others can be conditionally unstable.

As an example, consider the previously discussedadvection equation (C.40) with periodic
boundary conditions. A property of the advection equation is that a norm of the solution will
not changesigni�can tly in time. That is to say,

jju(t; r )jj � jju(t + � t; r )jj � jju(t + 2� t; r )jj � � � � : (C.44)

Equation (C.44) will be the working de�nition of stability. In fact, a system would be considered
stable even if solutions grew asa polynomial in jju(t; r )jj . However, exponential growth in the norm
is certainly consideredunstable. If the FDA to the PDE exhibiting property (C.44) is convergent,
the discrete solution is expected to exhibit the analogousbehaviour

jjun
i jj � jjun +1

i jj � jjun +2
i jj � � � � : (C.45)

It would then be hoped solutions obtained from a schemesuch as leap-frog,

un +1
i = v

� t
� r

�
un

i +1 � un
i � 1

�
+ un � 1

i + O
�

(� t)2
�

+ O
�

(� r )2
�

; (C.46)

would exhibit property (C.46). As it turns out, there are valuesof the Courant factor,

� �
� t
� r

; (C.47)

for which (C.45) is violated. In fact, (C.46) is unstable for all

� >
1

jvj
: (C.48)

Now, if instead of leap-frog, the Crank-Nicholson scheme

un +1
i =

v
4

� t
� r

�
un

i +1 � un
i � 1 + un +1

i +1 � un +1
i � 1

�
+ un

i + O
�

(� t)2
�

+ O
�

(� r )2
�

(C.49)

is implemented, stabilit y will be observed for all values � . It is in this sensethat Crank-Nicholson
is consideredunconditional ly stable, in support of the previous claim that the Crank-Nicholson
schemetends to result in an FDA with improved stabilit y.

To obtain the preceding stabilit y conditions one needsto consider more detailed study of the
heuristic stability condition, or alternately perform a von-Neumannstability analysis. Such analyses
becomecomplicated for nontrivial (i.e., nonlinear) PDEs like those used in later chapters of this
thesis. The complexity of the analysesis further increasedwhen nontrivial boundary conditions
beyond periodic or Dirichlet, typical in systemsof interest to numerical relativit y, are applied to
the PDEs. The reader is again referred to [91], [103], [61], [134], [30], [21] and [22].

In closing this discussionon the stabilit y of �nite di�erence schemes,it is worth mentioning one
important result extracted from the von-Neumannstabilit y analysisof (C.46)|the CFL condition,
as derived by Courant, Friedrichs and Lewy in 1928. The condition is a statement that all � > 1
are unstable for an explicit scheme, and carries the interpretation that the physical domain of
dependenceof a PDE must be entirely contained within the numerical domain of dependenceif
the scheme is to be stable. That is, Courant factor, � , must be adjusted for the PDE under
consideration, and it must certainly be lessthan unit y. Note that sincean implicit schemecouples
values at the future time step, they do not possesssimilar interpretation for a single iteration.
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Figure C.4: The CFL condition for a stable leap-frog scheme. Grid points are labelled by spatial
indices :::i � 1; i; i + 1; ::: and temporal indices :::n � 1; n; n + 1; :::. Spacetimecoor-
dinates are given by the ordered pair (t; r ), grid spacing in the spatial dimension is
characterized by a single parameter � r , and the temporal interval is characterized
by parameter � t. The physical domain of dependenceis shadeddark grey, while the
numerical domain of dependenceis shadedlight grey. Note the physical domain of
dependenceis entirely contained by the numerical domain of dependence.

The CFL condition is represented pictorially for the leap-frog schemeof the advection equation in
Figure C.4.

C.1.6 Kreiss-Oliger Dissipation Op erators

This section on �nite di�erence techniques will now be ended with discussion of Kreiss-Oliger
dissipation operators. To start, note that the advection equation (C.40) admits normal mode
solutions

u(t; r ) � eik ( r + vt ) (C.50)

with wavenumber k, which do not changein time. The solutions thus are said to be non-dissipative.
SomeFDAs possesssimilar non-dissipative character, while others do not. The leap-frog scheme
in particular is non-dissipative. The dissipative character of �nite di�erence schemesis considered
because,especially for nonlinear PDEs, propagation and growth of high frequency components of
a di�erence solution can lead to instabilities. It is therefore advantageousto ensure the scheme
employs someform of dissipation to stabilize the solutions. The key point is to do so in a way that
a�ects only the high frequencycomponents, thereby mimicking the behaviour of a low-pass�lter.

Again revert to discussionof the leap frog-scheme(C.46). If (C.46) is modi�ed as per
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(C.51)
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for adjustable parameter 0 � � < 1, the additional terms do not modify the truncation error
to leading order. The new scheme, does, however modify the ampli�cation of modes with wave
number � � k� x to be

1 � � sin4 �
2

: (C.52)

The addition of Kr eiss-Oliger dissipation operator

�
�

16
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un

i +2 � 4un
i +1 + 6un
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i � 1 + un

i � 2

�
; (C.53)

to the schemethus acts as a low-pass�lter with relatively sharp cuto� as � ! � .
For brevity, Kreiss-Oliger dissipation will not bediscussedin moredetail, but will note that since

it doesnot modify truncation error at secondorder, it can be safely employed for all second-order
accurate schemes. In particular, Kreiss-Oliger dissipation is used everywhere PDEs are solved
in this dissertation with the Crank-Nicholson scheme. solve are nonlinear, there is signi�can t
likelihood that instabilit y from high frequency modes would be an issue. Instead of explicitly
determining the conditions for stabilit y of the chosenFDAs, an experimental approach as adopted
wheresomechoiceis madefor � < 1 and � < 1 and evolve the system. If the solutions blow up then
� and � are adjusted until the system evolves in a stable manner. Once stabilit y is achieved the
values of these adjustable parameters are left unchanged for future evolutions. The advantage to
usingadjustable dissipation, asper Kreiss-Oliger, is that the amount of dissipation can be increased
to the desired amount without applying so much dissipation that physical (i.e., lower-frequency)
modesof the solution will be a�ected.

C.1.7 Iterativ e Solution Scheme for Evolutionary Equations

An explicit schemesuch as leap-frog is soluble in a single step. Implicit schemes,however, couple
functions at adjacent spatial grid points at the future time step and must therefore be solved it-
eratively. The Crank-Nicholson scheme is an example. For demonstrative purposes,consider the
Crank-Nicholson schemefor advection equation (C.40) with the addition of Kreiss-Oliger dissipa-

tion. The O
�
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�

, O
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(� r )2
�

FDA is
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where the dissipation operator has been time averaged. The strategy of the iterativ e solution
schemebegins with a speci�cation of initial data un

i for 1 � i � J , and an initial guessfor un +1
i

where again 1 � i � J . (C.55) through (C.58) are then employed to obtain the �rst iterate of
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solution un +1
i . Designating the kth iterate of un +1

i as un +1( k)
i , a proper iterativ e schemegenerates

a sequenceof iterates un +1(0)
i , un +1(1)

i , un +1(2)
i , ..., un +1( k)

i , converging upon the solution un +1
i in

the limit k ! 1 . Two issuesneedfurther discussion: (1) the initial guess;and (2) the generation
of the sequenceof iterates. For evolutionary equations it is usually valid to assumethe solution
undergoeslittle changebetweenthe nth and (n + 1)th time steps. So without prior knowledgeof
the evolution, a reasonablechoice is simply to use the values from the step in the immediate past
as an initial guess.That is,

un +1(0)
i = un

i ; (C.59)

the iteration count of the past time step being omitted from the notation. This resolves the �rst
issue. The seconditem now warrants discussion.

In the most trivial schemeknown asJacobi iterative, the sequenceof iterates is de�ned entirely
from values of the preceding iterate. However, it can be shown that faster convergencecan be
obtained if the method usesthe most recent iterates as they becomeavailable. This is the essence
of a Gauss-Seideliterativ e scheme. For example, assuming the order of updates proceedsi =
3; :::; J � 2, the sequenceof Gauss-Seideliterates for equation (C.56) will be generatedaccording
to
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(C.60)

While alternativ essuch as Newton's method convergemore rapidly, they typically require a more
accurateinitial guessun +1( k)

i , and are somewhatmore di�cult to implement. Gauss-Seidelis found
to be a su�cien t method and is usedin obtaining all results presented in this thesis. This method
has been implemented using the Rapid Numerical Protot yping Language(RNPL) [94], [95], [96],
[97]. In brief, RNPL is a high-level languagewhich can be usedto handle many details commonto
most numerical codes. For example,RNPL can be usedto manageparameter fetching and memory
allocation, along with input, output and update routines, allowing the user to focus e�orts on
aspects more interesting to physicsand numerical relativit y. After the user speci�es (in the RNPL
syntax) parameter namesand types,a coordinate system, grid structure, grid function namesand
types, �nite di�erence operators, evolutionary equations and an initialization scheme, RNPL can
be usedto generatean essentially completeFORTAN or C code. In the caseof an iterativ e scheme,
RNPL automatically implements Gauss-Seidel.The user thereby is saved from expending time on
everything except for those aspects of greatest interest to the typical numerical relativist. Refer
to [94], [95], [96], [97] for details and examplesof RNPL's capabilities and limitations. But one
important issueto note by design is RNPL's lack of support for the solution schemesappropriate
to elliptic equations. Therefore, users are required to implement their own methods for solving
constraint equations.

C.2 Constrain t Equations

Constraint conditions typically form systems consisting of a elliptic equation to be solved in a
domain with boundary conditions and sourcesin its interior. Boundary conditions are typically
Dirichlet (the boundary value of the unknown function is speci�ed), Neumann (the normal deriva-
tiv e of the function is speci�ed) or Robin (an algebraic equation is given which relates the value of
the unknown function to its normal derivative on the domain boundary). The canonical example
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of a constraint condition is the Poisson equation

r 2u = �; (C.61)

where r 2 is the Laplacian operator, and u is to be solved on a domain 
 with speci�ed source
function � and where conditions for u are given on the boundary @
. The Laplacian operator
is a second-orderPDE in the spatial coordinates. For example, the 
at spaceLaplacian on u in
spherical polar coordinates (r; � ; � ) is given by
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Finally, notice that the Poissonequation is linear in u. Depending on the symmetriesinvolved, this
linearit y in u results in an FDA which can be solved by direct or indirect methods as mentioned
below. [125] and [126] form the setof referencesfor direct methods, and the primary setof references
for discussionof iterativ e methods also includes [150], [143] and [146].

C.2.1 The Poisson Equation in Spherical Symmetry

Restricting the system to spherical symmetry, u = u(r ), (C.62) becomes
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Then using the FDAs of subsectionC.1.3, the derivativesin (C.62) can be expressedto 2nd order
accuracy using three-point stencils. Then, using the established notation, the one-dimensional
�nite di�erence equation
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is obtained. Substituting (C.64) into (C.61) the elliptic to be solved becomes
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Then if coordinate r in the computational domain 
 ranges[r 1; r J ] over a grid of J points, (C.65)
forms a tridiagonal systemlinear in u in the interior of 
. However, boundary conditions still need
to be speci�ed before the full system can be solved. If the boundary conditions were Dirichlet at
both r = r1 and r = r J , the complete system of equations would be

un
1 = bn

1 ; (C.66)
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un
J = bn

J ; (C.68)

where bn
1 and bn

J are speci�ed boundary values.
However, outside of caseswherespacetimehasbeencompacti�ed sothat computational bound-

aries correspond to spatial in�nit y, systemsof interest to numerical relativit y seldompossesscon-
straints with Dirichlet boundary conditions. Neumann and Robin conditions are far more preva-
lent. For instance, where constraint equation (C.61) represents the Gauss' law electromagnetic
constraint, outside of a localized charge distribution, the electric potential will possessa Coulom-
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bic dependencein spherical symmetry. This meansthe form of u will there be

u =
u� 1

r
+ u0; (C.69)

whereu� 1 and u0 are constants. The choiceof u0 amounts to choosinga convenient location for the
zeroof the potential. Typically, u0 is chosenso that either u = 0 at r = 0 or u = 0 at r = 1 . Then
if r = r J is external to sources,the choice u0 = 0 there amounts to setting the zero of potential at
r = 1 . Equation (C.69) then reducesto

u =
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r
: (C.70)

Di�eren tiating (C.70) with respect to r then yields

@u
@r

= �
u� 1

r 2 = �
1
r

u; (C.71)
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where the backwards di�erence expressionfor the derivative has been used. Then solving (C.72)
for un

J � 2 obtains
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which, substituted into (C.65) for i = J � 1 yields
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the boundary condition to be applied at r = r J .
To obtain a realistic boundary condition at r = r 1, notice that for a smooth spherically sym-

metric distribution, the charge density � will be expansible in powers of radial coordinate r near
r = 0 with even leading order. That is,
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; (C.75)

where � 0, � 2, and � 4 are appropriately chosen constants. Integrating over � to �nd qencl , the
amount charge enclosedby a small sphereof radius R centered at r = 0 obtains
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Then, using (C.75) or (C.76), straightforward integration obtains the amplitude of the electric �eld,
E , at r = R as
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and the value of the electric potential, u, at r = R as
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whereu0 is a constant of integration, chosenso that (C.70) and (C.78) agreeat the outer boundary
of charge density � . However, it is not necessaryto solve for u0. Instead, the required boundary
condition can be derived by simply by noting that u is an even function of r near r = 0, and
so its derivative with respect to r must vanish. Thus, using the 2nd order forwards di�erence
approximation, obtains
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Then, substituting (C.80) into (C.65) for i = 2 yields
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In summary, the complete system of equations has become
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The elliptic system is again linear and still can be written in tridiagonal matrix form, even with
nontrivial boundary conditions. However, while being able to rewrite the system in tridiagonal
form will simplify computations presented in later chapters, the key feature here is the linearit y of
the system of equations. Being linear, direct solution schemessuch as Gauss-Jordanelimination,
Gaussianelimination or LU decomposition can be applied to solve for unknowns un

i . Being elemen-
tary techniques and well documented in the literature, The reader is simply referred to [125] and
[126] for detailed discussion.Finally, it is su�cien t to state that, after reducing the electromagnetic
constraint equation of Chapter 3 to linear tridiagonal form, it is solved using Gaussianelimination 5

followed by back-substitution with routines provided by the LAPACK software suite [2].

5A common source of error with systems requiring many operations is the accumulation or roundo� errors. While
an elimination scheme will return a result under such circumstances, the solution will be incorrect by some degree,
as can be checked by substituting the result back into the original system. To correct this problem the iter ative
impr ovement technique is used as outlined in [125], [126].
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C.2.2 The Poisson Equation in Axial Symmetry

Now considerthe Poissonequation in axial symmetry. Being dependent on just the two coordinate
dimensionsr and � , it will be expressed
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O� boundary, (C.85) can be written as the secondorder FDA
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(C.86)

the indices i for coordinate r being a member of the positive integer set f 1; 2; � � � ; J g, indices j for
� being a member of f 1; 2; � � � ; K g, the grid spacingin the direction of coordinate r being � r , and
spacing in the direction of � being � � . A comma-separatedsubscript notation has beenadopted
for grid functions to avoid confusion in situations the likes of un

11;2. If the boundary conditions
(C.82) and (C.84) are assumedfor coordinate direction r , and furthermore un

i;j is assumedto be
an even function in � along the line of axial symmetry (� = 0 and � = � ), the complete FDA can
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be expressed
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As displayed in Figure C.5, this FDA hasa �v e-point stencil utilizing grid points un
i;j , un

i � 1;j , un
i +1 ;j ,

un
i;j � 1, and un

i;j +1 when 2 � i � J � 1 and 2 � j � K � 1. The stencils on boundary are two-point.
Stencils for boundary conditions (C.87) and (C.88) are respectively depicted in Figures C.6 and
C.7.

This system of equations is amenableto any of a number of di�eren t solution schemes. Since
it can be written in block tridiagonal form, it can be solved using line successiveover-relaxation
(LSOR)6, which was a standard iterativ e method until the 1970s. Again, becauseit is well doc-

6Line successive over-relaxation is sometimes called successive line over-r elaxation (SLOR) by other authors.
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Figure C.5: The �v e-point stencil of the secondorder FDA for the Poissonequation o� boundary
in the two dimensionsr and � . The stencil is marked by dashedlines and circles. The
stencil center lieson the rangeof indices2 � i � J � 1 and 2 � j � K � 1. The scheme
employs values un
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i � 1;j , un

i +1 ;j , un
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i;j +1 of function u. Coordinates
are given by the ordered pair (r; � ), grid spacing in direction r is characterized by
parameter � r and in direction � by parameter � � .
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dimensionsr and � at boundary � = 0. The stencil is marked by dashedlines and
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dimensionsr and � at boundary r = 0. The stencil is marked by dashedlines and
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umented in the literature, The reader deferred to standard texts such as [143] and [150] for the
details. In summary, the electromagnetic constraint equation in Chapter 4 is solved using LSOR
with zebra-stripe ordering and Chebyshevacceleration.7

Having concluded discussionof �nite di�erence di�erence schemesfor evolutionary and con-
straint equations, the topics of adaptive mesh re�nement for hyperbolic equations and parallel
computation are now addressed,as they have played a crucial role in obtaining the results pre-
sented in this dissertation.

C.3 Adaptiv e Mesh Re�nemen t

Adaptive meshre�nement (AMR) is important for �nite di�erence schemeswhosesolutions unfold
on a wide range of spatial and temporal scales.AMR solvesresolutional problems associated with
�nite computational resourceswhen solving such systemsby adding resolution where neededand
removing resolution when no longer required. AMR is especially important when resolution re-
quirements are not known a priori, aswould be the casein discovering new phenomenanumerically.

In this thesis AMR is employed rather than a nonuniform mesh scheme, thereby circumvent-
ing both the problem of complicated FDA stencils and the requirement of a priori knowledge on
resolution requirements during evolution. AMR is employed in both spherical symmetry and axial
symmetry. In spherical symmetry AMR is implemented using a version of the ad code, developed
by Choptuik [25], and �rst usedin [23]. In axial symmetry AMR is implemented using the Parallel
Adaptiv e Mesh Re�nement (PAMR) code developed by Pretorius [128], [129]. With both the ad
and PAMR codes,the user is provided the framework and utilities for AMR, but not the equations
of motion for the systemsof interest. In both casesit is up to the user to derive the equationsand
implement the associated FDAs.

Both ad and PAMR use an adaptive algorithm based on that of Berger and Oliger �rst in-
tro duced in 1984 [7]. The Berger and Oliger (B&O for short) algorithm is designedfor general
hyperbolic PDEs and basedupon three key elements: (1) the AMR grid hierarchy; (2) a time step-
ping algorithm; and (3) dynamical regridding via relative solution error estimate. The modi�ed
B&0 algorithm is now described through its three key elements.

C.3.1 The Grid Hierarc hy

AMR is implemented through a hierarchy of grids of di�eren t resolutions but uniform in each grid
direction. Each level is assumedto be characterized by a single spatial discretization scalein each
of thesedirections.8 The mth level of the hierarchy, lm , is de�ned as the set of grids of resolution
hm . In the set of levels, f lm g, where m is a positive integer (i.e., m 2 Z+ ), l1 is the coarsestlevel,

7For many classes of problem, LSOR was eventually replaced with generally more e�cien t methods such as
multigrid [13]. However, due to the complexit y of multigrid methods and issuespertaining to the choice restriction
and prolongation operators [125], [126], it can at times be di�cult to code a convergent multigrid solver. This is
especially true for nonlinear equations or those with much stronger coupling in one coordinate direction than another.
When faced with the situation of either obtaining a solution with a somewhat ine�cien t solver or not obtaining a
solution at all, it is better to sacri�ce e�ciency . This is the approach adopted in obtaining results presented in this
dissertation. While a pointwise Gauss-Seidel multigrid scheme was implemented to solve the Poisson equation in
Kerr spacetime, the scheme displayed poor convergence for many choices of black hole parameters M BH and aBH .
It was subsequently suggested by Choptuik [32] that the poor convergence was lik ely becausethe chosen pointwise
relaxation scheme is an inadequate smoother for systems with a much stronger coupling in one coordinate direction
than another. In such cases it is preferable to use a line iterativ e method, as in the line Gauss-Seidel multigrid
algorithm implemented in [20]. Perhaps the �rst record of this issue were noted by Brandt in [13]. A complete
discussion of the problem can be found in [146]. However, since a free evolution is performed for the electromagnetic
variables, the Poisson equation needs to be solved just once during an evolution at the initial time step. Having
written a demonstrably robust and relativ ely e�cien t LSOR solver, it was not necessary to revisit the multigrid
problem. Implemen ting a line iterativ e multigrid scheme remains an avenue of future investigation.

8 In the original B&O algorithm, grids could be nonuniform in a coordinate direction and thus characterized by
more than a single spatial discretization scale.
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l2 � lm � l f � 1 are intermediate resolution levels, and l f is the level with the �nest resolution.
Successive levels of resolution are related via

hm = � shm +1 ; (C.92)

where� s is called the spatial re�nement ratio and hasproperties � s 2 Z+ and � s � 2. Additionally
assume� s is the samein each coordinate direction and for all successive levels.9 A grid at level lm
is called a parent grid and a grid at lm +1 a child grid. A child grid must be entirely contained by
a parent grid. And �nally , note that grids within a level may overlap.

The modi�ed scheme used requires all grids to share the same coordinate system, and grid
directions to be aligned with the coordinate directions. In addition, this modi�ed schemerequires
child grids be aligned so that, in their regionsof overlap, all parent grid points are coincident with
child grid points.10 Finally, the modi�ed algorithm assumesa single level l1 grid called the base
grid covers the entire computational domain. Figure C.8 displays a protot ypical grid hierarchy for
the casel f = l3 and � s = 2.

The next two subsectionsdescribe, in sequence,the time stepping algorithm used to advance
solutions in the grid hierarchy, and the dynamical regridding procedure by which it is ensured
solutions are adequately resolved at each time step in the evolution.

C.3.2 The Time-Stepping Algorithm

The coreof a B&O-t ype AMR schemeis a recursive time-stepping algorithm in which functions on
all parent grids are evolved before those on child grids. In this scheme,oncefunctions on a parent
grid in level lm has been evolved into the future one time step � tm , the functions on child grids
of level lm +1 are evolved into the future up to the sametime through a sequenceof � t time steps,
where � t is the temporal re�nement ratio with properties � t 2 Z+ and � t � 2. A constant Courant
factor acrossthe hierarchy can be maintained by demanding

� tm = � t � tm +1 : (C.93)

This modi�ed algorithm assumes� t is the samebetweeneach successive level.11 Note that in order
to ensurethe CFL condition is satis�ed, � t � � s must be chosen.

Since functions update on parent grids before those on its children, values on the child grid
boundarieso� those of the basegrid can be obtained by interpolating from function valueson the
parent grid. This avoids having to supply special conditions o� the boundary of the base grid,
and allows evolution only with the interior �nite di�erence equations and solution scheme. Also,
since the solution error of a function on the parent level near its child grid boundaries should be
comparable to that on the child grid itself near those boundaries, the procedure of interpolating
valueson the child grid boundary from the parent grid solution will not result in increasedsolution
error at theselocations. Finally, onceall functions on child grids have beenupdated to the future
time step of their parents, the child grid function values are injected into the parent grids where
their points coincide. This �nal step ensuresthe most accurate solution is available on all grids at
all times.

C.3.3 Dynamical Regridding via Relativ e Solution Error

In B&O-t ype schemes,resolutional demandsare periodically assessedand grids in the hierarchy
are appropriately modi�ed. The procedureof modifying grids is known as regridding. The period

9Historically , in B&O the spatial re�nemen t ratio between two successive levels could be non-in teger and di�eren t
between di�eren t successive levels.

10 The original B&O algorithm allows parent grids to be o�set or rotated with respect to the children.
11 As with the spatial re�nemen t ratio, in the original B&O algorithm, the temp oral re�nemen t ratio between

successive levels could di�er of be non-in teger.
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Figure C.8: A schematic representation of the AMR grid hierarchy in two spatial dimensions.
Displayed are the basegrid l1 (large circles), along with protot ypical levels l2 (small
circles) and l3 (black dots) for the case� s = 2.
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between resolutional assessments should be small enough to track all features of the solution.
Since light speed, c = 1, is the upper limit of the speed at which information should propagate,
requirements should be assessedat least every c

� = 1
� time steps, as this is the time in which a

physical signal could spatially propagate a single grid point.
The key then is to set a criterion which determines when the resolutional requirements have

changed. The approach outlined in [7] is employed by tying regridding to relative solution error
estimates.12 In order to establish the measure,each grid, g, at level lm is �rst clonedand the clone
labelled gm . A secondcopy of g is then made and its number of grid points coarsenedby factor
� s . The secondcopy is labelled gm � � s . The two new grids are evolved into the future until they
are next coincident in time. Then comparing a discrete unknown solution on cloned grid copy gm

to that on coarsenedgrid copy gm � � s at the �rst coincident time the core of the measurebecomes
the relative solution error

ehm (u) =
�
uhm � u� s hm

�
+ O (hp) ; (C.94)

where uhm is the discrete solution on gm , u� s hm is the solution on gm � � s , and p 2 Z+ again being
the order of the FD scheme. The criterion whether to regrid is then basedon the magnitude of
an appropriate point-by-point norm of the relative solution errors of someset of grid functions on
each grid g. This point-by-point norm of the set of relative solution errors is denoted � g, and is
formally

� g =
X

u

jjehm (u)jj : (C.95)

This is a measurethat can be useddynamically during the time stepping procedure.
Once� g hasbeencalculated for all grids in the hierarchy, the information is passedto a clustering

algorithm. Essentially , the clustering algorithm beginsby 
agging points at which � g exceedssome
prede�ned tolerance. The sets of 
agged points then form the regions where child grids gm + � s

are to be intro duced. Conversely, the un
agged points (where � g falls below the tolerance value)
de�ne regionswhere the grid structure is to be coarsenedby elimination of grids gm . It is by this
method that the grid hierarchy is re�ned. For more detail on clustering algorithms, and related
topics of bu�er zonesand �l ling factors see[127] and [8]. Finally, after the grid points have been
appropriately clustered and the hierarchy re�ned, function values are transferred from the old
hierarchy to the new by appropriately interpolating grid functions from old parent grids, gm , to
new children, gm � � s , and converselyby injecting grid function valuesfrom eliminated children onto
their parent grids. This concludesdiscussionof the B&O-t ype AMR algorithms usedin this thesis.
For additional details the reader is referred to [7] and [127].

C.4 Parallel Computing

Programstraditionally have beenwritten for serial computation de�ned asthe sequential execution
of an instruction set by a single central processingunit (CPU). Since the serial model allows just
a single one-instruction execution at any moment in time, large calculations inevitably su�er from
both both limited computer memory and long total execution time. The goal of an alternate com-
putational model, such as parallel computation, is to delay, if not eliminate, the user experiencing
the e�ects of these limitations. In the most basic form, the de�nition of parallel computing is the
simultaneous useof multiple computing resourcesto solve a problem. Where required, the PAMR
framework ([128], [129]) is adopted to parallelize codesusedto obtain results for this dissertation.

12 What has here been de�ned as the relativ e solution error historically has been referred to as the local trunc ation
error (cf. [7]).
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C.4.1 Parallel Program Design

PAMR provides support for managing load distribution and communication for codes dependent
on a grid structure, thus providing a degreeof automation for programmerswanting to parallelize
�nite di�erence codes. PAMR can divide a domain of grid points 
 with boundary @
 into a
speci�ed number of subdomains 
 1, 
 2,... 
 s with respective boundaries@
 1, @
 2,... @
 s . Using
this option for domain decomposition, PAMR assignsthe subdomains in a manner that contain,
as closely as possible,equal volumesof grid points with minimal area.13 In the casewhere s > 1,
PAMR attachesghost regionsof speci�ed width to the interior subdomain grid boundaries. These
ghostregionsallow points within adjacent grids to maintain their couplings. For example,assuming
the range of index i for coordinate r i on 
 is 1 � i � J , the centered three-point �nite di�erence
stencil for FDA

�
un

i;j

�
;r r

=
un

i +1 ;j � un
i;j + un

i � 1;j

(� r )2 (C.96)

requiresaddition of a singlegrid point in the direction parallel to coordinate r i for each subdomain
boundary having 2 � i � J � 1. An examplegrid decomposition is displayed in Figure C.9. Then,
after being supplied with a modest set of additional information, PAMR can be usedto compile a
code for useon a set of s compute nodes,each subdomain being uniquely assignedto one of these
nodes.14

Providing the program is not partitioned betweensomany nodesthat inter-nodecommunication
becomesan executionbottleneck, considerableincreasein performancecan be obtained with a code
parallelized as above. This concludesdiscussionof numerical methodology as it pertains to the
work present in this dissertation.

13 For AMR codes, PAMR can either partition each grid of each level into s subgrids and distribute them among
the s compute nodes, or partition the set of all grids into s subgrids for distribution across the s nodes. The e�ciency
of either option will depend on the complete grid structure at a given time.

14 Note that while PAMR usesdomain decomposition, an alternate division is functional decomposition where the
objectiv e is to equally partition the work among nodes based on the cost of each function within the program.
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Figure C.9: Schematic representation of domain decomposition. The global domain 
 is divided
into four subdomains 
 1, 
 2, 
 3 and 
 4. The boundaries @
 1 @
 2 @
 3 @
 4 are
indicated with arrows. Ghost regions of a single grid point have been added to
interior subdomain boundaries. Regions where two subdomains overlap is shaded
light grey, and regions where four subdomains overlap is dark grey. Each of the
subdomains contains an equal number of grid points, and is of minimal area.
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APPENDIX D

MIB COORDINA TES

D.1 The Monotonically Increasingly Bo osted (MIB)
Coordinate System

In this section I study boundary conditions for the massive electromagnetically coupled complex
scalar �eld in 
at axial symmetry. Again I employ the metric signature (� ; + ; + ; +) in accordance
with Hawking and Ellis [62] and Wald [145]. Ultimately , to study a long numerical evolution
of the electromagnetically coupled complex scalar �eld system on a �nite coordinate domain, I
must properly impose conditions on the computational outer boundary. Many techniques have
beentried by others, but the most e�ectiv e numerical treatment of the outer boundary on a �nite
computational domain perhapsis through the useof numerical dissipation in conjunction with the
Monotonically Increasingly Boosted (MIB) coordinate system �rst intro duced by Honda [77], and
later published in [78]. The MIB coordinate system leaves the interior of the computational grid
unchanged,but outwardly boosts the coordinates of points in an exterior region to approximately
the speed of light with respect to the interior. While the MIB coordinates work to e�ectiv ely
freezeany radiation, numerical dissipation of the Kreiss-Oliger style can be added to quench this
radiation. The problem of solution contamination by re
ections o� an outer boundary is thereby
eliminated.

The Mink owski metric in the usual
�

~t; ~�; ~� ; ~z
�

cylindrical coordinate system is summarizedby

ds2 = � d~t2 + d~� 2 + ~� 2d~� 2 + d~z2 : (D.1)

The axially symmetric MIB coordinate transformations employed in [77] and [78] are

~t = t ; ~� = � + f (� )t ; ~� = � ; ~z = z + g(z)t ; (D.2)

where f (� ) is a monotonic function that interpolates betweenapproximately 0 and 1 near a char-
acteristic cuto� � c, and g(z) is a monotonic function that interpolates between approximately 0
and 1 near characteristic cuto� zc and betweenapproximately 0 and � 1 near characteristic cuto�
� zc. That is,

f (� ) '
�

0 for � � � c

1 for � � � c

�
(D.3)

and

g(z) '

8
<

:

� 1 for z � � zc

0 for � zc < z < zc

1 for z � zc

9
=

;
: (D.4)
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In theseMIB coordinates the metric becomes

ds2 = (� 1 + f (� )2 + g(z)2)dt2

+2 f (� )(1 + @� f (� )t)dtd�

+2 g(z)(1 + @zg(z)t)dtdz

+(1 + @� f (� )t)2d� 2

+( � + f (� )t)2d� 2

+(1 + @zg(z)t)2dz2 ; (D.5)

or, in the languageof the 3 + 1 formalism,

ds2 = (� � 2 + 
 2
�� � � 2 + 
 2

zz � z 2)dt2

+2 
 2
�� � � dtd�

+2 
 2
zz � z dtdz

+ 
 2
�� d� 2

+ 
 2
�� d� 2

+ 
 2
zzdz2 ; (D.6)

where

� (t; � ) = 1 ; � � (t; � ) =
f (� )

1 + @� f (� )t
;

� z (t; z) =
g(z)

1 + @zg(z)t
; 
 �� (t; � ) = 1 + @� f (� )t ; (D.7)


 �� (t; � ) = � + f (� )t ; 
 zz (t; z) = 1 + @z g(z)t :

The unit-norm vector to spacelike hypersurfacesis

na = (1; � � � ; 0; � � z) ; (D.8)

and the spatial metric is described by the hypersurfaceline element

d� 2 = 
 2
�� d� 2 + 
 2

�� d� 2 + 
 2
zzdz2 : (D.9)

The timelik e Killing vector �eld of Mink owski spacetime is now ta = na , sa
� = (0; 0; 1; 0) is the

axial Killing vector �eld, and sa
z =

�
0; 0; 0; 
 � 1

zz

�
is the spacelike Killing vector �eld in the direction

of coordinate z. Furthermore, I make useof the sameinterpolating functions as in [77] and [78],

f (� ) =
[1 + tanh ((� � � c)=� � )]

2
�

[1 + tanh (( � � c)=� � )]
2

; (D.10)

g(z) =
tanh ((z � zc)=� z )

2
+

tanh ((z + zc)=� z )
2

; (D.11)

where parameters � � and � z set the length scalesover which interpolation takes place. The in-
terpolating functions f (� ) and g(z) for this system are displayed in Figure D.1 and Figure D.2
respectively.

Clearly, the radially outgoing and ingoing null geodesicsalong z = 0 for spacetimemetric (D.6)
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Figure D.1: MIB interpolating function f (� ). The shadedregion represents � c � � � .

are given by
� �

� (t; � ) = � � � �
�


 ��
; (D.12)

while the axially outgoing and ingoing null geodesicsalong � = 0 are given by

� z
� (t; � ) = � � z �

�

 zz

: (D.13)

The null geodesicswith f (� ) and g(z) given by (D.10) and (D.11) are displayed in Figure D.3
through Figure D.6 below. Observe that, as desired,

� �
� (t; � ) '

�
� 1 for � � � c

0 for � ' � c

�
; (D.14)

and

� z
� (t; � ) '

8
<

:

0 for z ' � zc

� 1 for � zc < z < zc

0 for z ' zc

9
=

;
: (D.15)
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Figure D.2: MIB interpolating function g(z). The shadedregionsrepresent zc � � z and � zc � � z .
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Figure D.3: Radially outgoing geodesic � �
+ (t; � ) in the MIB coordinates at times t = 0, t = 1,

t = 10, and t = 100. The shadedregion represents � c � � � .
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Figure D.4: Radially ingoing geodesic � �
� (t; � ) in the MIB coordinates at times t = 0, t = 1,

t = 10, and t = 100. The shadedregion represents � c � � � .
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Figure D.5: Axially outgoing geodesic � z
+ (t; z) in the MIB coordinates at times t = 0, t = 1,

t = 10, and t = 100. Shadedregionsrepresent zc � � z and � zc � � z .
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Figure D.6: Axially ingoing geodesic � z
� (t; z) in the MIB coordinates at times t = 0, t = 1,

t = 10, and t = 100. Shadedregionsrepresent zc � � z and � zc � � z .
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D.2 Equations of Motion

The system described by Lagrangian

L M =
p

� g[� (r a � � ieA a �)( r a � � + ieA a � � ) �
1
4

F abFab � m 2
� � � �] ; (D.16)

yields equations of motion

r a (r a � � ieA a �) � ieA a (r a � � ieA a �) � m 2
� � = 0 (D.17)

for complexscalar�eld � = �( t; �; z) (i.e., � = � 1+ i� 2, where� 1 = � 1(t; �; z) and � 2 = � 2(t; �; z)),
and evolutionary equations

r aFab � ie(� � r b� � � r b� � ) � 2e2�� � Ab = 0 (D.18)

for four-vector potential Aa = Aa(t; �; z). The Lorentz gaugecondition

r aAa = 0 (D.19)

can be used to evolve the temporal component A t . I continue to used the established notation
wherem� is the scalar �eld massparameter, e the electromagneticcoupling parameter, the symbol
� denotescomplex conjugation, and Fab is the antisymmetric electromagnetic�eld strength tensor.
Explicit calculation of (D.17), (D.18) and (D.19) for metric (D.5) obtains a fairly complicated set
of expressions.

De�ning auxiliary variables,

� � (t; �; z) � na 
 �� 
 zz (r a � � ieA a �) ; (D.20)

� � (t; �; z) � @� � ; (D.21)

� z (t; �; z) � @z � ; (D.22)

and function
f �� (t; �; z) �


 ��

�
; (D.23)

equation (D.17) can be recast in the �rst-order form1

_� � = 2
1

f ��

@
@(� 2)

�

 ��

�
� � � � +


 zz


 ��
(� � � ieA � �)

��
+

@
@z

�
� z � � +


 ��


 zz
(� z � ieA z �)

�

� ie
�


 zz


 ��
(� � � ieA � �) A � +


 ��


 zz
(� z � ieA z �) Az � � � (A t � � � A � � � z Az )

� ie

 �� 
 zz


 2
��

A2
� �

!

�
_
 ��


 ��
� � � 
 �� 
 zzm2

� � ; (D.25)

_� � =
@
@�

�
1


 �� 
 zz
� � + ieA t � + � � (� � � ieA � �) + � z (� z � ieA z �)

�
; (D.26)

_� z =
@
@z

�
1


 �� 
 zz
� � + ieA t � + � � (� � � ieA � �) + � z (� z � ieA z �)

�
; (D.27)

1 I use the chain rule
@

@�
= 2�

@

@(� 2 )
(D.24)

to eliminate factors � � 1 that would otherwise appear in expressions such as (D.25).
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_� =
1


 �� 
 zz
� � + ieA t � + � � (� � � ieA � �) + � z (� z � ieA z �) ; (D.28)

where the overdot, _, again designatespartial di�eren tiation with respect to coordinate t. Similarly,
de�ning

� � (t; �; z) � na 
 �� 
 zz (r aA � � r � Aa) ;

� � (t; �; z) � na 
 �� 
 zz (r aA � � r � Aa ) ;

� z (t; �; z) � na 
 �� 
 zz (r aAz � r z Aa) ; (D.29)

A t� (t; �; z) � @� A t ; (D.30)

A tz (t; �; z) � @z A t ; (D.31)

A �z (t; �; z) � @z A � ; (D.32)

A �� (t; �; z) � @� A � ; (D.33)

A �z (t; �; z) � @z A � ; (D.34)

Az� (t; �; z) � @� Az ; (D.35)

(D.18) can be rewritten
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; (D.37)
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; (D.40)
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; (D.41)
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_Az� =
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�
1
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 zz
� z + A tz � � � (A �z � Az� )

�
; (D.44)

_Az =
1


 �� 
 zz
� z + A tz � � � (A �z � Az� ) ; (D.45)

where the conserved four-current, again de�ned

� Ja � ie(� � r a � � � r a � � ) + 2e2�� � Aa ; (D.46)

has spatial components

J � = � ie(� � � � � �� �
� ) � 2e2�� � A � ; (D.47)

J � = � 2e2�� � A � ; (D.48)

Jz = � ie(� � � z � �� �
z ) � 2e2�� � Az : (D.49)

While (D.36), (D.39), (D.43) provide the equations of evolution of the spatial components of
Aa , the value of A t at future time can be obtained either by solving the electromagneticconstraint,
or by solving the Lorentz gaugecondition. De�ning


 t (t; �; z) � na 
 �� 
 zz Aa ; (D.50)

the Lorentz gaugecondition can be recast as
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�
; (D.53)

A t =
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 t + � � A � + � z Az : (D.54)

D.2.1 Ph ysical and Conserv ed Quan tities

While the precedingequationsof motion have beenwritten in terms of the four-vector potential Aa ,
the physical �elds are themselves the electric �eld Ea and the magnetic �eld Ba . For an observer
moving with four-velocity na , the measuredelectric �eld components are

E � = �
1


 �� 
 zz
� � ; (D.55)

E � = �
1
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 zz
� � ; (D.56)

Ez = �
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 zz
� z ; (D.57)
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while the observed magnetic �eld is
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A �z ; (D.58)
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The temporal component of the current four-vector is
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and the observed charge density is

� Q = � ie
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� ) : (D.62)

The stress-energytensor for the system described by (D.16) is
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Contracting Tab with na = (1; � � � ; 0; � � z ) and ta = na yields the conserved energy density

� T = � T (�) + � T (A ) + � T (� A ) ; (D.64)

� T (�) being the contribution from scalar �eld terms, � T (A ) the contribution from electromagnetic
�eld variable terms, and � T (� A ) being the contribution from terms involving the electromagnetic
interaction of � and Aa . Explicitly ,
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�

1
2

(� � )2 A2
� + � � � zA � Az � � � A � A t +

1
2

(� z )2 A2
z � � z AzA t +

1
2

A2
t

�
�� �

�
ie
2

1

 �� 
 zz

(� � A � + � z Az � A t ) (�� �
� � � � � � ) +

1
2

m2
� �� � +

1
2

1

 2

��
� � � �

�

+
1
2

1

 2

zz
� z � �

z +
1
2

1

 2

�� 
 2
zz

� � � �
� ; (D.65)

� T (A ) =
1
4

1

 2

�� 
 2
zz

A2
�z �

1
2

1

 2

�� 
 2
zz

A �z Az� +
1
4

1

 2

�� 
 2
��

A2
�� +

1
4

1

 2

�� 
 2
zz

A2
�z +

1
4

1

 2

�� 
 2
zz

A2
z�

+
1
4

1

 4

�� 
 2
zz

� 2
� +

1
4

1

 2

�� 
 2
�� 
 2

zz
� 2

� +
1
4

1

 2

�� 
 4
zz

� 2
z ; (D.66)



APPENDIX D. MIB COORDINA TES 256

and
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Similarly, contracting Tab with na and sa
� = (0; 0; 1; 0) yields the conserved angular momentum

density
� S� = � S� (A ) + � S� (� A ) ; (D.68)
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is the electromagnetic �eld contribution, and

� S� (� A ) = �
ie
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is from the coupling of scalar and electromagnetic �elds. Finally, contracting Tab with na and
sa

z = (0; 0; 0; 
 � 1
zz ) yields the conserved momentum density in the direction of coordinate z,

� Sz = � Sz(�) + � Sz(A ) + � Sz(� A ) ; (D.71)
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From (2.104), the total charge
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Z 1
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from (2.108), the total energy
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and from (2.109), the total angular momentum
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and total momentum in direction of coordinate z

Sz =
Z 1

z= �1

Z 2�

� =0

Z 1

� =0
� Sz (
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 zz ) d�d�dz (D.78)

all will be constant.

D.2.2 Regularit y, Boundary Conditions and Dissipation

From section 2.4 (cf. [6], [45]), regularity for the evolved functions requires �, � z , � � , A � , A �z ,
� � , Az , � z , Jz , A t , A tz , 
 t , J � , E � , Ez , B � , Bz , Jt , � Q , � T , � S� and � Sz be, to leading order,
even in � on axis (i.e., along � = 0). Furthermore, A � , A �z , � � , J � , E � and B � must also vanish
on the axis of symmetry (i.e., they are at least quadratic in � on axis). Meanwhile, remaining
variables � � , A � , A �z , � � , J � , A �� , Az� , A t� , E � and B � are on axis odd in � to leading order.
For the leading-order-even variables, I enforceregularity on grid points corresponding to � = 0 by
applying a quadratic �x as listed in Appendix C. Also, I apply interpolation in the direction of
� on the next-to-axis points using a 3rd order Lagrange interpolant as discussedin Appendix C.
The additional interpolation helps ensuresmooth and stable evolution along � = 0. Variables A � ,
A �z , � � , J � , E � and B � are the exceptional cases.For them, I enforceregularity by setting their
values equal to zero on axis and imposing a quadratic �x on the next-to-axis points. Meanwhile,
regularity of the leading-order-odd variables is enforcedby setting the functions equal to zero at
� = 0. As with the leading-order-even variables, I apply interpolation on the next-to-axis grid
points.

Becausetheir counterparts in the masslesselectromagnetically uncoupled (i.e., e = 0) theory
can be expressedas wave equations, I could always apply the (approximate) Sommerfeldoutgoing
radiation condition to �, A � , A � , Az and A t . The condition would be applied on the outermost
grid points. The Sommerfeld condition for � would provide an algebraic equation for boundary
valuesof � � as well. Fields E � , E � and Ez similarly can be rewritten as a set of wave equations.
The Sommerfeldcondition for the electric �eld components, in turn, could provide outer boundary
conditions for � � , � � and � z . Meanwhile, backwards di�erence operators could be applied, as
appropriate, to � � , � z , A �z , A �� , A �z , Az� , A t� and A tz , while variables J � , J � , Jz , 
 t , E � , E � ,
Ez , B � , B � , Bz , Jt , � Q , � T , � S� and � Sz would require no special treatment.

However, by using the MIB coordinates in conjunction with Kreiss-Oliger dissipation, radiation
will be quenched before it propagatesfrom the interior of the domain to the computational outer
boundary. Providing the boundary conditions are appropriate to the initial value problem, their
details should therefore be irrelevant. Thus, I choose to �x the boundary values of all the grid
functions to what they were at initial time. As numerical evolution demonstrates in following
sections,even such static boundary conditions work well in the MIB coordinate approach.

Kreiss-Oliger dissipation is applied as discussedin Appendix C. It is added to all functions
whoseequationsof motion explicitly involve partial derivativeswith respect to temporal coordinate
t. They are �, � � , � z , � � , A � , A �z , � � , A � , A �� , A �z , � � , Az , Az� , � z and 
 t . Dissipation in
both coordinate directions r and � is applied throughout the bulk of the computational domain,
whereat least two grid points distant from the boundaries� = 0, � = � max , z = zmin and z = zmax .
However, becausethe operator stencils are �v e points wide, dissipation in coordinate � alone is
applied z = zmin + � z and z = zmax � � z. Meanwhile, dissipation in coordinate z aloneis applied at
� = � max � � � . Formally, if u = u(t; �; z) is oneof the functions whoseequation contains an explicit
derivative in time, then, using the Crank-Nicholsonschemewithout dissipation, its expressionwill
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be
u(t + � t; �; z) � u(t; �; z)

� t
=

1
2

[R(t + � t; �; z) + R(t; �; z)] ; (D.79)

where the left hand side is|to O
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accuracy|the time derivative of u centered between

times t and t + � t, and the right hand side represents|to O
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and O
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(� z)2
�

|all other

terms in the equation time averagedbetweenstepst and t + � t. Then, Kreiss-Oliger dissipation is
implemented by adding speci�c terms on the right hand side of equation (D.79). In this case,
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[D z (t + � t; �; z) + D z (t; �; z)] (D.80)

when 2� � � � � � max � 2� � and zmin + 2� z � z � zmax � 2� z,

u(t + � t; �; z) � u(t; �; z)
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[R(t + � t; �; z) + R(t; �; z)]

+
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[D � (t + � t; �; z) + D � (t; �; z)] (D.81)

when 2� � � � � � max � 2� � and z = zmin + � z or z = zmax � � z, and

u(t + � t; �; z) � u(t; �; z)
� t

=
1
2

[R(t + � t; �; z) + R(t; �; z)]

+
1
2

[D z (t + � t; �; z) + D z (t; �; z)] (D.82)

when zmin + 2� z � z � zmax � 2� z and � = � max � � � , where

D � (t; �; z) = �
� �

16� t
[u(t; � + 2� �; z) � 4u(t; � + � �; z) + 6u(t; �; z)

� 4u(t; � � � �; z) + u(t; � � 2� �; z)] ; (D.83)

D z (t; �; z) = �
� �

16� t
[u(t; �; z + 2� z) � 4u(t; �; z + � z) + 6u(t; �; z)

� 4u(t; �; z � � z) + u(t; �; z � 2� z)] ; (D.84)

and 0 � � � < 1 and 0 � � z < 1 are adjustable parameters. I usevalues � � = 0:5 and � z = 0:5 for
the adjustable dissipation parameters in directions � and z, respectively. Using a Courant factor

� =
� t

q
1
2 ((� � )2 + (� z)2)

' 0:25 ; (D.85)

this system of equationsevolvesstably under the Crank-Nicholson iterativ e solution scheme.
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D.3 Results

D.3.1 Initial Data

Again, the initial value problem for the Maxwell-Klein-Gordon system in a spacetimebackground
requires speci�cation of all the variables in a manner consistent with regularity and gaugecondi-
tions, and satisfying the electromagneticconstraint equation

D aEa = � Q ; (D.86)

where D a is the spatial covariant derivative operator, and � Q , is, according to equation (D.62),

� Q = � ie
1
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 zz
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� ) : (D.87)

Following the procedureof section 2.2.1, I again decomposeEa into its longitudinal and trans-
verseparts, respectively L a and Ta , to obtain

Ea = L a + Ta : (D.88)

Then intro ducing the scalar potential, U = U(r; � ), as per

DaU = L a ; (D.89)

(D.86) becomes
D aDaU = D aEa = � Q ; (D.90)

where the left hand side is explicitly
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(D.91)

After solving (D.90) using the methods of Appendix C, I reconstruct the longitudinal electric �eld
components, which are, from (D.89),

L � = @� U ; (D.92)

L z = @zU ; (D.93)

L � = 0 : (D.94)

I then specify divergencelesscomponents for the transversecomponent Ta . For simplicit y, I again
choose

T� = 0 ; (D.95)

Tz = 0 ; (D.96)

T� = 0 : (D.97)
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The completely reconstructed electric �eld at initial time is therefore

E � = @� U ; (D.98)

Ez = @z U ; (D.99)

E � = 0 : (D.100)

Having solved for Ea , I then initialize � � , � z and � � in accordancewith (D.55), (D.56) and (D.57),
meaning

� � = � 
 �� 
 zzE � ; (D.101)

� � = � 
 �� 
 zzE � ; (D.102)

� z = � 
 �� 
 zzEz : (D.103)

Having satis�ed the initial data constraint, I then freely specify the remaining variables in
accordancewith their de�nitions and regularity conditions. For simplicit y I again chooseGaussian
pro�les for the complexcomponents of �( t; �; z) = � 1(t; �; z)+ i� 2(t; �; z), � � (t; �; z) = � 1(t; �; z)+
i � 2(t; �; z), and the vector potential components Aa (t; r; � ).2 That is,

� 1(0; �; z) = a1 exp
�
� (( � � � 1)=� � 1)2�

exp
�
� ((z � z1)=� z1)2�

; (D.104)

� 2(0; �; z) = a2 exp
�
� (( � � � 2)=� � 2)2�

exp
�
� ((z � z2)=� z2)2�

; (D.105)

� 1(0; �; z) = a3 exp
�
� (( � � � 3)=� � 3)2�

exp
�
� ((z � z3)=� z3)2�

; (D.106)

� 2(0; �; z) = a4 exp
�
� (( � � � 4)=� � 4)2�

exp
�
� ((z � z4)=� z4)2�

; (D.107)

A t (0; �; z) = ar exp
�
� (( � � � t )=� �t )2�

exp
�
� ((z � zt )=� zt )2�

; (D.108)

A r (0; �; z) = ar exp
�
� (( � � � � )=� �� )2�

exp
�
� ((z � z� )=� z� )2�

; (D.109)

A � (0; �; z) = a� exp
�
� (( � � � z )=� �z )2�

exp
�
� ((z � zz)=� zz )2�

; (D.110)

A � (0; �; z) = a� exp
�
� (( � � � � )=� �� )2�

exp
�
� ((z � z� )=� z� )2�

; (D.111)

where a1, a2, a3, a4, at , a� , az and a� are constants setting the initial amplitudes, � 1, � 2, � 3, � 4,
� t , � � , r z and � � determine the Gaussianpeaks in the radial direction, z1, z2, z3, z4, zt , z� , zz

and z� determine the Gaussianpeaksin the z coordinate direction, � � 1, � � 2, � � 3, � � 4, � �t , � �� , � �z

and � �� determine the Gaussianwidths in coordinate � , and � z1, � z2, � z3, � z4, � zt , � z� , � zz and � z�

determine widths in z. Finally, all remaining variables are initialized according to the de�nitions
of section D.2.

D.3.2 Testing the Boundary Conditions

Oneof the principal reasonsfor studying evolution in the MIB coordinate systemit to determine the
utilit y of thesecoordinates in treating outer boundary e�ects (in speci�c, re
ections). As discussed,
grid points outside the MIB boosting region e�ectiv ely propagate outwards at a rate approaching
the speedof light. Any �elds reaching this boosted region will be spatially compressedrelative to
the �nite di�erence mesh. It is at that point that Kreiss-Oliger dissipation will quench these�elds
astheir high-frequencycomponents (relativ e to the mesh)grow. In principle, the quenching should

2From equations (D.47) and (D.49), nonzero electric current components J � and Jz require e, � and � � to all
be nonzero. The condition for nonzero J � additionally requires that either A � , � � or � �

� be nonzero. Similarly , the
condition for nonzero Jz additionally requires that either A z , � z or � �

z be nonzero. Clearly , the chosen initial data
(D.104){(D.111) and (D.112){(D.116) satis�es the nonzero conditions for both J � and Jz when e 6= 0. Therefore, it
can again be said charge separation begins at t = 0 for this speci�cation of the Maxw ell-Klein-Gordon system.
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be su�cien t to prevent any information from reaching the computational outer boundary.
To test the MIB system I evolve m � = 1:0, e = 1:0 Maxwell-Klein-Gordon �elds in Mink owski

spacetimewith spatial domain 0 � � � 3, � 3 � z � 3 and compare the evolution to that on the
larger domain having standard cylindrical coordinate range 0 � e� � 6, � 6 � ez � 6. The evolution
with smaller computational domain using MIB coordinates employs parameter values � c = 2:50,
� � = 0:10, zc = 2:50 and � z = 0:10, and contains J = 201 points in the � coordinate direction and
K = 401 points in the direction of z. The larger computational domain has the sameresolution
and thus eJ = 401 points in direction e� and eK = 801 points in direction ez. Initial data is speci�ed
as discussedabove for the choice of values

a1 = a2 = a3 = a4 = at = a� = az = a� = 1:00 ; (D.112)

� 1 = � 2 = � 3 = � 4 = � t = � � = � z = � � = 0:75 ; (D.113)

z1 = z2 = z3 = z4 = zt = z� = zz = z� = 0:00 ; (D.114)

� � 1 = � � 2 = � � 3 = � � 4 = � �t = � �� = � �z = � �� = 0:20 ; (D.115)

� z1 = � z2 = � z3 = � z4 = � zt = � z� = � zz = � z� = 0:20 : (D.116)

The analogouschoiceis madefor initial data on the standard cylindrical coordinate domain. Figure
D.7 shows the evolution of chargedensity � Q in a sequenceof stepsfor the MIB coordinate system.
Observehow the grid function is compressedand quenchedin the boosting region,and how no signal
reaches the outer boundary of the computational domain. An appropriate comparison between
the MIB results and those of the larger computational domain is through the error of integrated
conserved quantities. For example, I compute the error of total charge, � Q, as per

� Q = jj eQ � Qjj2 ; (D.117)

whereQ is the total charge in the MIB domain, eQ is that in the large domain, and jj � jj 2 represents
the l2 norm. Q and eQ are obtained through integration over a common region of space. Because
of the location and growth of the boosting region I limit the region of integration to 0 � � � 1:5,
� 1:5 � z � 1:5. I display theseerrors for total normalized energy (� T ), angular momentum (� S)
and charge(� Q) in Figures D.8, D.9, and D.10. To compare,these�gures alsodisplay errors for the
samesystem but using approximate Sommerfeldcondition on a domain 0 � e� � 3, � 3 � ez � 3. It
is clear that MIB coordinates together with dissipation are asgood asan approximate Sommerfeld
condition on the boundary. However, the useful spatial domain of the MIB system is e�ectiv ely
reduced in size due to the boosting regions. The errors of the MIB system results will likely
drop signi�can tly below those for the Sommerfeld condition when its interior (i.e., unboosted)
region is increasedto a comparable size. Furthermore, the choice e = 1:0, m � = 1:0 provides
signi�can tly stronger coupling than those used in following discussionsof Maxwell-Klein-Gordon
�elds in Mink owski spacetime. Testing on a larger computational domain with weaker coupling
would therefore be a useful future calculation.



APPENDIX D. MIB COORDINA TES 262

PSfrag replacements

� a

za

(0 ; 3)

(0 ; � 3)

(3 ; 3)

PSfrag replacements

� a

za
(0 ; 3)

(0 ; � 3)
(3 ; 3)

PSfrag replacements

� a

za
(0 ; 3)

(0 ; � 3)
(3 ; 3)

PSfrag replacements

� a

za
(0 ; 3)

(0 ; � 3)
(3 ; 3)

PSfrag replacements

� a

za
(0 ; 3)

(0 ; � 3)
(3 ; 3)

PSfrag replacements

� a

za
(0 ; 3)

(0 ; � 3)
(3 ; 3)

Figure D.7: MIB coordinates and dissipation acting on m � = 1:0, e = 1:0 Maxwell-Klein-Gordon
�elds. The �gure displays the charge density in a sequenceof steps. The directions
of coordinate vectors� a � (0; 1; 0; 0) and za � (0; 0; 1; 0) are shown in the �rst frame.
The computational domain covers the range 0 � � � 3 and � 3 � z � 3, and the
corners of the domain are labelled with their (�; z) ordinate values. The amplitude
and colour gradient are both scaledlinearly.
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Figure D.8: Displayed is the error in total normalized energy for e = 1:0, m � = 1:0 Maxwell-
Klein-Gordon �elds in the MIB coordinate system (dashed black line), and in the
standard cylindrical coordinates using an approximate Sommerfeldboundary condi-
tion (dotted black line).

D.3.3 Maxw ell-Klein-Gordon Fields on a Flat Background

Having shown that MIB coordinates are as good as (and likely better than) the approximate
Sommerfeldcondition in treating the outer boundary of the computational domain, I now provide
results which compare the Maxwell-Klein-Gordon dynamics on 
at spacetimeto those of chapter
4. Here and below I use a computational domain spanning the coordinate range 0 � � � 90 and
� 90 � z � 90, and containing 401 points in the direction of coordinate � and 801 points in the
direction of z. The relevant MIB coordinate parameters are � c = 80, � � = 4, zc = 80 and � z = 4.
Finally, I specify initial data accordingto the outlined procedurefor the choiceof parameter values

a1 = a2 = a3 = a4 = at = a� = az = a� = 1:0 ; (D.118)

� 1 = � 2 = � 3 = � 4 = � t = � � = � z = � � = 25:0 ; (D.119)

z1 = z2 = z3 = z4 = zt = z� = zz = z� = 0:0 ; (D.120)

� � 1 = � � 2 = � � 3 = � � 4 = � �t = � �� = � �z = � �� = 5:0 ; (D.121)

� z1 = � z2 = � z3 = � z4 = � zt = � z� = � zz = � z� = 5:0 : (D.122)

This provides initial conditions reasonablycloseto those usedin evolving �elds on the Kerr space-
time. To compare and contrast, it should be su�cien t to present just the conserved quantities of
this system.
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Figure D.9: Displayed is the error in angular momentum for e = 1:0, m � = 1:0 Maxwell-Klein-
Gordon �elds in the MIB coordinate system(dashedblack line), and in the standard
cylindrical coordinates using an approximate Sommerfeldboundary condition (dot-
ted black line).
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Figure D.10: Displayed is the error in charge for e = 1:0, m � = 1:0 Maxwell-Klein-Gordon �elds
in the MIB coordinate system (dashedblack line), and in the standard cylindrical
coordinates using an approximate Sommerfeld boundary condition (dotted black
line).
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Dynamics of Klein-Gordon Fields in Mink owski Spacetime

Beginning with the massive electromagneticallyuncoupled�elds I �nd: (1) orbiting resonancesand
other manifestations of gravitational interaction are never present; (2) the rate of �eld dissipation
from the computational domain always decreaseswith increasingmassparameter; and (3) m � = 0:3
�elds strongly display scattering concentrated along the axis of symmetry. These three facts are
substantiated by simple comparisonof the normalized energydensitiesshown in Figures D.11, D.12
and D.13, which respectively display the normalized energy densitiesfor m � = 0:0. m� = 0:3 and
m� = 2:4 Klein-Gordon �elds.
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Figure D.11: m� = 0:0, e = 0:0 Klein-Gordon �eld dynamics in 
at spacetimein terms of the
normalized energydensity. The directions of coordinate vectors� a � (0; 1; 0; 0) and
za � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers the
range 0 � � � 90 and � 90 � z � 90, and the corners of the domain are labelled
with their (�; z) ordinate values. The amplitude is scaledlinearly while the colour
gradient is scaledlogarithmically .
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Figure D.12: m� = 0:3, e = 0:0 Klein-Gordon �eld dynamics in 
at spacetimein terms of the
normalized energydensity. The directions of coordinate vectors� a � (0; 1; 0; 0) and
za � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers the
range 0 � � � 90 and � 90 � z � 90, and the corners of the domain are labelled
with their (�; z) ordinate values. The amplitude is scaledlinearly while the colour
gradient is scaledlogarithmically .
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Figure D.13: m� = 0:0, e = 2:4 Klein-Gordon �eld dynamics in 
at spacetimein terms of the
normalized energydensity. The directions of coordinate vectors� a � (0; 1; 0; 0) and
za � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers the
range 0 � � � 90 and � 90 � z � 90, and the corners of the domain are labelled
with their (�; z) ordinate values. The amplitude is scaledlinearly while the colour
gradient is scaledlogarithmically .
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Dynamics of Maxw ell Fields in Mink owski Spacetime

Examining the conservedenergyand angular momentum densities,respectively displayedin Figures
D.14 and D.15, two facts are immediately clear: (1) e�ects resembling gravitational interaction are
not present in 
at spacetime;and (2) the electromagneticangular momentum displays nontrivial
evolution. The large amplitudes and steep gradients associated with scattering from the black
hole spacetimeare absent from the energy density. Furthermore, while the evolution of angular
momentum density is nontrivial in Mink owski spacetime,the complexity observedin Kerr spacetime
evolution is absent.
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Figure D.14: Maxwell �eld dynamics in 
at spacetime in terms of the normalized energy den-
sity. The directions of coordinate vectors � a � (0; 1; 0; 0) and za � (0; 0; 1; 0) are
shown in the �rst frame. The computational domain covers the range 0 � � � 90
and � 90 � z � 90, and the corners of the domain are labelled with their (�; z)
ordinate values. The amplitude is scaledlinearly while the colour gradient is scaled
logarithmically .
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Figure D.15: Angular momentum of the Maxwell �elds in 
at spacetime. The directions of
coordinate vectors � a � (0; 1; 0; 0) and za � (0; 0; 1; 0) are shown in the �rst frame.
The computational domain coversthe range0 � � � 90 and � 90 � z � 90, and the
cornersof the domain are labelled with their (�; z) ordinate values. The amplitude
and colour gradient are both scaledlinearly.
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Dynamics of e = 0:6, m � = 0:0 Maxw ell-Klein-Gordon Fields in Mink owski Spacetime

The conserved densitiesshow that masslesse = 0:6 Maxwell-Klein-Gordon �elds in 
at space:(1)
do not display e�ects in any way resembling gravitational interaction; (2) have nontrivial angular
momentum evolution; and (3) genericallydisplay chargeseparation. The normalized energydensity
of Figure D.16, angular momentum density of Figure D.17 and chargedensity of Figure D.18 provide
the required evidence.The largeamplitudes and steepgradients associated with scattering from the
black holespacetimeareabsent, and while the evolution of angular momentum density is nontrivial,
the complexity observed in Kerr spacetime evolution is absent in 
atspace. Furthermore, while
gravitational e�ects are absent, the chargeseparation exhibited in 
at spaceis still quite complex.
Finally, from the evolution of angular momentum and charge density, dynamo-like behaviour can
be deduced. It is su�cien t to state this physics is manifest in the evolution of angular current J �

(�gures not provided).
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Figure D.16: Masslesse = 0:6 Maxwell-Klein-Gordon �eld dynamics in 
at spacetimein terms of
the normalized energydensity. The directions of coordinate vectors � a � (0; 1; 0; 0)
and za � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers
the range0 � � � 90 and � 90 � z � 90, and the cornersof the domain are labelled
with their (�; z) ordinate values. The amplitude is scaledlinearly while the colour
gradient is scaledlogarithmically .
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Figure D.17: Angular momentum of the masslesse = 0:6 Maxwell-Klein-Gordon �elds in 
at
spacetime. The directions of coordinate vectors � a � (0; 1; 0; 0) and za � (0; 0; 1; 0)
areshown in the �rst frame. The computational domain coversthe range0 � � � 90
and � 90 � z � 90, and the corners of the domain are labelled with their (�; z)
ordinate values. The amplitude and colour gradient are both scaledlinearly.
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Figure D.18: Angular momentum of the masslesse = 0:6 Maxwell-Klein-Gordon �elds in 
at
spacetime. The directions of coordinate vectors � a � (0; 1; 0; 0) and za � (0; 0; 1; 0)
areshown in the �rst frame. The computational domain coversthe range0 � � � 90
and � 90 � z � 90, and the corners of the domain are labelled with their (�; z)
ordinate values. The amplitude and colour gradient are both scaledlinearly.
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Dynamics of e = 0:6, m � = 0:3 Maxw ell-Klein-Gordon Fields in Mink owski Spacetime

Finally, four facts can be stated for m � = 0:3, e = 0:6 (massive electromagnetically coupled)
Maxwell-Klein-Gordon �eld dynamics in 
at space:(1) e�ects resembling gravitational interaction
are never observed; (2) there is only a slight preferencefor scattering along the axis of symmetry;
(3) the evolution of angular momentum is again nontrivial; and (4) charge separation is again a
genericfeature of evolution. Figure D.19 displays the normalized energy density in support of the
�rst two facts. Notice that while a slight collimation of energy along the axis is present, it is far
lessthan observed for the scattering in M = 5 Kerr spacetime. The angular momentum density is
presented in Figure D.20. While its evolution is again nontrivial, it here displays amplitudes and
gradients far lessthan for the equivalent evolution in Kerr spacetime. While the amplitudes and
gradients of chargedensity separationarecomparableto thoseon the black holebackground, Figure
D.21 shows no evidencefor morphology typical of the orbital e�ects seenon the curved spacetime
calculations. Finally, as in the caseof masslesse = 0:6 evolution, the presenceof dynamo-like
behaviour can be deduced. This physics is again manifest in the evolution of angular current J �

(�gures not provided).
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Figure D.19: m� = 0:3 e = 0:6 Maxwell-Klein-Gordon �eld dynamicsin 
at spacetimein terms of
the normalized energydensity. The directions of coordinate vectors � a � (0; 1; 0; 0)
and za � (0; 0; 1; 0) are shown in the �rst frame. The computational domain covers
the range0 � � � 90 and � 90 � z � 90, and the cornersof the domain are labelled
with their (�; z) ordinate values. The amplitude is scaledlinearly while the colour
gradient is scaledlogarithmically .
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Figure D.20: Angular momentum of the m � = 0:3, e = 0:6 Maxwell-Klein-Gordon �elds in 
at
spacetime. The directions of coordinate vectors � a � (0; 1; 0; 0) and za � (0; 0; 1; 0)
areshown in the �rst frame. The computational domain coversthe range0 � � � 90
and � 90 � z � 90, and the corners of the domain are labelled with their (�; z)
ordinate values. The amplitude and colour gradient are both scaledlinearly.
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Figure D.21: Angular momentum of the m � = 0:3, e = 0:6 Maxwell-Klein-Gordon �elds in 
at
spacetime. The directions of coordinate vectors � a � (0; 1; 0; 0) and za � (0; 0; 1; 0)
areshown in the �rst frame. The computational domain coversthe range0 � � � 90
and � 90 � z � 90, and the corners of the domain are labelled with their (�; z)
ordinate values. The amplitude and colour gradient are both scaledlinearly.
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Figure D.22: Convergenceof total normalized energy, T , for e = 0:6, m � = 0:3 �elds in the MIB

at spacetime. The dashedred line represents data for a �nite di�erence grid with
J = 101 points in direction � and K = 201 points in direction z, the dotted red
line represents data for a grid with J = 201 points in � and K = 401 points in z,
and the dashedblack line represents data for a grid with J = 401 points in � and
K = 801 in z.

D.3.4 Convergence of Conserv ed Quan tities

In concluding this appendix I provide evidencethat the MIB coordinate code is both convergent
and accurate. This is done by displaying convergenceof the total energy, T , angular momentum,
S and charge Q for m � = 0:3, e = 0:6 perturbations. Figure D.22 shows the convergenceof
energy, Figure D.23 the convergenceof angular momentum, and Figure D.24 displays the results
for charge. In each of the �gures I show the total integrated quantit y contained within coordinate
range 0 � � � 50, � 50 � z � 50 for the period 0 � t � 25. I use the reduced spatial domain
becauseof the location and growth of the coordinate boosting regions,and a reducedperiod because
�elds will propagate past the reduced spatial domain at later times. The comparison is between
grids with J = 101 points in � and K = 201 points in z, J = 201 points in � and K = 401 points
in z, and J = 401 points in direction � and K = 801 in the direction of z. Basedon the results of
total energyconservation, the results for the massive charged �elds are typically accurate to � 2%
over the period 0 � t � 25 on the grid with 401� 801points. Finally, the convergencefactor, time
averagedover the displayed period, is C � 3:7 for the total energy, C � 3:1 for angular momentum
and C � 5:1 for the total charge of the system.
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Figure D.23: Convergenceof total angular momentum, S, for e = 0:6, m � = 0:3 �elds in the
MIB 
at spacetime. The dashedred line represents data for a �nite di�erence grid
with J = 101 points in direction � and K = 201 points in direction z, the dotted
red line represents data for a grid with J = 201 points in � and K = 401 points
in z, and the dashedblack line represents data for a grid with J = 401 points in �
and K = 801 in z.
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Figure D.24: Convergenceof total charge, Q, for e = 0:6, m � = 0:3 �elds in the MIB 
at
spacetime. The dashed red line represents data for a �nite di�erence grid with
J = 101 points in direction � and K = 201 points in direction z, the dotted red
line represents data for a grid with J = 201 points in � and K = 401 points in z,
and the dashedblack line represents data for a grid with J = 401 points in � and
K = 801 in z.


