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Abstract

The (logarithmic) Mahler measure of an n-variable Laurent polynomial,
P(x1,...,xy,), is defined by

1 1
m(P)z/O /0 log | P (€™, ... ™) | dty ... dt,.

Using experimental methods, David Boyd conjectured a large number of
explicit relations between Mahler measures of polynomials and special val-
ues of different types of L-series. This thesis contains four papers which
either prove or attempt to prove conjectures due to Boyd. The introductory
chapter contains an overview of the contents of each manuscript.
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Chapter 1

Introductory Chapter

1.1 Introduction

Constants such as 7w and ((3) occupy a special place in the history of num-
ber theory. In the past, famous mathematicians including Newton, Fuler,
Cauchy and Ramanujan expended a great deal of energy searching for effi-
cient ways to calculate these numbers. They were motivated by more than
simple curiosity, as they lacked the calculators that we now take for granted.
Research in this direction helped spur the development of a variety of impor-
tant mathematical tools, including calculus, complex analysis, the theory of
elliptic functions, and the theory of hypergeometric functions. This thesis
falls under the final category, and can loosely be described as an effort to
obtain new hypergeometric formulas for special values of L-functions.

The generalized hypergeometric function is usually defined in terms of
a power series involving Pochhammer symbols (which are also known as
generalized factorials). The Pochhammer symbol is defined by

@) :_{1 if n=0,

zz+1)...(r+n—-1) ifn>1,

and the generalized hypergeometric function can be written as

Fo (00, 0 Mi_
r-q (bly-“abfl’x) ngo (bl)n e (bq)n n!

By specializing the a;’s and b;’s we can reduce many elementary and special
functions to hypergeometric functions. Bessel functions of the second kind
are probably the most important non-hypergeometric special functions.

It is a classical fact that hypergeometric functions satisfy interesting
transformations: Dixon’s, Whipple’s and Saalschutz’s theorems are all ex-
amples [2]. One consequence of this fact is that new series expansions are
continually being discovered for familiar special constants. While Nicolas
Mercator discovered the first infinite series for log(2) in 1668, we recently
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found a new identity via numerical searches:

3333018 1\ 2 2112 3072
655 (222,2,22,2,”1 ’16> =T Tt log(2). (L1.1)

In equation (1.1.1), and throughout the rest of this thesis, we will use «Ln g
denote an unproven equality that holds to at least 60 decimal places. Equa-
tion (1.1.1) exemplifies many hypergeometric formulas, in that the simplicity
of the identity obscures the reason why it exists at all. The Borwein brothers
tackled a similar problem when they proved Ramanujan’s seventeen formu-
las for 1/ (see [22], [9], and [15]). While the theory of elliptic functions
ultimately underpins Ramanujan’s claims, equation (1.1.1) is equivalent to
an unproven conjecture about Mahler measures of elliptic curves.

This thesis stems from the observation that Mahler identities are inti-
mately tied to formulas for generalized hypergeometric functions. The (loga-

rithmic) Mahler measure of an n-variable Laurent polynomial, P(z1,...,zy),
is defined by

1 1
m(P) ;:/ / 1og)P (62”1017...762“9")‘d91...d9n.
0 0

Boyd conjectured a large number of interesting relations between values of
L-series of elliptic curves and Mahler measures of polynomials in [10]. For
example, he showed that the following conjecture (which Denninger also
considered [17]):

1 1) 2 15
1 - - =-—L(F,2 1.1.2
m( ”*x*“y) 12l (E2), (1.1.2)

with F having conductor 15, holds to at least 60 decimal places. Since the
majority of Boyd’s conjectures translate into hypergeometric identities, this
gives rise to an entirely new class of closed form evaluations of the general-
ized hypergeometric function. The L-series of an elliptic curve is a funda-
mental arithmetic quantity, hence identities like equation (1.1.2) should be
regarded with the same interest as most formulas for 7 or ((3).

1.2 Mahler measure background

The field of Mahler measure encompasses the study of both single-variable,
and multi-variable polynomials. The first area is closely related to the study



Chapter 1. Introductory Chapter

of heights of polynomials. Jensen’s formula provides the operative result:

m(P(z)) = Y loglal,
|a|>1
P(a)=0
by relating Mahler measures of monic polynomials to their zeros. Single-
variable Mahler measures often appear in studies of Salem and Pisot num-
bers, and are especially relevant for Lehmer’s problem:

Lehmer’s Problem: Does there exist a monic, non-cyclotomic polynomial
P(z) € Z[x], with P(0) # 0, such that m(P(z)) < m (Pop(x)) = log (1.17...),
where Py(z) =1 -2 423 —2* +2° — 28 4+ 27 — 29 + 2107

In general, the Boyd-Lawton theorem shows that multi-variable Mahler
measures arise as limit points of sequences of single-variable Mahler measures
[11]. For example, in the two-dimensional case we have

nlgr;om (P (z,2")) =m(P(x,y)). (1.2.3)
Unfortunately, it is unreasonable to expect a single result like Jensen’s for-
mula to describe all of the interesting identities for multi-variable Mahler
measures. Formulas exist which involve special values of polylogarithms,
elliptic dilogarithms, Riemann and Dedekind zeta functions, Dirichlet and
elliptic curve L-functions, and even L-series of K3 hypersurfaces. In general,
it is usually far easier to prove identities between Mahler measures, than to
actually relate them to L-functions [23].

1.3 An overview of the manuscripts in this thesis

Despite the fact that no one has proved (1.1.2), several special cases of
Boyd’s conjectures have been rigorously established. Rodriguez-Villegas
demonstrated that Boyd-like identities hold for elliptic curves with com-
plex multiplication [24], and Brunault proved several of Boyd’s conjectures
for elliptic curves with prime conductors [13]. This thesis contains four pa-
pers aimed at establishing results related to Boyd’s conjectures (see [26],
[25], [19], and [27]). In the remainder of this section we will briefly outline
some of the main theorems in those manuscripts.
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Lattice sums and Mahler measures

While a variety of procedures exist for relating Mahler measures to values
of the Riemann zeta function (see [18] or [12]), the situation is more com-
plicated for L-functions of elliptic curves. Rodriguez-Villegas proved several
of Boyd’s conjectures for CM elliptic curves; however, his proofs depended
upon Deuring’s theorem, which only applies in fortuitous situations. In this
paper, we have used the modularity theorem to obtain a variety of formu-
las relating L-functions to lattice sums. This enabled us to translate many
of Boyd’s conjectures into equivalent, although still unproven, relations be-
tween lattice sums and hypergeometric functions. For example, equation
(1.1.2) is equivalent to the following formula:

> () e

n=0
2 540 > (—1)mtnetnatng
w2 m_;w ((6n1 — 1)2 4 3(6ny — 1)2 4 5(6n3 — 1)2 4+ 15(6ny — 1)2)*
i€{1,2,3,4}

(1.3.4)

Despite the fact that we were unable to prove (1.3.4), we successfully used
our ideas to recover Rodriguez-Villegas’s results, and several corollaries. For
instance, if ¢ equals the golden ratio, then

3456 i (—1)mtnetnstng
VIS = [(6n1+1)2 + (6ng + 1)2 + (6n3 + 1) + L (614 + 1)2]
i€{1,2,3,4}
Ci 1111 Co 222 1
—_ F 3’3°3. __ F 3°3’3. _

(1.3.5)
where C] = 2¢/2T (%) r (%) r (%), and Cy = 3/3I (%) The paper con-
cludes with a brief discussion of elliptic dilogarithms and higher dimensional
lattice sums.

Functional equations for Mahler measures

Matilde Lalin and I proved functional equations for Mahler measures of
elliptic curves in [19]. For example, we proved that the following identity
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holds for |a| < 1:
4 1 1 2 1 1
m(—s+r+—-—+y+—|=m|{20+—+z+—-+y+—
«a x Y «Q x y
. 2 1 1
m(2ia+—+rz+—+y+—|.
ia x Y

Our theorems enabled us to express m (2 +rt+al+y+ y‘l) and

m (8 +rtar 4yt y‘l) in terms of L(E,2), where E has conductor 24
(subject to a claim of Rodriguez-Villegas). Our proofs depended upon Ra-
manujan’s theory of modular equations to alternative bases [6], as well as
formulas for the Rogers-Ramanujan continued fraction [3], and g-series re-
sults of Stienstra [28] and Verrill [29]. As a final corollary, we obtained new
o Fy transformations which Maier also studied [20].

New 5F; transformations and Mahler measures
Often it is quite difficult to identify Mahler measures as hypergeomet-
ric functions. This is true for both two-variable and three-variable Mahler
measures. In [27] I used modular equations to equate several three variable
Mahler measures to linear combinations of 5Fy functions. For example, for
|a| sufficiently large:
3 1 1 1
m 3a+—+x+—+y+—+z+f
«@ Y z
1 i": 1( o? o3 i 1 (4n)! a3 on
20 = n 3(3+a2)? 20 &~ n n!* \3(3+a2)?

+3 L log (9a3 (3+0%) (3+0a72)°).

This particular identity allowed me to translate several of Bertin’s formulas
for L-series K3 hypersurfaces into explicit hypergeometric formulas [8]. As
a corollary to my hypergeometric transformations, I deduced several new
formulas for 1/7 involving Domb numbers, including:

2 Z 3n+ i 2k\ (2n — 2k
B n—k k '
Similar identities for 1/7 and 1/7% have been studied in [14], [30], and [31].
Zudilin summarized a variety of related results in [32].
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Trigonometric integrals and Mahler measures

While it is difficult to speculate on the nature of corollaries that might
emerge from a proof of (1.1.2), I will point to the fourth paper in this thesis
for an example. Several years ago Boyd conjectured an identity expressing
a Mahler measure in terms of ((3)/72. In particular, he calculated that

@) =m((+2) + (- )y +2). (13.6)

5

Condon first established this formula using contour integration [16]. After
considering Condon’s proof, I realized that (1.3.6) followed from an identity
for the 4F3 hypergeometric function, and I proceeded to discover a proof
based upon a new series transformation [25]:

= (=) ar 2
Z (2n + 1)3(%") (1 — r2>

n=0
1. 2 . . r
:§L13 (r ) + 4Lis(1 — r) + 4Li3 (1 n r> —4¢(3)
1 272 2
—log (1+:) Lip (r?) — % log(1 —7) — 3 log3(1 +7)

+ 2log(r) logQ(l —r),

which holds for appropriate values of r. As usual, the polylogarithm is

defined by
X n
. T
n=1

Transformations for sums involving binomial coefficients have attracted in-
terest since Apéry proved the irrationality of (2) and {(3) using such identi-
ties (see [1], [4], or [5]). As a corollary to my hypergeometric transformation
I also proved eight new Mahler measure formulas. Thus, the solutions of
numerically conjectured problems often lead to unexpected and interesting
corollaries.
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Chapter 2

Lattice sums and Mahler
measures

Mathew D. Rogers!

2.1 Introduction

In this paper we will prove a number of formulas relating the special values
of L-series of elliptic curves to hypergeometric functions. This paper was
partially inspired by the work of Boyd and Rodriguez-Villegas. Recall that
Boyd used numerical methods to conjecture a large number of formulas
relating the L-series of elliptic curves to special values of Mahler’s measure.
The first example of such an identity was due to Deninger, who hypothesized

that )
m(l+y+y ' +z+21) %L(E, 2), (2.1.1)
where F is a conductor 15 elliptic curve. Although we will not offer a
proof of Deninger’s formula in this paper, we will provide a new method for
establishing results due to Rodriguez-Villegas, and we are hopeful that our
method will eventually apply to formulas such as (2.1.1). The essential result
that we will require is the modularity theorem, which supplants Deuring’s
theorem in Rodriguez-Villegas’s work.
Let us briefly recall that to any elliptic curve E with conductor N, we

can associate an L-series

LEs) = H<l_1ap)

S T p
PIN (1 o+ p23> pIN P
oo
Z -
- )
ns
n=1

LA version of this paper has been submitted for publication. Rogers, M. D. Hypergeo-
metric formulas for lattice sums and Mahler measures.

(2.1.2)

10
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which converges for Re (s) > % If E has good reduction at p, then p+ 1 —
ap equals the number of integral points on F modulo p. The modularity
theorem shows that L(FE,s) has a meromorphic continuation to the entire
complex plane, and that the sum

]

9(6271'17') — Z an€2‘n'in7'7

n=1

is a weight two modular form on T'o(N) with respect to 7. In general, if
g(q) =771 ang™ is an arbitrary power series, then we will commit a slight
abuse of notation and write

oo

L(g,s) := vl

n=1

Gnp

Since a,, is not necessarily multiplicative with respect to n, it follows that
L(g, s) may or may not have an Euler product. However, if g(q) corresponds
to an elliptic curve E, then we will always have L(g,s) = L(F,s) by the
modularity theorem.

In this paper we will illustrate that the Mahler measure identities of Boyd
and Deninger belong to a larger class of formulas for the Mellin transforms
of weight-two modular forms. In particular, we can often derive identities
between such modular forms and Mahler measures, irrespective of whether
or not the modular form is associated to an elliptic curve. For instance, we
can prove identities such as

(2.1.3)

16v/7 = an
m(4i(8+3xﬁ)+y+y*1+z+z*1):42%,
™ n

n=1

where

=)

is a weight-two cusp form on I'g(56). A cursory computation reveals the
coefficients of g(¢) are not multiplicative, since a77 = 14, but a7y = a;; = 0.
Therefore, while g(¢) can not arise from an elliptic curve, we will also look at
many eta products which do possess arithmetic interpretations. Martin and
Ono established an exhaustive list of eta quotients associated with elliptic
curves in [49].

00 00
1_q8n3 1_q28n2
g(Q)IZZanq"=qH( i ) :
n=1 n=1

11
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Many of the Mahler measure identities in this paper can be related to
generalized hypergeometric functions. Recall that the generalized hyperge-
ometric function is defined by

o (@)n - (ap)n 2"
F ai,...,ap -1 Un---(Qp)n T7
b ) =2 )
where (2), = z(z4+1)...(2+n—1). One consequence of this fact is that we
can obtain series acceleration formulas for values of certain L-series. Notice
that equation (2.1.3) can be transformed into

167 & 1S (1) fop)\ 2 1
7\2[2%:10g<32+12\f7)+72( ) (n> .
us ot n 2 n n (32 4 12\ﬁ)
(2.1.4)
Given the appearance of hypergeometric functions, it should not be surpris-

ing that Ramanujan’s work will enter into our proofs.

n=1

2.1.1 Boyd’s conjectures and four-dimensional lattice sums

In this section we will summarize a variety of explicit formulas relating four-
dimensional lattice sums to Mahler measures of polynomials. Most of these
results are only conjectures, although numerical calculations can be used
to verify them to any degree of accuracy. Our first step will be to invoke
the modularity theorem to find explicit formulas for L-functions of elliptic
curves with conductors N € {11, 14, 15, 20, 24, 27, 32, 36}.

Definition 2.1.1. Let us define F(b,c) by

> (_1)n1+n2+n3+n4
F(b,c) = (14b)*(14¢)* > 5.
[(6n1 + 1) 4 b(6ng + 1) 4 ¢(6ng + 1) + be(6ng + 1)?]

n;=—0oo
ie{1,2,3,4}

It turns out that F'(b, ¢) can be used to numerically calculate a variety of
L-values. The following theorem is an easy consequence of the modularity
theorem:

Theorem 2.1.2. Suppose that En is an elliptic curve of conductor N in
an appropriate isogeny class, then

L(Ey,2) = F(b,c) (2.1.5)

12
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for the following values of N and (b, c):

N | (bc)
11| (1,11)
14| (2,7)
15| (3,5)
20 | (1,5)
24 | (2,3)
27 | (1,3)
32| (1,2)
36 | (1,1)

Proof. We are interested in cases where cusp forms of elliptic curves equal
the product of four eta functions. An exhaustive list of all such cusp forms
is provided in [49]. By inspection of that list, the eta product associated
with Ex will have the form

9(q) :=q 10_0[ (1—¢*) (1 - qAbn) (1 — g% (1 _ qAbcn> 7
n=1

where (14 b)(1+c)A = 24. If we recall Euler’s pentagonal number theorem

o0

H (1 _ qn) _ Z (_1)nqn(3n+1)/27

n=1 n=-—oo

this becomes

o0 . 2 . 2 . 2 N 2

A(6n1+1)“4+Ab(6ng+1)"+Ac(6ng+1)“+Abc(6nyg+1)
_ ni+nz2+nz+n.

gla)= Y (-1t o ;

n;=—0o0
i€{1,2,3,4}

and it follows immediately that

242 = (—1)mtnetnatng
L(EN; 2) == ﬁ Z 2 2 2 2 3
oo (611 + 1)% + b(612 + 1)% + c(6n3 + 1) + be(6ng + 1)?]
i€1,2,3,4
Since (14 b)(1 + ¢) = 24/A, the theorem follows. O

Since we now have expressed several different L-values in terms of F'(b, ¢),
it seems logical to list all of the known Mahler measures which reduce to
values of that function.

13



Chapter 2. Lattice sums and Mahler measures

Definition 2.1.3. Let us fiz the following notation:

m(k) : m(k+y+y +z4+27"), (2.1.6)
n(k) =m (y* + 2 + 1 — kyz), (2.1.7)
g(k) =m ((1+y)(1+2)(y + 2) = kyz), (2.1.8)
r(k) =m((1+y)1+2)1+y+2) —kyz). (2.1.9)

For convenience we have slightly altered the definitions of n(k), g(k)
and r(k) that appeared in [48]. All of the following examples were either
extracted from Boyd’s paper [41], or were deduced by combining Boyd’s
conjectures with functional equations in [48]. While Boyd’s minimal Weier-
strass models often do not coincide with the minimal Weierstrauss models in
[49], the elliptic curves are presumably isogenous, and the following results
are all numerically true:

n(3v2) === F(1,1) (2.1.10)
9(2) = QiQF(l 1) (2.1.11)
9(—4) EF(l 1) (2.1.12)
m(4i) :W—EF(LQ) (2.1.13)
m(2v2) =%F(1,2) (2.1.14)
n(—6) =48712F(1,3) (2.1.15)
n(V2) ;$F(1, 5) (2.1.16)
(V/32) ;;S F(1,5) (2.1.17)
9(=2) lgF(l 5) (2.1.18)
g9(4) ;gF(lﬁ) (2.1.19)
r(=1) =47—7;F(1, 11) (2.1.20)
m(2) ;%F(Z?)) (2.1.21)
m(8) ;%F(ZS) (2.1.22)

14



Chapter 2. Lattice sums and Mahler measures

m(3v/2) ;%F(Z 3) (2.1.23)
m(iv2) ;%F(Z 3) (2.1.24)
n(—1) ;%F(z, 7) (2.1.25)
n(5) ;%F(Q, 7) (2.1.26)
g9(1) ;T;F(Q’ 7) (2.1.27)
9(7) ;%F(Z 7) (2.1.28)
9(=8) ;%F(z 7) (2.1.29)
m(1) Z%F(& 5) (2.1.30)
m(3i) ;%F(zz, 5) (2.1.31)
m(5) 1;‘—;1@(3, 5) (2.1.32)
m(16) ;%F(S, 5) (2.1.33)

All of the results involving F'(1,1), F'(1,2), and F(1,3) can be deduced from
Rodriguez-Villegas’s paper [51]. In particular, those Mahler measures can be
written in terms of two-dimensional Eisenstein-Kronecker series, and then
the results follow from Deuring’s theorem.

2.1.2 Summary of hypergeometric formulas for F(b,c)

In general, we believe that F'(b, ¢) can always be written in terms of integrals
of hypergeometric functions, regardless of the values of b and c¢. In this
subsection we will translate almost all of the known Mahler measures for
F (b, c) into hypergeometric functions. In Corollary 2.2.8 we will also prove
that similar expressions exist for both F'(2,2) and F(1,4), even though those
sums are apparently unrelated to the theory of elliptic curves.

Theorem 2.1.4. We can express m(k), n(k), and g(k) in terms of gener-
alized hypergeometric functions for most values of k:

2 339, 16
m(k) =Re <log(k) — z4bs <2§32*712’1; k2>> : (2.1.34)

15
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n(k) =Re <log(k) :34F3< e i:)) (2.1.35)
4

;
g(k) =Re (log ((4+ e ) - (42+]€Z>34F3 < (42?@ >

(2.1.36)
. Sk F 4,‘)’171 27k
(k—2)3%73 222’(k—2)3 :

Equation (2.1.34) is valid in C\ {0}, while (2.1.36) holds in C\ [—4,2], and
(2.1.35) is true for |k| is sufficiently small.
In certain cases we can reduce these hypergeometric functions further.

Suppose that k € R\ {0}, then
111 |2
22,2, 2.1.
1% 716>>a ( 37)

2 331 16 k
Re <log(k) - ﬁles (25722’712’1; l@)) = Re <|4|3F2 (

ol

whereA:w B:&

_ 143sgn(k)
S73n2 , o, and s(k) = ——p——.

Equations (2.1.37) and (2.1.38) will often allow us to obtain convergent
series expansions from divergent hypergeometric formulas. For example,
applying the results of the last theorem to conjecture (2.1.30), we obtain

7 1672 o= (2n)\?(1/16)%" !
F = Rt A 2.1.
(3:5) =75 £ O<n> 2n +1 (2.1.39)

It is hardly coincidental that (2.1.39) bears a striking resemblance to a fa-
mous formula that Ramanujan obtained for Catalan’s constant [33]:

o] m 2 1 427’L+1

Ramanujan’s formula follows easily from Boyd’s evaluation of the degenerate
Mahler measure m(4).

16
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The following list summarizes all of the known values of hypergeomet-
ric functions which reduce to special cases of F(b,c). When possible, we
have used equations (2.1.37) and (2.1.38) to obtain hypergeometric func-
tions with convergent arguments. Since no hypergeometric expression is
known for r(—1), we have simply retained that Mahler measure in our list.
Finally, because Mahler measures such as g(2) and n (3 \3/5) lead to identical
hypergeometric expressions, this list contains fewer entries than we might
otherwise expect. As in Theorem 2.1.4, define

1 1 1 2
AV EIETG) 5.0
' 8v/3m2 ’ - 1672
then the following results are numerically true:
9 1 1 45 1
ﬁF(l, 1) =5 log(54) — 8741?3 (gé’g;l; 2) , (2.1.40)
16 1 33 1
SF(1,2) =210(2) + SaF} (35’32’712’1;—4) (2.1.41)
8 111 ]
PF(LQ) \/§3F2 (2 R 2) : (2.1.42)
81 1 45 1
4771_2F(1, 3) :log(ﬁ) + ﬁlej <52732’,12’1; —8> R (2143)
25 ? 4 1102 3 222 2
F(1 2A3F, ( 3;3,3; — AB3Fy ( 3313 — 2.1.44
grat (15 = f32<§7§ 27>+\[32<§1§’27>’ (2.1.44)
40 25 1 45 27
33 —F(1,5) = 310g( ) — o (37?211271;32) (2.1.45)
7
13 P11 =r(-1), (2.1.46)
6 71 111 ]
—1'(2.3) =538 <21f§2; 4> ; (2.1.47)
24 ? 1 33 1
—3F(2,3) =3l0g(2) — 554F3 (25?2’,12’1; 4) , (2.1.48)
15 21 1 33 8
ﬁF(Q,?)) =5 log(18) — §4F3 <2é’227’12’1; 9> , (2.1.49)
9 1 33
—F(2,3) % log(2) + 4F3 (357327712’1, —8) : (2.1.50)
7 A 111 1 B 222 1
—F(2,7) ==3Fy 33,3 —— | — Z3Fy | *133; —=— 2.1.51
7 £(2,7) 232<§7§’ 27 232(373’ 27)’ (2.1.51)
49 ? 2 45 27
() Logo) - s (). (2.1.52)
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%F(z, 7) Zg(7), (2.1.53)
%F(S, 5) %3172 (5;%’5’; 116> : (2.1.54)
S F(3,5) Z108(5) — o 4Fy (35%31; ;g) , (2.1.55)
O F(3,5) Zalog(2) — oaFy (155" 116) : (2.1.56)
%F(& 5) ;log(3) + §4F3 (%?2771271’ _196) ’ (2:1.57)

While most of these formulas remain unproven, a variety of partial results
exist. For instance, identities (2.1.47) through (2.1.50) are equivalent to
one another [48], formulas (2.1.40) through (2.1.43) follow from [51], and
Brunault proved (2.1.46) in [42].

2.2 Reductions of F(1,1), F'(1,2), F(1,4), and
F(2,2) to integrals of hypergeometric
functions

In the previous section we translated many of Boyd’s conjectures into explicit
identities between hypergeometric functions and lattice sums. This approach
has two essential consequences. Not only does it eliminate any obvious con-
nection with elliptic curves, but it also allows for the construction of proofs
based upon series manipulation. We have used such an approach to reduce
five cases of F'(b,c) to integrals of hypergeometric functions. In this section
we will discuss the cases that occur when (b, ¢) € {(1,1),(1,2),(1,4), (2,2)}.
We will rely heavily on the g-series theorems contained in Ramanujan’s
notebooks (see [38] and [40]).

Definition 2.2.1. Recall the following q-series notation:

ola) =Y ” Wla) =3 ¢" 7,
n=0

fl=q) =0 -, (@3 9)o0 == [ (1 —2q").
n=1 n=0

Lemma 2.2.3 reduces the aforementioned cases of F'(b, ¢) to two-dimensional
sums. Such identities exist because various eta-quotients can be written in

18
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terms theta functions. Euler’s pentagonal number formula is probably the
simplest such indentity:

10_0[ 1— q Z qn(32+1) .
n=1 n=-—00

Unfortunately, similar formulas are not known for f?(—q), f(—q)f (—qz), or
f(=q)f (—¢*) [45]. This fact represents the main obstruction to also proving
Boyd’s conjectures for F(1,5), F(2,3), F(2,7), and F(3,5).

Definition 2.2.2. We will use the following notation:

—1)"R(2k + 1)
F, =16 , 2.2.1
@ n_z_:oo 2k+1 )2 + 22(6n + 1)) (22.1)
o~ ()M k+1)
Fipo(z) = : 2.2.2
12)(@) n:Z_OO [(2k +1)2 + 22(2n)?2)? (222)
k=0
—1)"Bk+1)
Fi(z) :=25 : 2.2.3
@ nk;m 3k+1 +22(6n + 1)2)? 223)
n(n+1)+k
Fla9y(z) =9 Z —) 2k +1) 3 (2.2.4)
Lol 2k+1 22(2n +1)2]

Lemma 2.2.3. Suppose that (b,c) € {(1,1),(1,2),(1,4),(2,2)}, then

Flye(1) = F(b,c). (2.2.5)

Proof. First notice that F'(b, ) has the following integral representation for
all values of b and ¢:

242F (b, ) / /‘“ <1+b)(1+a> (—q) f (7qb) F=O) f (7qbc) @%

(1—|—b (1+¢)? q ¢

We can apply Euler’s pentagonal number theorem four times (once to each
occurrence of f(—¢q)), to see the truth of this last formula. Taking note of
the following identities:

0 = (7 (~0)) (05 (-0)
q1/4f2 (—q) f2 (_q2) (;2(( q;];) ( 1/4f3 (—q2)) :
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20 N 2[4
22 (—q) 2 (—q*) = (ql/”f (—q2)> (qwf ( q()f (g )> :

f(=a?)
_ _ 4
@1 (=) 12 (=%) f (=¢") = (ql/gw> ((11/41“3 (—qg)) ,
and then employing well known series expansions:
20 o0 )

ﬁ((qii =p(—q) = ; (=", (2.2.6)

f(=a) f (¢ > n(ntl) (ni1)?
ql/sf(_qg)) =q'%y (—q) :;(_1) g 8, (2.2.7)
()= Y (1) (228)
@B (g =S (-1ren + De T, 229)

n=0

2(_ .\ f2(_ A4 00 dns1y?

AR fqg ] qz() ) _ > Gnend™F 210

we recover equation (2.2.5) in every case.
0

We will use the next two propositions to reduce each of the two-dimensional
sums to a g-series. Then, in Theorem 2.2.7, we will reduce Fy () to in-
tegrals of hypergeometric functions for x € (0,00). For certain values of z,
those formulas also translate into identities involving generalized hypergeo-
metric functions and Mahler measures.

Proposition 2.2.4. Assume that 0 > 0 is sufficiently small, then

72 [0+ ginh(t)  sec(v/3xt) tan(v/3xt) d

E == o t 2.2.11

1.)(@) 97 Jis_oo 1+ 4sinh? (t) t ’ ( )
m @?p [t 1Y sec (xt) tan (zt)

F(19)(x) =32 39m Jy <csch(t) - t) fdt (2.2.12)

2572 /i5+°° sinh(t)  csc? (5 —at) — csc? (§ + wt) &

F S
1) == o Je T3 Asinh2(t) t
(2.2.13)
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92 /i‘”c’o sinh(t) sec (v2at) tan (v/2t) dt (2.2.14)

F, =—
(.2)(®) 128z Jis_oo cosh(2t) t

Proof. The proofs are all substantially the same. The idea is to use contour
integration to pick off the n-index of summation in the corresponding two-
dimensional sum. We will illustrate the proof of (2.2.12) explicitly. First
assume that 0 < § < 1, and let C' denote a closed contour which runs along
the line (10 — 00,16 4+ 00) and then encircles the upper half plane. Since
csch(t) has poles at ¢ = win, by the residue theorem

)n = L CSC - 1 !
Z 2]€ + 1 2(2”)2]2 - 2mi C ( h(t) t) [(2]{: + 1)2 - $2(2t/ﬂ')2]2dt

If t = Re'?, then the integrand has order O (R*E’), and therefore the circular
portion of the contour integral vanishes as R tends to co. Next observe that
the sum

ﬁsec(tx) tan(tx) _ > (—DF(2Kk +1)
2. o = [k + 12 - a2 2t/

converges uniformly when Im (¢) > 0, hence

(=)@K +1)  w?i fioree 1Y sec(t) tan(xt)
2 (k12 + 22202 64z Jis o (CSCh(t)_ t> o

n=1
Equation (2.2.12) follows easily from this last result. O
Proposition 2.2.5. Let x_3(k) and x—4(k) denote Legendre symbols mod-

ulo three and four, and assume that x > 0.
If g = e /V12 gnd w = e™/S then

1+ wg*
Fuyy(@ ka 4(k)log | — = (2.2.15)
If g = e, then
7T3 7T2 > k
k=1
If g=e ™3 and w = e™/6 then
257r 1 + wq®
F = k k)1 2.2.1
(1, 4) o Z X-3(k)log —wgk ( 7)
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If g = e /V8 gnd w = e™/4 then

In2 & 1+ qu
Flog) () = o Z kx_4(k)log ‘ o (2.2.18)
k=1

Proof. All of the proofs are very similar, so we will only prove (2.2.15) in
detail. Since sec(v/3zt) x tan(y/3xt) is periodic, we can rearrange (2.2.11)
to obtain

PRIl el (g I (t+28) \ sin(vae)
1,H)&) =
a1 Oz L iy fx 1 + 4sinh? (t + f}?t) COSZ(\/g.Tt)

)
i0

where the interchange of summation and integration can be justified by the
fact that the summand has order O (6_2”"”/ ﬁg”) as n — Foo. Observe

that if ¢ = efm/m, w=e™/6 and Im (t) = § < z, then

00 : 2mn
o 1 sinh (t + Tae )
V3 _Z t+ 22 2( m)
n=—00 V3z 1+ 4sinh” (¢t + /3 (2219)

k
wa cos (ﬂxkt) .
1 —wgk

= log <2+ \/g) +2210g
k=1

This new restriction, 6 < x, guarantees uniform convergence of the Fourier
series, and is consistent with the prior assumption that 0 < § < 1. The
proof of (2.2.19) is a straightforward exercise in contour integration which
we will skip. Substituting (2.2.19) into our integral yields

Ik:) )

1+ wq®
1 — wgk

4 >

k=1

where

dt

V3z [0+ cos (\/gxkt) sin (\/gxt)
27r/15 cos? (\/gfrt)
_ /i‘m'l cos (27kt) sin (27t)
™ cos? (2rt)
=ik sin (7k/2) .

I, =

The final step in this calculation follows from considering a closed rectan-
gular contour with vertices at {0,i0’,1 + i§’, 1} which avoids the boundary
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points ¢ = 1/4 and ¢ = 3/4. With this formula for Ij in hand, the proof
of (2.2.15) is complete. The proofs of the other formulas follow in a similar
manner from slightly different Fourier series expansions.

O

At this point, a hypergeometric formula for F(; 9)(z) can be recovered.
By combining equation (2.2.16) with formulas (2-9) and (2-16) in [48], it is
easy to recognize that if ¢ = e7™, then

7T.2 i 4
Fg)(x) = (\[J;4(( %) 5 +y+y” +z+z_1> . (2.2.20)

In the next section we will use values of class invariants to deduce explicit
examples from (2.2.20). Unfortunately, we will require another theorem in
order to obtain useful results on the other three lattice sums.

Theorem 2.2.6. In this theorem we will always assume that x > 0. If
q= e_”/*/ﬁ, then

2 2 ig £9 (_,,3
Fap(r) = ﬁlm l/o Mdu] : (2.2.21)
If g =e ™, then

[P u)et () 1

F =5~ du. 2.2.22
12 =35 ~ 16z J, u u (2.2.22)
If ¢ = e ™/3, then
2 %,
251 €
Flaa)(@) = Im / P ()t (u?) dul . (2.2.23)
36z 0

If g = efm/‘/g, then

972

Foy(@) = m/oqw(—u2)<p(u4) (Bet(—u?) — pi(u?)) du.  (2.2.24)

Proof. Equations (2.2.22) and (2.2.23) have similar proofs, so we will only
prove the latter identity. Notice that (2.2.17) can be rearranged to obtain

T2x 9 2wur  du
2572 (14) (/ ZkX3 u2ku>
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k
9 u® —u du
=V3 kag (l—i—u%)u

0 k=1

o (o e2m/34 i k2 uk _ u3k + u5k dl
N 0 1+ ubk u

Combining entries 10.1, 11.3, and 17.2 in Chapter 17 of [38], we deduce that
for |u] < 1:

— k*uF 2 4(. 2
> 5 = up ()t (v?),
k:11+u2k

which completes the proof of (2.2.23).
The proofs of equations (2.2.21) and (2.2.24) will require the following
formula:

, 1 2k + 1)2u2F+1 ,
Im (g (iu, t)) = 72(—1)’6(1#%% (t2k+1 —t <2k+1>), (2.2.25)

C (wu)d () ()
9lu,t) = Eluw)t ol

and
(2;¢)00 = (1 — 2)(1 — 2q)(1 — 2¢?) . ..
Equation (2.2.25) is a direct consequence of identity (14.2.9) in [35], which

follows from product expansions for the Weierstrass p-function [43].
Rearranging equation (2.2.15) we have

9z 2wuktl  dy
2,/T2F (1 1) (/O 2k + 1) 1 — w2q2(2k+1) u)

2k+1 _ ,5(2k+1) gy

_\/g/o Z( 1) (2k+1)2u 1+;6(2k+1) u

k=0

Applying (2.2.25) after letting u — u? and t — u~2, transforms this last
integral into

iq £5 (_y2) £4 (—y3 _ub
WF“’““‘““(/O £ (—u?) £ (=) £ ( )du)

2m? fH (=)
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By the following eta function identity:

=) (=) £ (=) _ P ()
fH(=u) - P (-e?)

this becomes

ig £9 (_,,3 q 9¢(,6
550yt ([P0 ([ 5,
m o [P(-u) o [P (u?)
ig £9 (_,3
=Im / f?’(iu)du -0,

o fP(-uw)
which completes the proof of (2.2.21). Although we will not elaborate on
the proof of (2.2.26) here, it suffices to say that it follows from algebraic
transformations for the hypergeometric function o F; (3,2,1,u). We will also
point out that the eta-quotient £ (—q) /f3 (fq?’) curiously appears on page
1734 of [34].

The proof of (2.2.24) follows the same lines, but requires a few extra
steps. Proceeding as before, we find that

32z 2wuktl  du
—F Qk +1)
On2 2.2)( </o ko 1) 1 — Ww22(2k+1) u)
ok 1)2u2k+1 _ 3kt du
A 1 d@kr) 4

k 0

If we apply equation (2.2.25) after letting v — u? and t — u ™!, this becomes

320 B ©a fO (—u?) f (—u¥) 1
o2 Fz2)(2) = Re (2/0 7 R R &

mi/4

. For brevity of notation let us define a new function
g(u) == (wu,uz)oo (Jju,uz)oo

_ ﬁ (1 ~V2urt g u2(2"+1>) . (2.2.27)
n=0

where w = ¢

Since (2.2.18) is odd with respect to g, our integral can be transformed into

x wq £6 _u2 _u8 4 U 4 —u
%F(m)(x):Re (/0 f (f )F (o) ') + g (u))du>. (2.2.28)

(—u?) g*(uw)g*(=
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Next we will reduce (g*(u) + g*(—u)) / (9(u)g(—u))* to theta functions. Ob-
serve by equation (2.2.27) that

%) . o (— 8
9(u)g(~u) :};[0 (1 + ut® +1>) e E—Z‘l; : (2.2.29)
With two applications of the Jacobi triple product [38], we also have
g(u) + g(—u) :f(—1u2) (n_zoo(—w)"unz + n;oo w"u"2>
2 = n 16n2

e 2

2 (=u)

e T (2.2.30)
So finally, combining (2.2.29) and (2.2.30), we find that
g () + g (—u) B 2f4 (—ut) [t (—u'®) - 8902 (—u'®) o (—u?) . 02 (—u?)

gt (—u) T fA(-u?) |t (—ud) ©* (—u®) @? (—u®) |

Recalling that (2 (—qlﬁ) = (—qS) %) ((18)7 this becomes

gt(w) +g'(-u) _ St (=

(o)
g ugt(-u) A (—u?) p? (—u®)
_o 7 (2u) |89 () ¢ (=) = 8p (uf) ¢* (—u?) +¢° (—u?)
fo(=u?) ©? (—u®) ’

and therefore (2.2.28) simplifies to

32 wq
9—7§F(272)(x) =Re (2/0 f4 (—u4) f (—us)

Next, make the change of variables sending © — wu, to obtain

_y [T/ f (=)
N e
x Re (w (8@2 (us) @) (—iuQ) —8p (ug) ©? (—iu2) +¢? (—iuQ))) du.
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u8

()
2 Fano) =2 [ (6 ) -2y )
i (4) 1 (41 (i 07) — 2% (11)))

In order to simplify this last formula, we will freely apply theta function
identities on pages 34 and 40 of [38]. Therefore, we find that

f/q M (¢ (—u?) — 4w’ (u®) ¥ (u'®) ¢ (—u?)) du

If we recall that ¢ (—iuz) = — 2iu’e (uw), then we are left with

2 (—u®)
va [ Gy 2 ) i )
\}i Oq 4 (zj)(fi;u )<p( u?) (3¢ (—u2) — * (u2)) du
¢1§ oq gf;l <(i)s{1§2_ <> (—u?) (30" (—v?) = 9" (%)) du
1[4

which completes the proof of (2.2.24).

The next theorem requires the signature-three theta functions. Recall
that if w = ¢2™/3, then the signature-three theta functions are defined by:

00
m2+mn+n?
§ q )

n,m=—00

00
m—n_ m2+mn+n?
E w q )

n,m=—00
oo

c(q) = Z g(mHL/3)H(mA1/3) (nt1/3) +(n+1/3)2

n,m=-—00

The signature-three theta functions satisfy many interesting formulas, in-
cluding the following cubic relation:

a*(q) = b*(q) + *(q).

Various other properties of a(q), b(q), and ¢(q) have been catalogued (see
[40], page 93).
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Chapter 2. Lattice sums and Mahler measures

Theorem 2.2.7. We can reduce the two-dimensional lattice sums to inte-
grals of hypergeometric functions.
Suppose that ¢ = e_”/\/ﬁ, then

ai9)) | 4, ()
81z 37 (33 ((% T aj((iq)) if v € (0, \[)
o 1 b° (i
saFun (@) =1 30 (35 ) + J5ne (wap ) e ﬁﬁ>

%nz 2283) if x € (\/5’ oo),
(2.2.31)
where
= e (10g(k) ~ el <121,2§237 ?)) ,
and

Notice that n(k) = n(k) whenever |k| is sufficiently small.
Suppose that ¢ = e~ ™ and x > 0, then

162 if*(~q)
where m(k) is defined in (2.1.6).
Suppose that ¢ = e ™3 gnd w = e2™/3 then

©?wq) \ 3 et (=wq)
" Yoreg ) ~am2 Sty ) Fre (D f)
_ 2(wg) (—wg)
g5 (@) = sty + dma (S0E0) e e (J5v2),
img (Z&Jj}?) ifx € (\/Q, oo),
(2.2.33)

where m(k) is defined in (2.1.6), and

ma (k) == Im (/kl 2Fl(2i1_u)du) :

If g = e_m/\/g, then

972 (3\/6 — 1) 11
Foo(z) = / —— o (2:2;1 —u) du. (2.2.34)
22)\F
512z 4(((122)) udlA/1—/u ( 1 )
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Proof. The proof of this theorem follows from our ability to invert theta
functions. First recall the classical inversion formula for the theta function:

200y = op (3.1 P9
¢7(q) = 211 < - ) (2.2.35)

which holds whenever ¢ € (—1,1) [38]. If we use the notation o = 1 —
©*(—q)/¢*(q) and z = ©?(q), then many different theta functions can be
expressed in terms of these two parameters. The following identities are
true whenever |g| < 1 (see pages 122, and 123 in [38)]):

o(q) =Vz,
o(—q) =(1 — a)/*V/z,

12 |z
o (@) =(+vT=a)" 2,
B0 =0 falt - )} 2,

vl =

and it is also well known that

do ol —a)z?
dq ¢
Both (2.2.32) and (2.2.34) follow from applying these parameterizations to
equations (2.2.22) and (2.2.24) respectively.
Since equation (2.2.35) does not hold in the entire open unit disk, we will
need to generalize that result. First notice that z satisfies the hypergeometric
differential equation with respect to a:

d?z dz =z
a(l—a) 5 +(1-20) =~ =0. (2.2.36)

We can use the relation % = 4 x diq, to show that (2.2.36) holds (excluding
d

q
possible poles) for |¢g| < 1. The most general solution of this differential
equation has the form

z=CsI (%ﬁ,a) + Do Fy (%i%, 1-— a) ,

where C' and D are undetermined constants. When ¢ lies in a neighborhood
of zero, (2.2.35) shows that (C,D) = (1,0). We can analytically continue
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that solution to a larger connected g-domain, provided that « (and 1 — «
if D # 0) does not intersect the line [1,00). In particular, the function

oFy <%i%’ oz) has a branch cut running along [1, c0).

If we consider values of ¢ € (0,w) with w = >™/3, then a crosses [1,00)
at the point ¢ = we=T™V2/3, Similarly, 1 — « intersects the branch cut at
q = we "/ 3V2 Tt follows that we will have to solve the hypergeometric

differential equation separately on each of the three line segments. If u =
we™ /3 then

4(_qy . 11 —u .
“hF (5 b i) + 2 F (%ii; Ser) e (0.75),
11 —u . 11 —u
@Q(U) =< oF; 22 1-— %if;E u)) + 2is Fy (212’ foi(u)) ifze %, \/5),
11 —u
o (27251 — ing(u)) if z € (v/2,0)

(2.2.37)

The coefficients in (2.2.37) can be verified from the fact that ¢?(u) is analytic
when x € (0, 00). For example, we can check the continuity of the right-hand
side of (2.2.37) by letting u — we ™V2/3. In that case o = 1 — “0;4((_;;) =
5.828..., and we have:

0 =p? (we_”ﬂ;o) —¢? (we_”ﬁs_o)

This vanishing of this last expression follows from basic properties of the
hypergeometric function (see problem 1 on page 276 of [47]), and therefore
the right-hand side of (2.2.37) is indeed continuous at z = /2. In practice,
we simply discovered (2.2.37) numerically.

We will use the theory of signature-three theta functions to prove equa-
tion (2.2.31). Recall that ¢(g) can be expressed as an infinite product ([40],
page 109):

) _ f(=d)

27 f3(—q)’
and that the signature-three theta functions obey a differentiation formula
(which can be derived from formula 4.4 on page 106 of [40]):

g) _  alq) d<0‘°’(q)>.

- c3(q) M 3
q 1-5@dg\a (9)
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It follows immediately that equation (2.2.21) reduces to

272 4 gqu)  d [cE(u)
F, = I _— . 2.2.
) = gt | 1 o du ( 5w ) (2:2:35)
Next recall that for |u| sufficiently small ([40], page 99):
12 Au)
a( ) 2F1 <313 a3(’u,)> . (2239)

In order to apply (2.2.39) to our integral, we will need to establish a gen-
eralized inversion formula which holds for v € (0,i). The reasoning closely
follows the proof of (2.2.37), except that ¢3(u)/a(u) € [1,00) when u =
ie=™V5/12 and 1 — A(u)/a3(u) € [1,00) when u = ie=™/V60 Suppose that

u = ie*”/\/ﬁ, then we obtain

3 3
49 Fy %i%, chj’(:j) + \/>12F1 %i%, 1— Z:EZ; ifx € (0, \/»)
a(w) =& R (35 58) + VEuR (351-51) itee (L, V5),
63 u .
oF (%i%, a3((u))) ifx € (\/5,00)
(2.2.40)
Finally, (2.2.31) follows from substituting (2.2.40) into (2.2.38) and simpli-
fying. O

Finally, we will conclude this section by summarizing the formulas that
follow from setting z = 1 in Theorem 2.2.7.

Corollary 2.2.8. The following identities are true:

27
S5 F(1,1) =m (y NI N 3€’f2yz>, (2.2.41)
7'('
1
—GF(l 2)=m (4i+y+y ' +z+z1), (2.2.42)
144 4
—F(1,4 — -1 -1 2.2.43
552 (1,4) = ( 591+y+y +z+z ) ( )
1 1 2F1 (%i%,l —U)
+=Im / — = Zdu,
4 01 u
256 L3y —1 11
20 B, (a 31— 2) du, 9.2.44
o (2,2) = o, Jal ) P ( )

where 01 = (2—1—[)\/72 and 03 = /2 — 1.
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2.2.1 More explicit examples

In this section we will use values of class invariants to deduce some explicit
formulas for Mahler measures. Recall that if ¢ = eiﬂﬁ, then the class
invariants are defined by

—o— /4, 1/24 (q; q2)00> Gy =2 A1/ (_q;qz)oo

It is a classical fact that G, and g, are algebraic numbers whenever m € Q,
and that they satisfy the following algebraic relation:

(9mGm)® (G, —g8) = = (2.2.45)

Since most tables only contain values of g, when m is even, and G,,, when m
is odd, our calculations will require (2.2.45). The simplest examples that we
will consider follow from equation (2.2.32), while equations (2.2.31), (2.2.33),
and (2.2.34) lead to slightly more complicated results.

Theorem 2.2.9. Suppose that m € N, then

16
m (8igh, G +y+y t+z+27t) = ‘F Z 3 (2.2.46)

where
00 (1 4mn) 2

00 . 1 _ q
Z bng" =q H 1 _ q8mn)
n=1 n=1

The following table gives evaluations of 8g5,G% . closed forms for Yo bng",
and states whether or not b, is multiplicative:

m 8g5.G4. Z bng" Multiplicative?
1 1 T ) E (-0 Yes
2 1V/2+2V2 q% o
3 4(2+V3) (LR No
7 4(8+3v7) (L) No
9 4<7+4\4/ﬁ+2<7@+@> q% No
15 | 4(28 4 16v/3 + 12v/5 + 7V15) q% No
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Proof. Setting ¢ = e~™V™ reduces equation (2.2.20) to

7T2

16/m

Therefore, we can obtain Mahler measure formulas by appealing to tables
of class invariants [40]. If m € N, we can also use the definition of F(; o) ()
to show that

Flaz) (vm) = mBigd Gl +y+y 22l (2.247)

o

F(1,2)(\/E) = Z

n=1

by,
ﬁ7
where b,, has the stated generating function.
8

The only remaining task is to check the values of 8¢5, G2 . In particular,
we can solve (2.2.45) to show that

895G =4 (G2 + VG2 =1)

= 4v/2¢5 1/ g2 + /924 + 1.

For example, since G; = 1, it follows that 8g§;G‘11 = 4. While this type of
argument naturally leads to equations involving nested radicals, many of
those formulas simplify with sufficient effort.

O

If we consider examples involving F(Ll)(x), then we can obtain two dis-
tinct types of formulas. The first class of identities occurs when Im (a3(ig) /b (ig)) =
0. In two of those cases the ng term in (2.2.31) vanishes, yielding formulas
that reduce to generalized hypergeometric functions.

Theorem 2.2.10. Let ¢ = # denote the golden ratio, then

272 3
Fan (1) =7 (3\/5) , (2.2.48)
1 2v67% (3
F —= | = 5= - 2.2.4
(). o
Recall that n(k) is defined in equation (2.1.7).

In the case when Im (a®(iq)/b%(ig)) # 0, we can establish many inter-

esting formulas by setting ¢ = ¢~ ™5, The next theorem provides two

examples where b = 1 and a is a product of small primes.
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Theorem 2.2.11. Let w = €™/ and recall that no(k) is defined in Theorem
2.2.7. We have:

22
L(g,2) =r1——=n
(9,2) 53

for the following values of m, g(q), 0, r1, and ry:

(0) = roF 1) (Vm) (2.2.50)

m 9(q) T | T2

9| af’(=¢*) f(=¢") | 55 (7 19fw w?) [ 319
2

25 q7f3 (—qﬁ) f (—q150) —H_ZG, where (= +§ﬂ_1) =2 % 1

We will conclude this section by pointing out that Fi; 1)(z) can be ex-
pressed as a four-dimensional lattice sum for all values of x:

( ) i (71)n1+n2+n3+n4

F r) =16 .

Y W2 1(6n1+ 102+ (6ng + 1) + (6n + 1)2 + 22(6n + 12
i€{1,2,3,4}

While this formula for F{; 1)(x) resembles the definition of F'(b,c), we have
shown that F; 1y(z) is much easier to understand. By equation (2.2.31)
we can obtain hypergeometric formulas for F(; 1y(x) whenever x € Q. For
instance, applying equation (2.1.38) to formula (2.2.49), yields an interesting
lattice sum identity:

3456 & (_1)n1+n2+n3+n4

by

VI5 2= [(6n1 +1)2 + (6ng + 1)2 + (6n3 + 1) + L (614 + 1)2]°
i€{1,2,3,4}

@] 111 1 Cy
F 323’3 F
o (¢>+¢a (

where ¢ = % is the golden ratio, C; = 2¢/2I' (%) r (%) r (%), and Cy =
3v3I3 (%). Equation (2.2.51) also resembles formulas that Forrester and
Glasser established for three-dimensional sums associated with NaCl lattices
[46].

2.2.2 Remarks on F(1,3) and higher values of F(b,c)

Finally, we will speculate on how one might reduce higher values of F (b, c)
to hypergeometric integrals. Our proof of the F(1,3) formula will be in-
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structive. Recall that Rodriguez-Villegas demonstrated that

2
Zlin(—6) = Re 1 Z x_g(n)
m,neZ (3 (1%‘/?’) m 4+ n) (3 (1%‘/‘;’) m 4+ n)
(m,n)#(0,0)
(2.2.52)
and then used Deuring’s theorem to equate this Eisenstein series to the L

series of a CM elliptic curve of conductor 27. A different proof could have
been constructed from numerically observing that

qH 1— ) (1—¢)?

b

o

2
iZ ) > [(6m+j)+3(6n+ )]

n,m=-—o00

(6m+)2+3(6n44)2
1 .

(2.2.53)

The modularity theorem implies that qf? (—qg) f? (—q9) is associated to
the correct elliptic curve, hence the Mellin transform of the left-hand side of
equation (2.2.53) will equal L(FE, s). Since the Mellin transform (at s = 2) of
the right-hand side trivially equals the right-hand side of equation (2.2.52),
it just remains to prove (2.2.53). By applying limiting cases of the triple and
quintuple product identities, we can show that equation (2.2.53) is equivalent
to an identity between eta functions:

44f* (~¢*) f* (4 9)
qf5( q°

fA(=¢
f

Identities between modular forms, such as equation (2.2.54), are usually
established by checking that both sides of the proposed formula have the
same McLauren series expansion for sufficiently many terms. If we use the
inversion formula for the eta function, then (2.2.54) can be viewed as an
example of a mized modular equation, i.e. an algebraic relation between the
moduli of isogenous elliptic curves. From this perspective, it seems likely
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that the rest of Boyd’s conjectures will follow from discovering appropriate
mixed modular equations.

While it is probably unreasonable to expect to find useful series expan-
sions for Qf(_qA)f(_qAb)f(_qAC)f(_qAbC)7 when (bv C) € {(17 5)7 (17 11)7 (27 3)7
(2,7),(3,5)} and A =24/ ((1 +b)(1 + ¢)), this does not seem to rule out the
possibility of finding such results for linear combinations of related eta prod-
ucts. It might be interesting to examine whether or not a series expansion
such as equation (2.2.53) exists for the following function:

N
Z i@ F(=a) F(=¢™) F(=¢*) f (=), (2.2.55)

for appropriate values of ¢; € Q. Boyd’s conjectures would most likely follow
from such a theorem, as the Mellin transform (at s = 2) of (2.2.55) equals
a rational multiple of L(E,2).

2.3 Connections with the elliptic dilogarithm

In this section we will point out that the method from Section 2.2 can be used
to establish relations between values of F'(b, ¢) and the elliptic dilogarithm.

Definition 2.3.1. Recall that the elliptic dilogarithm is defined by

o

ZL(x,q)= Y D(xq"),
where D(z) = Im (Lia(2) + log|z|log(1l — 2)) is the Bloch-Wigner diloga-
rithm.

In the previous section we integrated cusp forms to obtain identities
between L-values and hypergeometric functions. For example, we used the
following two-dimensional series:

o]

af? (=a") F2 (%) = D (—1)"HR(2k 4 1)g@ R

k=0

to recover formula (2.1.13) for F(1,2). In general, comparing different series
expansions for the same cusp form will often lead to relations between hy-
pergeometric functions and the elliptic dilogarithm. For instance, applying
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our method to the following identity

> 1124 (2n41)2
qf2 (—q4 Z 2]{: n 1) (2k+1) ;(2 +1) ’
n,k=0
yields
F(1,2) = g.f (i, —e™), (2.3.1)

which is comparable in difficulty to equation (2.1.13).

Theorem 2.3.2. Suppose that x € R is sufficiently large and w = *™/3,

then the following identities are true:

o0 (=1)%(2k + 1) T

4n;0 [(2n+1)2 + 22(2k + 1)?)? 532 b=e™), (2.3.2)
> 3 ) - —e™

n,k_z—oo [(2n + 1)2 + 22(3k + 1)2)? _2\/§x3‘$ (w, —e™). (2.3.3)

We will conclude this section by briefly pointing out a pair of identities
involving the L-functions of modular forms. If we define fi(q) and f2(q) by

16n>5

1 — q ) >0
=q H (1= gtony” H g
then we have shown that

4iV/2 4+ 2V2 + y + 1+z+z1>,
16\[ ( y+y

L) = 1o =2 (i

Despite the fact that f1(q) and fa(q) are closely related, their L-values re-
duce to special cases of different functions. We will hypothesize that only
L-functions of modular forms with nice arithmetic properties should be ex-
pressible in terms of both elliptic dilogarithms and Mahler measures.

L(f1,2)=

and

e”ﬁ> .

2.4 Higher lattice sums and conclusion

Perhaps the moral of this paper is that lattice sums are difficult to deal with.
While many hypergeometric formulas have been experimentally discovered
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for F(b,c), only the simplest cases have been rigorously proved. Notice
that our formula for F'(1,4), equation (2.2.44), involves Meijer’s G-function
disguised as a hypergeometric integral:

11
12F1 (5’5;1—1&) 1
o ([T L (632 (ufhd))
& )

U w2

This identity almost certainly rules out the possibility of expressing F'(1,4)
as a Mahler measure, and it also indicates that any explicit formula for
F(b, ¢) should reduce to Meijer G functions in certain instances.

It seems difficult to conjecture what types of formulas should exist for
higher dimensional lattice sums. Let us consider the k-dimensional lattice
sum

. e —1)mt At
Fé])(xl,...,l‘k) = Z ( )

n;=—00

(21(6n1 + 1)2 + - - - + 24 (6ny, + 1)2)7

which arises from integrating eta products. Many non-trivial linear depen-
dencies exist between different values of F,EJ )(wl7 ...,x) when k > 4. For
example, clearing denominators and then integrating formula (2.2.26) leads

to a linear dependence between 13-dimensional lattice sums:

FO (2, 23...36|=F9[1,2...,23,....3

8 4 4 8
+FD(1,...,1,6,...,6
T/T/

Although we have only proved hypergeometric formulas for F; ,5] ) when k <6,
and j € {2,3}, it might be interesting to search for higher dimensional exam-
ples numerically. Lattice sums with Euler products are the best candidates
(F (b, ¢) belongs to this class of functions when (1+b)(1+c¢) divides 24), since
they seem to be the only lattice sums which ever reduce to hypergeometric
functions with rational arguments. To illustrate this principle, we can apply
the methods of Section 2.2 to show that

2 1
EO (L L mmm) = — ", (;,;,;7 > , (2.4.1)
6 64y/mG12 G
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where G, is the usual class invariant. For m € {1, 3,7}, we have the follow-
ing table:

m 9(q) L(g,2)

1 I, (1—q™)" Tl (27, 1)
3 | qllz, (1- q2n)3 (1- q6n)3 8Lj§3F2 (%71%7%’ i)
T gl (-’ (1 - q7n)3 5;%31:‘2 (%%%7 6*14)

In each of these three examples, g(q) is a multiplicative weight 3 cusp form.
On the other hand, if we consider a similar looking, but non-multiplicative
eta product:

i 3
H 1) (1-¢)°,

then equation (2.4.1) gives a formula for L(g,2) involving G5/3 Since Gs/3
is a root of the following polynomial equation:

4
O=x12—8\4/§<1+2\/5> +4f<1+\f> +8<1+‘/5>,

2

it is not hard to see that G5 /3 is an irrational algebraic number.
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Chapter 3

Functional equations for
Mahler measures

Matilde N. Lalin and Mathew D. Rogers?

3.1 History and introduction

The goal of this paper is to establish identities between the logarithmic
Mahler measures of polynomials with zero varieties corresponding to genus-
one curves. Recall that the logarithmic Mahler measure (which we shall
henceforth simply refer to as the Mahler measure) of an n-variable Laurent
polynomial P(z1,z2,...,x,) is defined by

1 1
m (P(z1,...,2,)) :/ / log ’P (e%iel,...,e%ie") ’d@l...dQH.
0 0

Many difficult questions surround the special functions defined by Mahler
measures of elliptic curves.

The first example of the Mahler measure of a genus-one curve was studied
by Boyd [63] and Deninger [65]. Boyd found that

1 1
m(l—&-x—l—m—i-y—i-y) L L/(E,0), (3.1.1)

where E denotes the elliptic curve of conductor 15 that is the projective
closure of 14z + % +y+ % = 0. As usual, L(F, s) is its L-function, and the
question mark above the equals sign indicates numerical equality verified up
to 60 decimal places.

Deninger [65] gave an interesting interpretation of this formula. He ob-
tained the Mahler measure by evaluating the Bloch regulator of an element
{z,y} from a certain K-group. In other words, the Mahler measure is given

2A version of this chapter has been published. Lalin, M. N. and Rogers, M. D. (2007)
Functional equations for Mahler measures of genus-one curves. Algebra and Number
Theory 1:87-117.

42



Chapter 3. Functional equations for Mahler measures

by a value of an Eisenstein-Kronecker series. Therefore Bloch’s and Beilin-
son’s conjectures predict that

1 1
m(l—i—x—l——i—y—I—) =cl/(E,0),
T )

where c is some rational number. Let us add that, even if Beilinson’s conjec-
tures were known to be true, this would not suffice to prove equality (3.1.1),
since we still would not know the height of the rational number c.

This picture applies to other situations as well. Boyd [63] performed
extensive numerical computations within the family of polynomials k + x +
% +y+ i, as well as within some other genus-one families. Boyd’s numerical
searches led him to conjecture identities such as

1 1\ » 1 1
m{d5+r+—+y+—-|=6m|{l+az+—-—+y+—-],
x Y x Y

1 1\ » 1 1
m{8+rx+—+y+—|=dm|(2+zx+—+y+—|.
T Y x Y

Boyd conjectured conditions predicting when formulas like Eq. (3.1.1) should
exist for the Mahler measures of polynomials with integral coefficients. This
was further studied by Rodriguez-Villegas [71] who interpreted these con-
ditions in the context of Bloch’s and Beilinson’s conjectures. Furthermore,
Rodriguez-Villegas used modular forms to express the Mahler measures as
Kronecker-Eisenstein series in more general cases. In turn, this allowed him
to prove some equalities such as

1 1 )
m<4\/§+m+x+y+y)—L<E4ﬁ,0), (3.1.2)

1 1\ 5
m<3\/§+x+x+y+y> = 2L (Eyy2:0) (3.1.3)

where Ej, denotes the projective closure of k 4+ x + % +y+ % = 0. The first
equality can be proved using the fact that the corresponding elliptic curve
has complex multiplication, and therefore the conjectures are known for this
case due to Bloch [62]. The second equality depends on the fact that one
has the modular curve X((24), and the conjectures then follow from a result
of Beilinson.
Rodriguez-Villegas [72] subsequently used the relationship between Mahler

measures and regulators to prove a conjecture of Boyd [63]:

5
m(y2+2xy+y—x372x27x):?m(y2+4xy+yfx3+x2).
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It is important to point out that he proved this identity without actually
expressing the Mahler measures in terms of L-series. Bertin [61] has also
proved similar identities using these ideas.

Although the conjecture in Eq. (3.1.1) remains open, we will in fact
prove two of Boyd’s other conjectures in this paper.

Theorem 3.1.1. The fOllO’LUan identities are true:
T Yy y 3V2 )
T () Y 3\/5’

Our proof of Theorem 3.1.1 follows from combining two interesting “func-
tional equations” for the function

1 1
m(k) ::m<k+x++y+>.
T Yy

Kurokawa and Ochiai [67] recently proved the first functional equation. They
showed that if k& € R\{0}:

m (4k*) +m <;2> =2m <2 <k + ;)) : (3.1.6)

In Section 3.3 we use regulators to give a new proof of Eq. (3.1.6). We will
also prove a second functional equation in Section 3.2.1 using g¢-series. In
particular, if k is nonzero and |k| < 1:

m<2 <k+;>>+m<2 <1k+$€>>—m<;2> (3.1.7)
Theorem 3.1.1 follows from setting k = 1/ V2 in both identities, and then
showing that 5m (1\/5) =3m (3\@) We have proved this final equality in
Section 3.3.6.

This paper is divided into two sections of roughly equal length. In Sec-
tion 3.2 we will prove more identities like Eq. (3.1.7), which arise from
expanding Mahler measures in g-series. In particular, we will look at identi-
ties for four special functions defined by the Mahler measures of genus-one
curves (see equations (3.2.1) through (3.2.4) for notation). Equation (3.2.14)
undoubtedly constitutes the most important result in this part of the pa-
per, since it implies that infinitely many identities like Eq. (3.1.7) exist.
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Chapter 3. Functional equations for Mahler measures

Subsections 3.2.1 and 3.2.2 are mostly devoted to transforming special cases
of Eq. (3.2.14) into interesting identities between the Mahler measures of
rational polynomials. While the theorems in those subsections rely heav-
ily on Ramanujan’s theory of modular equations to alternative bases, we
have attempted to maximize readability by eliminating g¢-series manipula-
tion wherever possible. Finally, we have devoted Subsection 3.2.3 to proving
some useful computational formulas. As a corollary we establish several new
transformations for hypergeometric functions, including:

> () 20 ()

n=0 7=0
(14 k)2
\/(1 +k2) ((1 k- k2)? - 5k2) (3.1.8)
1 64Kk> (1 4+ k — k2
x oF T %; 1; (1+ )

(1482 (1= k= k2) - 5k2)2

We have devoted Section 3.3 to further studying the relationship be-
tween Mahler measures and regulators. We show how to recover the Mahler
measure g-series expansions and the Kronecker-Einsenstein series directly
from Bloch’s formula for the regulator. This in turn shows that the Mahler
measure identities can be viewed as consequences of functional identities for
the elliptic dilogarithm.

Many of the identities in this paper can be interpreted from both a
regulator perspective, and from a ¢-series perspective. The advantage of the
g-series approach is that it simplifies the process of finding new identities.
The fundamental result in Section 3.2, Eq. (3.2.14), follows easily from the
Mahler measure g¢-series expansions. Unfortunately the g¢-series approach
does not provide an easy way to explain identities like Eq. (3.1.6). Unlike
most of the other formulas in Section 3.2, Kurokawa’s and Ochiai’s result
does not follow from Eq. (3.2.14). An advantage of the regulator approach,
is that it enables us to construct proofs of both Eq. (3.1.6) and Eq. (3.1.7)
from a unified perspective. Additionally, the regulator approach seems to
provide the only way to prove the final step in Theorem 3.1.1, namely to
show that 5m (1\/5) = 3m (3\/5) Thus, a complete view of this subject
matter should incorporate both regulator and ¢-series perspectives.
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3.2 Mahler measures and ¢-series

In this paper we will consider four important functions defined by Mahler

measures:

<
—~
~
~
|
B
—
8
—+
<
+
—_
N
—
8
—+
—_
~—
—~
<
-+
—_
~
|
I
8
<
N————

(3.2.1)
(3.2.2)
(3.2.3)

(3.2.4)

Throughout Section 3.2 will use the notation u(t) = m (%) for conve-

nience. Recall from [71] and [76], that each of these functions has a simple
g-series expansion when t is parameterized correctly. To summarize, if we

let (2;q)oo = (1 —2)(1 — xq) (1 —2¢*) ..., and

(@)% (4% 4"
(4% ¢2)2

27q (6% %)

T (G902 +270 (6% )2
G(qg) = 1/3( 'q2)
v (a3 4%,
s (@) (0 0°)
(6% 0°) 00 (0% 0°)

M(q) = 16¢

)

R(q) =

then for |g| sufficiently small

p(M(g)) = — Re *log +2ZJ><4 )log (1—¢’) |,

n(N(q)) =—Re | log(q) +3  jx—s(j)log(1—¢')|,

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)
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r(R°(q)) =—Re |log(q) + Y _jRe [(2—i)xr(j)]log (1 —¢/) | . (3.2.12)
j=1

In particular, x_3(j) and x_4(j) are the usual Dirichlet characters, and
Xr(j) is the character of conductor five with x,(2) = i. We have used the
notation G(q) and R(q), as opposed to something like G(¢) = G3(q), in
order to preserve Ramanujan’s notation. As usual, G(g) corresponds to
Ramanujan’s cubic continued fraction, and R(q) corresponds to the Rogers-
Ramanujan continued fraction [53].

The first important application of the ¢-series expansions is that they can
be used to calculate the Mahler measures numerically. For example, we can
calculate 1 (1/10) with Eq. (3.2.9), provided that we can first determine
a value of ¢ for which M(q) = 1/10. Fortunately, the theory of elliptic
functions shows that if « = M (q), then

o F (%i%, 1-— a)

o F (%i%, Oz)
Using Eq. (3.2.13) we easily compute ¢ = .01975..., and it follows that
#(1/10) = 2.524718 ... The function defined in Eq. (3.2.13) is called the
elliptic nome, and is sometimes denoted by ¢a(a). Theorem 3.2.6 provides
similarly explicit inversion formulas for Eqgs. (3.2.5) through (3.2.8).

The second, and perhaps more significant fact that follows from these
g-series, is that linear dependencies exist between the Mahler measures. In
particular, if

F(@) € {u(M(q)),n(N(q),g(G*(q).r (R*(q))},

then for an appropriate prime p

g=exp | -7 (3.2.13)

—_

3

f (eQ”ij/pQ) = (1+p’x())f (") —px(p) f (qp2> : (3.2.14)
i—0

<

where x(j) is the character from the relevant g-series. The prime p satisfies
the restriction that p # 2 when f(q) = g (G*(q)), and p # 2,3 (mod 5) when
f(q) = r(R5(g)). The astute reader will immediately recognize that Eq.
(3.2.14) is essentially a Hecke eigenvalue equation. A careful analysis of the
exceptional case that occurs when p = 2 and f(g) = g (G3(q)) leads to the
important and surprising inverse relation:

3n(N(q) =g (G° () — 89 (G*(—q)) + 49 (G* (¢*)) .

39 (G3(q)) = n (N(q)) + 4n (N (¢2)) . (3.2.15)
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In the next two subsections we will discuss methods for transforming Eq.
(3.2.14) and Eq. (3.2.15) into so-called functional equations.

3.2.1 Functional equations from modular equations

Since the primary goal of this paper is to find relations between the Mahler
measures of rational (or at least algebraic) polynomials, we will require mod-
ular equations to simplify our results. For example, consider Eq. (3.2.14)

when f(q) = p (M(q)) and p = 2:
p(M(q)) + p(M(=q)) = p (M (¢%)) - (3.2.16)

For our purposes, Eq. (3.2.16) is only interesting if M(q), M(—q), and
M (qQ) are all simultaneously algebraic. Fortunately, it turns out that M (q)
and M (q2) (hence also M(—q) and M (q2)) satisfy a well known polynomial
relation.

Definition 3.2.1. Suppose that F(q) € {M(q),N(q),G(q),R(q)}. An n’th
degree modular equation is an algebraic relation between F(q) and F(q").

We will not need to derive any new modular equations in this paper.
Berndt proved virtually all of the necessary modular equations while editing
Ramanujan’s notebooks, see [53], [56], [57], and [58]. Ramanujan seems to
have arrived at most of his modular equations through complicated ¢-series
manipulations (of course this is speculation since he did not write down any
proofs!). Modular equations involving M (q) correspond to the classical mod-
ular equations [57], relations for N(g) correspond to Ramanujan’s signature
three modular equations [58], and most of the known modular equations for
G(q) and R(q) appear in [53].

Now we can finish simplifying Eq. (3.2.16). Since the classical second-
degree modular equation shows that whenever |¢| < 1

AM (%) :< M(q) >2
G @y \Mag-2)

. . . . 2 _AL2
we easily obtain the parameterizations: M(q) = ﬁ, M(—q) = ﬁ,
and M (qQ) = k*. Substituting these parametric formulas into Eq. (3.2.16)

yields:
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Theorem 3.2.2. The following identity holds whenever |k| < 1:
4 1 1 1 1 1

m( g tat—+y+—)=m(2(k+)+at-—+y+-

k T Y k T y

1 1 1
m<21 <k—) —I—x—i——i—y—i—).
k T Y
(3.2.17)
We need to make a few remarks about working with modular equations

before proving the main theorem in this section. Suppose that for some
algebraic function P(X,Y):

P(F(q),F(¢") =0,

where F(q) € {M(q),N(q),G(q),R(q)}. Using the elementary change of
variables, ¢ — e2™9/Pq_ it follows that P (F (e%ij/ pq) ,F (qp)) = 0 for every
je{0,1,...,p—1}. If P(X,Y) is symmetric in X and Y, it also follows
that P (F (qu) B (q”)) = 0. Therefore, if P(X,Y) is sufficiently simple
(for example a symmetric genus-zero polynomial), we can find simultaneous
parameterizations for F (¢?), F <q1”2)7 and F (eQ’Tij/pq) for all j. In such

an instance, Eq. (3.2.14) reduces to an interesting functional equation for
one of the four Mahler measures {u(t), n(t), g(t),r(t)}. Five basic functional
equations follow from applying these ideas to Eq. (3.2.14).

Theorem 3.2.3. For |k| <1 and k # 0, we have

4/€2 —4k’2 .
: ((1+k2)2> o ((1_,@)2> = (k). (3.2.18)
The following identities hold for |u| sufficiently small but non-zero:
< 27u(1 + u)* ) ( 27u(1 + u) )
n\ oo o3 )T~ .
2 (14 4u + u?) 2(1 - 2u — 2u?)

_ 2n< 27ut(1 + u) 3) _?m( 27u?(1 + u)? )
2 ) 4

(2 4 2u — u? (1+u+u?)?
(3.2.19)
If ¢y = e2m/3, and Y (t) =1 — (%)3 then
2
n(w®)=3"n (Y (ggp)) . (3.2.20)

J=0
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IfG3=e*/3 and Y(t) =t (%), then

g(u®) = ig (v (Céu)) . (3.2.21)
=0

3 _ 2__ 943 4
I G = 15, and Y (1) = t (IS, then

r (u5) = ir (Y (Cgu)) . (3.2.22)

J=0

Proof. We have already sketched a proof of Eq. (3.2.18) in the discussion
preceding Theorem 3.2.2.

The proof of Eq. (3.2.19) requires the second-degree modular equa-
tion from Ramanujan’s theory of signature three. If 3 = N (qQ), and
«a € {N(q),N(—q),N (q4)}, then

27aB(1 —a)(1 - B) — (a + 8 —2a8)* = 0. (3.2.23)

2 2
%, then we can use Eq. (3.2.23)

27u(1+u)* (—q) = — 27u(1+u)

2(14+4u+tu?)3’ 19 = 2(1—2u—2u2)®’

4

N (q4) — % The proof of Eq. (3.2.19) follows from applying

these parameterizations to Eq. (3.2.14) when f(q) = n (N(q)), and p = 2.
The proof of Eq. (3.2.20) requires Ramanujan’s third-degree, signature

three modular equation. In particular, if « = N(q) and 8 = N(¢?), then

1—pY3 ’ 1/3
a=1- <1+251/3> :Y(ﬂ/). (3.2.24)

If we choose u so that N (q2) =

to easily verify that N(q) = and

Since N'/3(¢3) = ¢ x {power series in ¢°}, a short computation shows that
N(q) =Y ({§N1/3 (q3)) for all j € {0,1,2}. Choosing u such that

N(¢®) = u3, we must have N (C§q> =Y ((§u> Eq. (3.2.20) follows from
applying these parametric formulas to Eq. (3.2.14) when f(q) = n (N(q)),
and p = 3.

Since the proofs of equations (3.2.21) and (3.2.22) rely on similar argu-
ments to the proof of Eq. (3.2.20), we will simply state the prerequisite
modular equations. In particular, Eq. (3.2.21) follows from Ramanujan’s
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third-degree modular equation for the cubic continued fraction. If o« = G(q)
and 8 =G (q3), then

3 1— 3+
o _6<1+2ﬁ+452>. (3.2.25)

Similarly, Eq. (3.2.22) follows from the fifth-degree modular equation for
the Rogers-Ramanujan continued fraction. In particular, if & = R(q) and

B=R(q)

(3.2.26)

5_ﬂ<1—2ﬂ+462—353+ﬁ4>
1+38+46%2+283+64)°
O

The functional equations in Theorem 3.2.3 only hold in restricted subsets
of C. To explain this phenomenon we will go back to Eq. (3.2.14). As a
general rule, we have to restrict ¢ to values for which none of the Mahler
measure integrals in Eq. (3.2.14) vanish on the unit torus. In other words,
we can only consider the set of ¢’s for which each term in Eq. (3.2.14)
can be calculated from the appropriate g-series. Next, we may need to
further restrict the domain of ¢ depending on where the relevant parametric

formulas hold. For example, parameterizations such as N(gq) = %
2 2
and N(¢?) = 2w () hold for |g| sufficiently small, but fail when ¢ is

4(1+u+u?)3
close to 1. After determining the domain of ¢, we can calculate the domain
of u by solving a parametric equation to express v in terms of a g-series.

Theorem 3.2.4. Recall that G(q) is defined in equation (4.2.1). For |p|
sufficiently small but non-zero

39(p) = n <(1f§p)3) +dn ((12_7’;)3> . (3.2.27)

Furthermore, for |u| sufficiently small but non-zero

(g ) = (ae) ()

+4 L
N4t +w))
Proof. We will prove Eq. (3.2.28) first. Recall that Eq. (3.2.15) shows that

3n(N(q) =g (G*(q)) — 89 (G°(—q)) + 49 (G* (¢*)) -

(3.2.28)
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u(24u)3
(142u)3

sical eta function inversion formulas (which we shall omit here) show that for
i . _ /) _ u(l4u
|u| sufficiently small: G3(q) = 2(1;7“)2, G3(—q) = —%, G? (¢%)

o 27u(14u)* 2\ 27u?(1+u)?
N(@) = gipauray 4 N () = 0,y

To prove Eq. (3.2.27) first recall recall that

Let us suppose that ¢ = g¢o ( ), where go() is the elliptic nome. Clas-

_ _u?
— 4(14u)’

39 (G*(q)) = n (N(9)) +4n (N (¢%)) -

If we let p = W, then it follows that G3(q) = p, N(q) = %, and
N )= 2 .
) = Trapr

Theorem 3.2.4 shows that g(t) and n(t) are essentially interchangeable.
In Section 3.2.3 we will use Eq. (3.2.27) to derive an extremely useful formula
for calculating g(t) numerically.

3.2.2 Identities arising from higher modular equations

The seven functional equations presented in Section 3.2.1 are certainly not
the only interesting formulas that follow from Eq. (3.2.14). Rather those
results represent the subset of functional equations in which every Mahler
measure depends on a rational argument (possibly in a cyclotomic field). If
we consider the higher modular equations, then we can establish formulas
involving the Mahler measures of the modular polynomials themselves. Eq.
(3.2.32) is the simplest formula in this class of results.
Consider Eq. (3.2.14) when p =3 and f(¢q) = u (M (q)):

i p (M (@q)) = —8u (M (¢%)) +3u (M (¢°)) - (3.2.29)

<

The third-degree modular equation shows that if
a € {M q), M ((3q) , M (C%q) M (qg)}, and 6 =M (q3), then

Gs(a, B) := (o + B2 +6a)? — 1608 (4(1 + af) — 3(a + )% = 0. (3.2.30)

Since Gs(a, 3) = 0 defines a curve with genus greater than zero, it is im-
possible to find simultaneous rational parameterizations for all four zeros in
a. For example, if we let 3 = M(q®) = p(2 + p)3/(1 + 2p)3, then we can
obtain the rational expression M (q9) = p3(2+p)/(1+2p), and three messy
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formulas involving radicals for the other zeros. Despite this difficulty, Eq.
(3.2.29) still reduces to an interesting formula if we recall the factorization

G (0, M (¢%)) = (o — M (%)) f[ (a1 (cfa)) (3.2.31)

and then use the fact that Mahler measure satisfies m(P)+m(Q) = m (PQ).

Theorem 3.2.5. If Gs(«, ) is defined in Fq. (3.2.30), then for |p| suffi-
crently small but non-zero

. (GE <<x+x—1>j 6(y+y—1>27; (L 25)))
= ~16log(2) — 16y (p (12:22)3) o <p3 (12++£9>> |

Proof. First notice that from the elementary properties of Mahler’s measure

0 1 < 16 t) L "
w(t) =-m —t] — =loglt|.
2 \@+a ) (y+y 1) 2

(3.2.32)

Applying this identity to Eq. (3.2.29), and then appealing to Eq. (3.2.31)
yields

. <G3 <(fv + fvl);f(iy +y 1) M (q3)>>

= log |M (q) M (G3q) M (¢Bq) M (¢°)| — 161 (M (¢°)) + 8 (M (¢°)) .

Elementary g-product manipulations show that
M* (%) = M (g) M (Gg) M (GGa) M (¢°), and since a*54Gy (£, §) = Gs(a 9),

we obtain
(G <(fv+ﬂff1)2(y+yl)2 1 ))
e 16 "M (3)

= —16log(2) — 161 (M (¢*)) + 8 (M (%)) -

3
Finally, if we choose p so that M (q3) =p (%) , then M (qg) =p3 (%),

and the theorem follows.
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Although we completely eliminated the g¢-series expressions from Eq.
(3.2.32), this is not necessarily desirable (or even possible) in more com-
plicated examples. Consider the identity involving resultants which fol-
lows from Eq. (3.2.14) (and some manipulation) when p = 11 and f(q) =

r (R%(q)):

m (v ¥ - ey T T @)

= —12m (1 4+ 2 +y) + 12log | R® (¢)| + 122r (R® (¢)) — 11r (R (¢'!)) -
(3.2.33)

In this formula P(u,v) is the polynomial
P(u,v) = uv(l — 110° — 0'0) (1 — 110° — u'0) — (u — v)'?,

which also satisfies P (R(q), R (q”)) = 0 [73]. Even if rational parameter-
izations existed for R(q) and R (qll), substituting such formulas into Eq.
(3.2.33) would probably just make the identity prohibitively complicated.

3.2.3 Computationally useful formulas, and a few related
hypergeometric transformations

While many methods exist for numerically calculating each of the four
Mabhler measures {u(t),n(t),g(t),r(t)}, two simple and efficient methods
are directly related to the material discussed so far.

The first computational method relies on the g-series expansions. For
example, we can calculate pu(a) with Eq. (3.2.9), provided that a value of ¢
exists for which M(q) = o. Amazingly, the elliptic nome function, defined
in Eq. (3.2.13), furnishes a value of ¢ whenever |a| < 1. Similar inversion
formulas exist for all of the ¢g-products in equations (3.2.5) through (3.2.8).
Suppose that for j € {2,3,4,6}

w2 (L1-hi1-a)

gj(a) =exp | — ; ; ;
sin (E) o (7.,1—7,;1;00
J J J

(3.2.34)

then we have the following theorem:

Theorem 3.2.6. With o and q appropriately restricted, the following table
gives inversion formulas for equations (3.2.5) through (3.2.8):
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o q
M(q) (@)
N(q) 43(a)
G(q) 42 (1{11—53) ), where o = ﬁ
64k (1+k—k2)° k(1—k)?
Rl o <(1+k2 (1+11k—k2)>—125k2)" )’ where o? BGDE

For example: If |q| <1 and o = M (q), then ¢ = ¢2(a).

Proof. The inversion formulas for M (q) and G(gq) follow from classical eta
function identities, and the inversion formula for N(q) follows from eta func-
tion identities in Ramanujan’s theory of signature three.

The inversion formula for R(q) seems to be new, so we will prove it. Let
us suppose that o = R(q) and k = R(q)R? ( ), where q is fixed. A formula

of Ramanujan [53] shows that o® = k((11+1§)2 7
part of the formula. Now suppose that ¢ = g2(az), where as = M(q). A

classical identity shows that

which establishes the second

a3

q(- QQ) m,

and comparing this to Ramanujan’s identity

2\ O
¢(— qq)24 k 1+k—-k
’ 1— k2 1—4k—k2)

@ _ k 1+k— K\’
(1—042)216<1—k;2> (1—4k—k2> . (3.2.35)

Now recall that the theory of the signature 4 elliptic nome shows that

B 4o _ daz/(1 - as)?
q=q2(2) = q <(1+02;2)2> - <1 + 42a2/(1 —2a2)2> '

Substituting Eq. (3.2.35) into this final result yields

we deduce that

64k (1 4+ k — k2)°
(1+ k2)? ((1 11k - k2)? - 1251«2)2

q =44

which completes the proof. O
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The second method for calculating the four Mahler measures,
{p(t),n(t),g(t),r(t)}, depends on reformulating them in terms of hypergeo-
metric functions. For example, Rodriguez-Villegas proved [71] the formula

Fi (5,5 Lu)—1
10g(t/16)—|—/ 2P (5:5:1) du].
0

1

Translated into the language of generalized hypergeometric functions, this
becomes

u(t) = —Re [ 1 Fs ( %2, 1y )+;log(t/16)} . (3.2.36)

) a

8

He also proved a formula for n(¢) which is equivalent to

n(t) = —Re {274}73 (35327 271,t) + ;10g(t/27)] . (3.2.37)
Formulas like Eq. (3.2.36) and Eq. (3.2.37) hold some obvious appeal.
From a computational perspective they are useful because most mathematics
programs have routines for calculating generalized hypergeometric functions.
For example, when [t| < 1 the Taylor series for the 4F3 function easily gives
better numerical accuracy than the Mahler measure integrals. Combining
Eq. (3.2.37) with Eq. (3.2.27) also yields a useful formula for calculating

g(t) whenever |t| is sufficiently small:
22 (1—2t)3

2t a5, 2Tt 8t?
= — -— 5 F F
9(t) = — Re [(1—1—41&)34 3 <3 22 (11 41)° >+ 12034
(3.2.38)

w\»b

os ((1 +4t>t<31 - 2t>4>} |

So far we have been unable to to find a similar expression for r(t).

Open Problem 2: Express r(t) in terms of generalized hypergeometric
functions.

Besides their computational importance, identities like Eq. (3.2.36) allow

for a reformulation of Boyd’s conjectures in the language of hypergeometric
functions. For example, the conjecture

1 1
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Chapter 3. Functional equations for Mahler measures

where F is an elliptic curve with conductor 15, becomes

?
L'(E,0) = —2Re [4F3 (25227 L, 16)]

A proof of this identity would certainly represent an important addition to
the vast literature concerning transformations and evaluations of generalized
hypergeometric functions.

In the remainder of this section we will apply our results to deduce a
few interesting hypergeometric transformations. For example, differentiat-
ing Eq. (3.2.38) leads to an interesting corollary:

Corollary 3.2.7. For |t| sufficiently small

[e's) n 3 2
n 1 12 27t
> Z(k) 12t 1<3’3’ ’(1—2t)3>’ (3.2.39)
n=0 k=0
furthermore

w (M) = (1+pw <4(1pip)> : (3.2.40)

whenever |p| is sufficiently small.

Proof. We can prove Eq. (3.2.39) by differentiating each side of Eq. (3.2.38),
and then by appealing to Stienstra’s formulas [76]. A second possible proof
follows from showing that both sides of Eq. (3.2.39) satisfy the same differ-
ential equation.

The shortest proof of Eq. (3.2.40) follows from a formula due to Zagier
[76]:

o6 w) - T4 =5 )

(1—q) (1—q)*

First use Zagier’s identity to verify that G2(q (G5 ) G (q2) w (G3 (qQ)),
and then apply the parameterizations for G3(q) and G (qg) from Theorem
3.2.4. O

We will also make a few remarks about the derivative of r(t). Stienstra

has shown that
r(t) = —Re {bg / o) —1, ] (3.2.41)

where ¢(t) is defined by

Zt”Z( ) ("Zk) (3.2.42)

n=0 k=0
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Even though we have not discovered a formula for (¢) involving hyperge-
ometric functions, we can still express ¢(t) in terms of the hypergeometric
function.

Theorem 3.2.8. Let ¢(t) be defined by Fq. (3.2.42), then for |k| sufficiently
small:

1—k 2) (1+ k)2
o(k(=2) ) =
< <1+k) \/(1+k2)<(1—k—k2)2—5k2)
64k° (1 + & — k2)
1+ 1) (1= k= k2)° 5k2>2

(b <k2 (1 . k)) ] . (3.2.43)
1—k \/ <

(1+K2) ((1+11k — k2)? — 125k2)

1, i

13
X oI 1715

. 64k (1+k — K%)°

) 4 2
(1+ k2)2 ((1 11k — k2)2 — 125k2)
(3.2.44)

X ol

)

| =
=~ w

Furthermore, ¢(t) satisfies the functional equation:

¢ <k2 G - :)) _ (11;5)2(;5 (k G:r]]zy) . (3.2.45)

Proof. We will prove Eq. (3.2.45) first. A result of Verrill [77] shows that

5. ,5)°
& (R*(q)) = R5q(q)((ngg)z:>0. (3.2.46)

Combining Eq. (3.2.46) with the trivial formula (¢, ¢*)eo = (¢; @)oo (—q; @) oos

we have
¢ (R) _ R (") {d"" (09} (3.2.47)
¢ (R5(q*)  R(q) {go/24 (=% ¢5) .}
We will apply four of Ramanujan’s formulas to finish the proof. If k =
R(q)R?(q?), then for |q| sufficiently small [53]:

- 2
R(q) =k (L:) : (3.2.48)
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1
R (¢%) =k? <+k> , (3.2.49)
1—k
& /24 /4 Lk k2 5/24
1/24 ¢ . — -
7 (=49)x (11@) <14kk2> : (3.2.50)
L 5/24 1k k2 1/24
5/24 (_ 5. 5\ _
¢ (=a%0%) (1 — kQ) (1 _4k_k2> . (3.2.51)

Eq. (3.2.45) follows immediately from substituting these parametric formu-
las into Eq. (3.2.47).

Next we will prove Eq. (3.2.43). Combining Eq. (3.2.48) with Entry
3.2.15 in [53], we easily obtain

5/24 5. .5 C(l k2)2 1o 1/24

Now we will evaluate the eta product ¢'/?*(
q4(z), then (see [58], page 148)

¢;q) - First recall that if ¢ =

- 13
0" g @)oo = 271 (L= )V Py (4a4;1;z>.

In Theorem 3.2.6 we showed that if k = R(q)R? (¢*) then
< 64k(1+k—k2)"

q =44 2 2

(14+k2) ((1+11k—k2)?—125k?

)2), hence it follows that

1/24
k(1=K (1+k—k2)° (1 -4k — k)"

1— k)" (
6
(1+ k2)° ((1 11k - k2)? — 125k2>

" (g;9),, =

64k (1 + k — k2)°
2
(1+ k2)? ((1 11k - k2)? — 125k2)
(3.2.53)

3
Z.1:
747 )

A~ =

X |2F1

Substituting Eq. (3.2.53), Eq. (3.2.52), and Eq. (3.2.48) into Eq. (3.2.46)
completes the proof of Eq. (3.2.43). The proof of Eq. (3.2.44) also follows
from an extremely similar argument.

O
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Chapter 3. Functional equations for Mahler measures

We will conclude this section by recording a few formulas which do not
appear in [53], but which were probably known to Ramanujan. We will point
out that Maier obtained several results along these lines in [69]. Notice that
the functional equation for ¢(t) (after substituting z = k/(1 — k?)) implies
a new hypergeometric transformation:

\/(1+11z)2—12522 13 642 (1 + 2)
2 2 2P| o 2
(1 Z) 5z 4’4 (1+422) ((1*2)2*5Z2>
N 64z (1 + 2)°
— 2481 7o 2
A1 4 (14 112)? — 12522)

(3.2.54)

Perhaps not surprisingly, we can also use the arguments in this section to
deduce that

5 64z (1 + 2)° 642° (1 + 2)
q4 2 = Q4 )
(1+ 422) ((1 +112)2 - 12522> (1+ 422) ((1 - 5z2)

(3.2.55)

which implies a rational parametrization for the fifth-degree modular equa-
tion in Ramanujan’s theory of signature 4.

3.3 A regulator explanation

Now we will reinterpret our identities in terms of the regulators of elliptic
curves. The elliptic curves in question are defined by the zero varieties of
the polynomials whose Mahler measure we studied. First we will explain the
relationship between Mahler measures and regulators. Then we will use reg-
ulators to deduce formulas involving Kronecker-Eisenstein series, including
equations (3.2.9), (3.2.10), (3.2.11), and (3.2.12).

We will follow some of the ideas of Rodriguez-Villegas [72].

3.3.1 The elliptic regulator

Let F be a field. By Matsumoto’s Theorem, Ky(F') is generated by the
symbols {a, b} for a,b € F, which satisfy the bilinearity relations {a1az,b} =

60



Chapter 3. Functional equations for Mahler measures

{a1,b}{a2,b} and {a,b1ba} = {a, b1 }{a, b2}, and the Steinberg relation {a, 1—
a} =1 for all a # 0.

Recall that for a field F', with discrete valuation v, and maximal ideal
M, the tame symbol is given by

v(y)
(2, 9)0 = (_1)U<f>v<y>L() mod M
y'U x
(see [71]). Note that this symbol is trivial if v(z) = v(y) = 0. In the case
when F' = Q(F) (from now on F denotes an elliptic curve), a valuation is

determined by the order of the rational functions at each point S € F(Q).
We will denote the valuation determined by a point S € E(Q) by vg.
The tame symbol is then a map K(Q(E)) — Q(S)*.

We have

0— Ky(E)®Q— K (QE)2Q— [[ Q9" xQ,

SeE(Q)

where the last arrow corresponds to the coproduct of tame symbols.

Hence an element {z,y} € K2(Q(E)) ® Q can be seen as an element
in K3(F) ® Q whenever (x,y),, = 1 for all S € E(Q). All of the families
considered in this paper are tempered according to [71], and therefore they
satisfy the triviality of tame symbols.

The regulator map (defined by Beilinson after the work of Bloch) may
be defined by

r: Ky(E) — H'(E,R)

{z,y} — {7—>/777(x7y)}

n(z,y) = log |z|dargy — log |y|d arg .

for vy € Hi(E,Z), and

Here we think of H'(E,R) as the dual of Hy(E,Z). The regulator is well
defined because n(x,1 — x) = dD(x), where

D(z) = Im (Liz(z)) + arg(1 — z) log | 2|

is the Bloch-Wigner dilogarithm.

In terms of the general formulation of Beilinson’s conjectures this defini-
tion is not completely correct. One needs to go a step further and consider
K5(€), where £ is a Néron model of E over Z. In particular, Ks(&) is

61



Chapter 3. Functional equations for Mahler measures

a subgroup of Ko(E). It seems [71] that a power of {z,y} always lies in
Ks(&).

Assume that F is defined over R. Because of the way that complex conju-
gation acts on 7, the regulator map is trivial for the classes in Hy(FE,Z)". In
particular, these cycles remain invariant under complex conjugation. There-
fore it suffices to consider the regulator as a function on Hy(F,Z)".

We write E(C) =2 C/Z + 77Z, where 7 is in the upper half-plane. Then
C/Z+ 17 = C*/q*%, where z mod A = Z + 7Z is identified with e?™*. Bloch
[62] defines the regulator function in terms of a Kronecker-Eisenstein series

eQTri(lmfam)

2 !
2ri(a+br)) _ Y7
R (e ) T m;ez (m7 +n)2(m7 +n)’ (8:3.:56)

where y, is the imaginary part of 7.
Let J(z) = log|z|log |1 — z|, and let

D(x) =Im (Lis(x)) + arg(1 — z) log |x|

be the Bloch-Wigner dilogarithm.
Consider the following function on F(C) = C*/¢*:

- log |2

o0 B " 1
Jr (z) = Z J(zq") — Z J(z7lq™) + glog2 lg| B3 <log |q|> ,  (3.3.57)
n=0 n=1

where Bs(z) = 23 — %.TQ + %m is the third Bernoulli polynomial. If we recall
that the elliptic dilogarithm is defined by

Dy(2) ==Y D(zq"), (3.3.58)

neZ

then the regulator function (see [62]) is given by
R, = D —iJ,. (3.3.59)

By linearity, R, extends to divisors with support in E(C). Let x and y
be non-constant functions on E with divisors

(@)=Y miar),  (y) = n;by).

Following [62], and the notation in [71], we recall the diamond operation

C(E)* @ C(E)* — Z[E(C)]|~
() o (y) = mej(ai —bj).

62



Chapter 3. Functional equations for Mahler measures

Here Z[E(C)]” means that [-P] ~ —[P].
Because R, is an odd function, we obtain a map

ZIE(C)]” —R.

Theorem 3.3.1. (Beilinson [55]) If E/R is an elliptic curve, z,y are non-
constant functions in C(E), and w € Q', then

/ o An(z,y) = QR ((x) 0 (v)),
B(C)

where Qg is the real period.

Although a more general version of Beilinson’s Theorem exists for elliptic
curves defined over the complex numbers, the above version has a simpler
formulation.

Corollary 3.3.2. (after an idea of Deninger) If x and y are non-constant
functions in C(E) with trivial tame symbols, then

- [t = (S0 )

where ) = fww.

Proof. Notice that in(x,y) is an element of the two-dimensional vector space
H%(E(C),R(2)) generated by w and @. Then we may write

in(z,y) = aw] + Blo],
from which we obtain

in(z,y) = a + Q.
.
On the other hand, we have

/ in(z,y) N = a/ wA D= ai2Q3y,,
E(C) E(C)
and
/ in(z,y) Aw = —Fi2Q3y,.
BE(C)
By Beilinson’s Theorem

. __R(@ o) | B((z)0 ()0
/yln(x, y) T 290% * QQ()yT ’

and the statement follows. ]
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3.3.2 Regulators and Mahler measure

From now on, we will set k = % in the first family (3.2.1).

Rodriguez-Villegas [71] proved that if Py(z,y) =k+z+ 2 +y+ % does
not intersect the torus T2, then

k) ~z 5= ({51 (). (3.3.60)

Here the ~z stands for ”up to an integer number”, and v is a closed path
that avoids the poles and zeros of x and y. In particular, v generates the
subgroup Hi(E,Z)~ of Hy(FE,Z) where conjugation acts by —1.

We would like to use this property, however we need to exercise caution.
In particular, Py(x,y) intersects the torus whenever |k| < 4 and k € R. Let
us recall the idea behind the proof of Eq. (3.3.60) for the special case of
Py(z,y). Writing

yPe(z,y) = (v — ya)(2)(y — y2) (),
we have

(k) = m(yPu(e.9)) = = [ (g™ by ()] + 108" o (@) T

- omi T
This last equality follows from applying Jensen’s formula with respect to the
variable y. When the polynomial does not intersect the torus, we may omit
the “+” sign on the logarithm since each y(i)(x) is always inside or outside
the unit circle. Indeed, there is always a branch inside the unit circle and a
branch outside. It follows that

1 dz 1
mik) = g [ ol T = =5 [ www. 336

" 2

where T! is interpreted as a cycle in the homology of the elliptic curve
defined by Py(z,y) = 0, namely H;(E,Z).

If k € [—4,4], then we may also assume that k& > 0 since this particular
Mahler measure does not depend on the sign of k. The equation

1 1
kto+—-—+y+-=0
€ Y

certainly has solutions when (z,y) € T?. However, for |z| = 1 and k real,
the number k 4+ x + % is real, and therefore y + % must be real. This forces
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two possibilities: either y is real or |y| = 1. Let x = el then for —m < 0 <7
we have )
—k—2cosf=y+ —. (3.3.62)
Yy

The limiting case occurs when |k + 2cosf| = 2. Since we have assumed
that k is positive, this condition becomes k + 2cosf = 2, which implies
that y = —1. When k + 2cos6 > 2 one solution for y, say, y(1), becomes a
negative number less than -1, thus }y(1)| > 1 (the other solution Y(2) is such
that |y(2)| < 1). When k+2cosf < 2, y; lies inside the unit circle and never
reaches 1. What is important is that |y(1)| > 1 and |y(2)| < 1, so we can still
write Eq. (3.3.61) even if there is a nontrivial intersection with the torus.

3.3.3 Functional identities for the regulator

First recall a result by Bloch [62] which studies the modularity of R, :

Proposition 3.3.3. Let ( ?; g ) € SLy(Z), and let 7" = ?;:i? If we let

(a)-(5 0)(2)

R (ezm(a'+b/7/)) _ 7?1—1— 6RT <627ri(a+b7-)) _

We will need to use some functional equations for J,. First recall the
following trivial property for J(z):

J(z)=p > J(x). (3.3.63)

rP=z

then:

2miT

Proposition 3.3.4. Let p be an odd prime, let ¢ = e
2mi(T+5)

e » forje{0,1,...,p—1}. Suppose that (N,k) =1, and p = £1 or
0 (mod N). Then

, and let q¢; =

(14 x-n(P)P*)In-(d") = ipJM (@) + x-n(0)Inpr (¢7),  (3:3.64)
=0 g

and for any z we have

p—1
(-N (D) +P*)Inr(2) = Y pIniin (2) + X-n(P)Inpr(2).  (3.3.65)
j=0 7
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Proof. First notice that

p—1 oo p—1
S eant) =357 ()
=0 P n=0 j=0
oo p—l 2,2 n72
4 N k
S () T ()
n=1j=0 P
By Eq. (3.3.63) this becomes
_ Z 1J ( Nn+k) _ Z lj (an—k)
n=0 n=1 p
PINn+k ptNn—k
[e9) Nntk 0 Nn—k 47T2y2N2 k
+ J(a %) - J(a 7 )+ T n ()
nz:;) pJ | q n:1 pbJs\q 3p 3 N
p|Nn+k p|Nn—k
3 Lo Ntk Lo No—k
=3 o) =305 ()
n=0 n:lp
= 1 = 1
_ Z J <an+k) + Z ZJ (an—k)
=0 p n=1 p
p|Nn+k p|Nn—k
N i J( Nn+k> i J( Nn—k) n 47T23J$NZB k
P — P _
P pJ | q n:1 bJs\q 3p 3 N
p|Nn+k p|Nn—k
Rearranging, we find that
1 4722 N? k
L N ( k) RN g (E
D Nt \¢q 3p s\
i 1J (( p) Nn+k) i lJ (( Nn—k
— — q P —+ — q P )
= p n=1 p
p|Nn+k p|Nn—k
° Nntk © Nn—k 47r2y2N2 k
_ I g2
£ 3w () - 3w () T ()
p|Nn+k p|Nn—k
1 —-N(p
e () = X g %)+ o I
which proves the assertion.
The second equality follows in a similar fashion. O
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It is possible to prove analogous identities for D, and R,.

Proposition 3.3.5.
mip) — i) _ amip
J% (e ) Jop (e ) Jgu( e ) (3.3.66)
Proof. Let z = e™#_then
Jop (2) = Jop (=2) =J(2) = J(=2)

+ ) (J(zq") = T(=2q") = T (=7 q") + (=27 ')

n=1

( J (ewiu(4n+1)) —J (_eﬂi/t(4n+1)>

M

’ _J (eﬂiu(4n+3)) +J<_e7ri,u(4n+3))>'

3
Il

On the other hand,
Jgﬂ% (z) = nij% (J ((_1)neﬂ’i#(2n+1)) —J ((_1)n+leﬂiu(2n+1))> ’

which proves the equality. O

3.3.4 The first family

First we will write the equation
1 1
r+—4+y+—-—+k=0
x Y
in Weierstrass form. Consider the rational transformation

xohtety 1 y - My—2)(k+a+y) (y—m)<1+$)

ety ay B 2(x + y)? 2zy

2
YQ:X<X2+<Z—2>X+1).

It is useful to state the inverse transformation:

kX —2Y kX +2Y
= ooy YT o
2X(X — 1) 2X(X — 1)

i

which leads to

T
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Notice that Ej contains a torsion point of order 4 over Q(k), namely
P = (1,%). Indeed, this family is the modular elliptic surface associated to
To(4).
We can show that 2P = (0,0), and 3P = (1,—%).
Now
(X) = 2(2P) — 20,

and
() =(2(P) + (2P) — 30) — (2(2P) — 20) — ((P) + (3P) — 20)
=(P)—(2P) - (3P) + O,

(y) =(2(3P) + (2P) — 30) — (2(2P) — 20) — ((P) + (3P) — 20)
= (P)— (2P) + (3P) + O.

Computing the diamond operation between the divisors of  and y yields
(z) o (y) = 4(P) — 4(—P) = 8(P).

Now assume that k € R and k& > 4. We will choose an orientation for
the curve and compute the real period. Because P is a point of order 4 and
fo w is real, we may assume that P corresponds to 390.

The next step is to understand the cycle |z|] = 1 as an element of
H,(E,Z). We would like to compute the value of Q = fvw. First recall

that
dx dz

Y a(y-y )
In the Caee When k > 4, consider conjugation of w. This sends x — ™", and
d"” . There is no intersection with the torus, so y remalns invariant.

Therefore we conclude that 2 is the complex period, and 5~ = 7, where 7

is purely imaginary.
Therefore for k real and |k| > 4

-1

m(k) = “Im (TRT(—1)> .

m Yr

Now take < ? _01 > € SLs(Z). By Proposition 3.3.3

therefore
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If we let p = —%, then for k£ € R we obtain

m(k) = — 711 (e 2ﬂi#) — Im (R4 (e gﬂm)>

TYpu TYu

16y m)
—Re el
( Z m+4un m+4un)>’

thus recovering a result of Rodriguez—Villegas We can extend this result to
all k € C, by arguing that both m(k) and ——J4 ( 2’““) are the real parts
of holomorphic functions that coincide at 1nﬁn1tely many points (see [70]).

Now we will show how to deduce equations (3.1.7) and (3.1.6). Applying
Eq. (3.3.64) with N =4, k=1, and p = 2, we have

J1u(q) = 2J2,(q0) + 2541y (q1),

which translates into

1 . 1 : 1 .
B 2mip) B ) . _eTikY
" ap (e ) Yo 2p (e ) ™ ou (—e )

This is the content of Eq. (3.1.7). Setting 7 = —ﬁ, we may also write

Dz (i) = Dy(—i) + Dy (—ie™). (3.3.67)

3
Next we will use Eq. (3.3.66):
J%% (erri,u) — JQ# (erriu) _ JQ# (_erri,u) ,

which translates into
1 : 2 . 2

—J M) = = Jy, (") — = ]y, (—e™H) .
e () = ) = ()
Setting 7 = —i, and using ( 9 (1) ) € SLo(Z) on the left-hand side, we

have
Dri(—i) = Dr(—) = D- (—ie™7) . (3.3.68)

Combining equations (3.3.67) and (3.3.68), we see that

2D, (—i) = Dy (~i) + Do ().

[NIE]

This is the content of Eq. (3.1.6).
Similarly, we may deduce Eq. (3.2.14) from Eq. (3.3.64) when k = 1,
N =4, and p is an odd prime.
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3.3.5 A direct approach

It is also possible to prove equations (3.1.6) and (3.1.7) directly, without
considering the p-parametrization or the explicit form of the regulator.

For those formulas, it is easy to explicitly write the isogenies at the level
of the Weierstrass models. By using the well-known isogeny of degree 2 (see
for example [64]):

¢ {E: > =z(@® +ax+b)} — {E:§° =23 — 2ad + (a® — 4b))}
given by

v M)

x2’ x?

@~ (

(we require that a? — 4b # 0), we find

¢1:E2(n+%)—>E4n27 ¢2:E2(n+%)—>E:727

X(n?X +1 ndY (X2 +2n2X +1
(bl:(XvY)_) ( 2 )7_ ( 2 ) )
X+n (X 4+ n?)
X(X +n?) Y (n?X2+2X +n?
¢2:(X’Y)_> (2 )7_ ( 5 )
n?X + 1 n(n2X + 1)

Let us write x1, y1, X1, Y7 for the rational functions and ry for the
regulator in F,,2, and x3, y2, Xa, Y2, ra for the corresponding objects in
E 4.

"It follows that

o (40) =r1 (o) = 5 [ o)
1
=0 n(z1 0 ¢1,y1 0 ¢1)
™ Jixi=1
1
=37 ({z10d1,y1001}),

where the factor of 2 follows from the degree of the isogeny. Similarly, we
find that

m (j) = r2 ({r2,12)) = 5 ({220 62,920 60)).
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Now we need to compare the values of

r({ziod,y1001}), r({m2od2,y20¢2}), and r({z,y}).

Recall that (z) o (y) = 8(P), where P = (1,%). When k = 2(n+ 1),
we will also consider the point @ = (7#,0), which has order 2 (then
P+Q=(-1,n—1) 2P+ Q= (—n?0), etc).

Let P now denote the point in Ez(n +1) and let P; denote the corre-
sponding point in Ey,,2. We have the following table:

3P, P+Q — P

. 2P,  Q — 2P
o1 P, 3P4+Q — 3P °

Oy, 2P+Q — O

Using this table, and the divisors (z1) and (y1) in Ej,2, we can compute
(x10¢1) 0 (y1 0 ¢1). We find that

(x10¢1)0 (y10¢1) = —16(P) + 16(P + Q),

and similarly

($2 ¢} ¢2) 1od (y2 o ¢2) = —16(P) — 16(P + Q)
These computations show that
270 ({210 61,910 61)) + 5 70 ({20 02,2 0 62) = 270 ({0, ),

(3.3.69)
and therefore

r1 ({1, 91}) + r2 {22, 92}) = 210 ({z0,y0}) - (3.3.70)

We can conclude the proof of Eq. (3.1.6) by inspecting signs.
To prove Eq. (3.1.7), it is necessary to use the isomorphism ¢ from Eq.
(3.3.71).

3.3.6 Relations among m(2), m(8), m (3v/2), and m (iv2)

Setting n = % in Eq. (3.1.7), we obtain

m (3\/5) +m (1\@) =m(8).
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Doing the same in Eq. (3.1.6), we find that
m(2) +m(8) = 2m (3\/5) .
In this section we will establish the identity
3m(3v/2) = 5m(iv2),

from which we can deduce expressions for m(2) and m(8).

Consider the functions f and 1— f, where f = @ € (C(E3ﬂ). Their
divisors are

<\/§Y2X> =(2P) +2(P + Q) — 30,
(1 - \@;_X) =(P) 4+ (Q) + (3P + Q) — 30.

The diamond operation yields
(f)o(1—=f)=6(P)—10(P+Q).
But (f) o (1 — f) is trivial in K-theory, hence
6(P) ~ 10(P + Q).
Now consider the isomorphism ¢:

¢: By(yy1) = By(iany,  (XY) = (-X,1Y) (3.3.71)

in

This isomorphism implies that

ez y}) = 3 5({zod,yod}).
But we know that
(og)o(yog) =8(P+Q).
This implies
6ry 5 ({z,y}) =101, 5({z,4}),
and
3m(3v2) = 5m(iv2).
Consequently, we may conclude that
m(8) = gm(?)\/é), m(2) = gm(?)\/i),
and finally
m(8) = 4m(2).
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3.3.7 The Hesse family

We will now sketch the case of the Hesse family:

3
2y 11— Y.
t3

This family corresponds to I'y(3). The diamond operation yields
(x) o (y) =9(P)+9(A) + 9(B), (3.3.72)

where P is a point of order 3, defined over Q(t1/3), and A, B are points of
order 3 such that A+ B+ P = O.
For 0 <t < 1, we have

alt) = ot (L (R () & 2o (55 4 1, (557 ).

1

If we let u = —<, we obtain, after several steps,

/

27\/§yu Z X—S(n)
(

t) = R
n(t) =Re | =5 3uk + n)2(3k + n)

,n

Following the previous example, this result may be extended to C\ k by
comparing holomorphic functions.

3.3.8 The I'j(6) example

We will now sketch a treatment of Stienstra’s example [76]:

1
(@ + 1y + (= +y) - Jay.
Applying the diamond operation, we have
(z) o (y) = —6(P) — 6(2P),

where P is a point of order 6.
For t small, one can write

T

g(t) = >1m (yRT@ﬁl) n RT<§31>) .

™ -
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Eventually, one arrives to

B 36y, X-3(m)
g(t) =Re ( 2 Z (m—0—6,un) (m+6un)>

RN x-3(m)
- Re <27ng (m + 3un)? (m—|—3;m)>7

thus recovering a result of [76].

3.3.9 The I'§(5) example

Now we will consider our final example:

1
(@+y+ @+ Dy +1) - Ty
Applying the diamond operation, we find that
(z) o (y) = 10(P) 4 5(2P),

where P is a torsion point of order 5.
Fort >0

Finally,

2 —2
r(t) = — 251%2 5 —C5 ) C5miC5 " '
ot m+5un 2(m + 5pn)
In conclusion, we see that the modular structure comes from the form

of the regulator function, and the functional identities are consequences of
the functional identities of the elliptic dilogarithm.

3.4 Conclusion

We have used both regulator and g-series methods to prove a variety of
identities between the Mahler measures of genus-one polynomials. We will
conclude this paper with a final open problem.

Open Problem 3: How do you characterize all the functional equations

of u(t)?
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We have seen that there are identities like Eq. (3.1.6), stating that

1 1 1 1 1
2m<2(kz+>+x++y+> :m<4k2+m++y+>

4 1 1
+m|{s+trz+-—+y+-—|.
(k2 x y)
While this formula does not follow from Eq. (3.2.14), it can be proved with
regulators.

Indeed, the last section showed us that we can obtain functional identities
for the Mahler measures by looking at functional equations for the elliptic
dilogarithm. To have an idea of the dimensions of this problem, let us
note that equation (3.3.64) corresponds to the integration of an identity for
the Hecke operator T},. This suggests that more identities will follow from
looking at the general operator T;,. And this is just the beginning of the
story. ..
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Chapter 4

New 5F) transformations and
Mahler measures

Mathew D. Rogers?

4.1 Introduction

In this paper we will study the consequences of some recent results of Bertin.
Recall that Bertin proved g¢-series expansions for a pair of three-variable
Mahler measures in [86]. As usual the Mahler measure of an n-variable
polynomial, P(z1,...,z2,), is defined by

m(P(z1,...,2,)) = /01.../0110g‘P (62”161,...,e2”i9”)‘d91...dOn.

We will define g1 (u) and g2(w) in terms of the following three-variable Mahler
measures

1 1 1
gl(u)::m(u—l—x—i——i—y—i——i—z—i—), (4.1.1)
x y z

g2(u) :=m (—u+4+ (fv +x_1) (y —l—y_l)

t@t+e ) e+ )+ (w+y ) (z+27h). (4.1.2)

We can recover Bertin’s original notation by observing that g (u) = m (P,),
and after substituting (zz,y/z,2/x) — (x,y,2) in Eq. (4.1.2) we see that
ga(u+4) =m (Qy) [86].

In Section 4.2 we will show how to establish a large number of inter-
esting relations between g1 (u), g2(u), and three more three-variable Mahler
measures. For example, for |u| sufficiently large Eq. (4.2.21) is equivalent

3A version of this chapter has been accepted for publication. Rogers, M. D. (2007)
New 5F4 hypergeometric transformations, three-variable Mahler measures, and formulas
for 1/7. Ramanujan Journal.
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to

g1 (3 (u*+u?)) ém(az +yt+z +1+\f(3—£u)xyz>

3 3+u
+ m(x +y + 2 +1+\f(3)xyz>.
) U
(4.1.3)

Rodriguez-Villegas briefly mentioned the Mahler measure m (x4 +yt 42t 1 4 u:pyz)
on the last page of [95].

We will also show that identities like Eq. (4.1.3) are equivalent to trans-
formations for the 5Fy hypergeometric function. Recall that the generalized
hypergeometric function is defined by

a)p - .- (ap)p "
F %1,%21 g«p _ ( p S
p ( 1,02,...0¢ ) nZ:o (bl)n---(bq)n n!
where (y), = T'(y + n)/T'(y). We have restated Eq. (4.1.3) as a hypergeo-
metric transformation in Eq. (4.2.24). As a special case of Eq. (4.1.3) we
can also deduce that

£y (33501
17370 L 1.
544 222 7

34y

)= 2 tog(e) - 202 11.5)

where f(q) =q][}2,(1— q")? (1 — q2”) (1 —q ”) (1 — qS")Q, and L(f,s) is
the usual L-series of f(¢). We will conclude Section 4.2 with a brief dis-
cussion of some related, but still unproven, evaluations of the 4F3 and 3F3
hypergeometric functions.

It turns out that gi(u) and go(u) are also closely related to Watson’s
triple integrals. For appropriate values of u, Watson showed that ¢/ (u) and
g5(u) reduce to products of elliptical integrals (for relevant results see [96],
[91], [92], and [90]). In Section 4.3 we will use some related transformations
to prove new formulas for 1/7. For example, we will show that

2 Z 3n+ (Bn+1) ¢ 3 (2n - Qk) <2k:> (n>2
n—k k)\k)
k=0
Notice that this formula for 1/7 involves the Domb numbers. Chan, Chan
and Liu obtained a similar formula for 1/7 involving Domb numbers in [88],
we have recovered their result in (4.3.10). Zudilin and Yang also discovered
some related formulas for 1/ in [98]. All of the 3F, transformations that

we will utilize in Section 4.3 follow from differentiating the 5Fj identities
established in Section 4.2.
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Chapter 4. New 5F, transformations and Mahler measures

4.2 Identities between Mahler measures and
transformations for the ;F, function

Bertin proved that both g1 (u) and go(u) have convenient g-series expansions
when w is parameterized correctly. Before stating her theorem, we will define
some notation. As usual let

(2,@)o0 = (1 —2) (1L —2q) (1 —2¢°) ...,

and define G(q) by

G(q) = Re |—log(q) + 2402712 log (1—4¢")| . (4.2.1)

n=1

Notice that if ¢ € (0, 1) then G'(¢) = —M (q)/q, where M(q) is the Eisenstein
series of weight 4 on the full modular group I'(1) [81].

Theorem 4.2.1. (Bertin) For |q| sufficiently small

g (ti(q) = - %G(q) + %G(qQ) - QLOG(qi*) 4 %OG(qG), (4.2.2)
0 (120) = 0l0) — =G () ~ =G (¢") + L0 (). (123
where
(59

1
ti(q) =v1 + —, and v; = ¢*/? 6

1 (4% %)%

2 2..2\6 (3. 3\2 (12, 12)4
(.1 _ e (@d?) (@ d) (a4
ta(q) = Vg , and vy = q RV R
U2 (@05 (%0 5 (0% 0%) 5

In this section we will show that both g;(u) and g2(u) reduce to linear

combinations of 5F} hypergeometric functions. We will accomplish this goal
by first expressing each of the functions

fa(u) :=2m <u1/2 + (z + mfl) (y+ y ) (z+ zfl)) , (4.2.4)
f3(u) :==m (u —(z+ x_1)2 (y+ y_1)2 (14 2)3 2_2) ; (4.2.5)
fa(u) :=4m <x4 +yt 2t 14+ u1/4a7yz) ) (4.2.6)

in terms of G(q). We will then exploit those identities to establish linear
relations between functions in the set { fa(u), f3(u), fa(u), g1(u), g2(v)}. This
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is significant since fa(u), f3(u), and f4(u) all reduce to 5Fy hypergeometric
functions. In particular this implies the non-trivial fact that both g (u) and
g2(u) also reduce to linear combinations of 5Fy functions.

Proposition 4.2.2. The following identities hold for |u| sufficiently large:

I 8 333 64
fo(u) =Re |log(u) — E5F4 (g%%é{ u)} , (4.2.7)
: 12 (135, 108
fa(u) =Re |log(u) — —5F4 (ggg;él, u)] ; (4.2.8)
24 5371 256
Ja(w) =Re |log(u) = ~5F (i?v}?v,;l; u)] . (4.2.9)
For |u] > 6
>0 (1/u)?" 20 = (2K (12
g1(u) =Re |log(u) — Z ( /Qn) <n> <k> <k> 1 , (4.2.10)
n=1 k=0
and if |u| > 16
XL (1/u)" o= (20— 2k [2k\ (n\*
= - . 4.2.11
o =re log =2 LRSS (T () (1) | @2

Proof. We can prove each of these identities using a method due to Rodriguez-
Villegas [95]. We will illustrate the proof of Eq. (4.2.7) explicitly. Rear-
ranging the Mahler measure shows that

f2(u) =Re [log(u)
1 1 1 64

+/ / / log (1 - — 0082(277151) 0082(27Tt2) 0052(27rt3)) dtldtgdtg,] .
o Jo Jo u

If |u| > 64, then |%C082(27Tt1)0082(277t2) COSQ(Qth)’ < 1, hence by the
Taylor series for the logarithm

fa(u) =Re -10g(u) - i (64/w)" </01 0052”(27rt)dt> 3]

—Re -log(u) - i <2: )3 (1/5)”]

=Re |log(u) — %5F4 (33

Notice that Eq. (4.2.7) holds whenever u ¢ [—64, 64], since f(u) is harmonic
in C\[—64, 64]. O
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While Proposition 4.2.2 shows that the results in this paper easily trans-
late into the language of hypergeometric functions, the relationship to Mahler
measure is more important than simple pedagogy. Bertin proved that for
certain values of u the zero varieties of the (projectivized) polynomials from
equations (4.1.1) and (4.1.2) define K3 hypersurfaces. She also proved for-
mulas relating the L-functions of these K3 surfaces at s = 3 to rational
multiples of the Mahler measures. Proposition 4.2.2 shows that these re-
sults imply explicit 5Fy evaluations (see Corollary 4.2.6 for explicit exam-
ples). While it might also be interesting to interpret the polynomials from
equations (4.2.4) through (4.2.6) in terms of K3 hypersurfaces, we will not
pursue that direction here.

Theorem 4.2.3. For |q| sufficiently small

falsal@) = = 126(a) — 126 (~a) + 26 (). (4.212)
falssla)) =~ SG(@) + 3G (). (1.2.13)
fa(s4(q)) = - %G(q) + %G (a*), (4.2.14)

3. 3\6 . \6 2
83((]) :1 <27q(q ’q)oo+ (Q7Q)oo> ,

. 6 . 6
(Do (@%63)%

24 8 12 4
1(a% 4%, (6 0)% (a*54") (%4
s4(q) =~ 50 | 169 2. 912 + 4 (4. ,4\8 ’
7 (¢;9)5 (4% 6%) s (45 9)5 (a% %) 5o

The following inverse relations hold for |q| sufficiently small:

G(q) = — 192 (s2(q)) — 4f2 (s2(—q)) + 24f2 (s2 (¢%))
—12f5 (s2 (—¢%)) (4.2.15)
(

Glq) =— %fs (s3(q)) — g]% (53 (82“/311))

(4.2.16)
27 (55 (4720) ) + 5 s (55 (%)
G(q) = — 51 (s4(q)) — 2fa (s4(—q)) + 4f1 (54 (¢°)) - (4.2.17)
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Proof. We can use Ramanujan’s theory of elliptic functions to verify the
first half of this theorem. Recall that the elliptic nome is defined by

R o (%,1-%;1;1—@

sin(m/3) ym (41 Li1sa)

gj(a) = exp

It is a well established fact that s; (¢; («v)) is a rational function of o when-
ever j € {2,3,4}. For example if ¢ = ¢2(cx), then s2 (¢) = a(llfa). Therefore
we can verify Eq. (4.2.12) by differentiating with respect to «, and by
showing that the identity holds when ¢ — 0.

Observe that when ¢ — 0 both sides of Eq. (4.2.12) approach — log |q| +

O(q). Differentiating with respect to « yields

n

Ly 16i 3_4 +256i s 4" ) dg
= —— — n n -~ -
2q — 1—qn — 1—¢* | do

This final identity follows from applying three well known formulas:

11
35y (%’%’%;404(1 - a)) =oF? (2, 3 1; a> ,

n & 4n
3 9 3 4
L6 el 256t
n=1

We can verify equations (4.2.13) and (4.2.14) in a similar manner by using
the fact that s3 (g3(«)) = a(fza), and s4 (q4(a)) = a(ffa).
The crucial observation for proving equations (4.2.15) through (4.2.17)

is the fact that G(q) satisfies the following functional equation for any prime
p:

11
=(1- 2a)2F14 (2, 5 1;a> .

—_

%Z G (/) = (14+5") G (¢") G (¢7) - (4.2.18)

=0

<

We will only need the p = 2 case to prove Eq. (4.2.15):

G(q) + G(—q) = 9G (¢*) — 4G (¢*) .
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Notice that this last formula always allows us to eliminate GG (q4) from an
equation. Applying the substitutions ¢ — —¢, ¢ — ¢%, and ¢ — —¢® to Eq.
(4.2.12) yields

—2/15  —1/15 3/5 G (q) f2 (s2(q))
-1/15  =2/15 3/5 G(—q) | = f2 (s2(—q))
—3/20 —3/20  23/20 G (¢%) 2f2 (52 (%)) = f2 (s2 (—¢?))

Since this system of equations is non-singular, we can invert the matrix to
recover Eq. (4.2.15). We can prove equations (4.2.16) and (4.2.17) in a
similar fashion. O

If we compare Theorem 4.2.3 with Bertin’s results we can deduce some
obvious relationships between the Mahler measures. For example, combining
Eq. (4.2.14) with Eq. (4.2.3), and combining Eq. (4.2.13) with Eq. (4.2.2),
we find that

91(t1(q)) :%ﬂ; (s4(q)) + 2%]21 (s1 (%)), (4.2.19)

92 (12(0)) = — 1 fs (sa(a)) + 125 (53 (7)) - (4.2.20)

Notice that many more identities follow from substituting equations (4.2.15)
through (4.2.17) into formulas (4.2.2), (4.2.3), (4.2.12), (4.2.13) and (4.2.14).
However, for the remainder of this section we will restrict our attention to
equations (4.2.19) and (4.2.20). In particular, we will appeal to the theory
of elliptic functions to transform those results into identities which depend
on rational arguments.

oag
% is an algebraic
function of a for j € {1,2,3,...} (for example see [82]7 or [83]). It follows
immediately that sa2(q), s3(q), s4(q), t1(q), and t2(q) are also algebraic func-
tions of a. The following lemma lists several instances where those functions

have rational parameterizations.

If we let ¢ = g2(«), then it is well known that

Lemma 4.2.4. Suppose that ¢ = q2(ct), where o = p(2+p)3/(1+2p)3. The
following identities hold for |p| sufficiently small:

_ 16(1 + 2p)° 5 (¢?) = 16(1 + 2p)2
I pPA+p)2+ ) P TR )T+ P2+ )
sa(—q) = — 16(1 —p)S(1 + p)? o2 (—q") = - 16(1 — p)*(1 + p)°
T e pP + 2p) 2T T Be A+ 2p)

s2(q)

85



Chapter 4. New 5F, transformations and Mahler measures

oy 162(1—p)3(1 +p)(1 +2p)? 6y _ 16%(1 —p)(1+ p)*(1 + 2p)
s2(=0) = P*(2 +p)S - (=) = P5(2 + p)? ’
) = 4(1+4p+p?)° 5 (¢) = 16 (1+p+p?)°
-T2+ +2p) P2(1—p2)2 (24 p)2(1 + 2p)’

4(1-2p—2p?)° A 4(2+42p—p?)°
e PRSI R EAN A U ey cue Y oo T &
16 (1 + 14p + 24p? + 14p% 4 p*)*
) = T 2@ 1 P T )
; 16 (14 2p + 2p° + p*)*
(O =R e 0 )
16 (1 — 10p — 12p> — 4p* — 2p*)*
) = P DT P+ )
. 16 (1+ 2p — 4p® — 2p%)"
(0 = Fr AT e )

Rational formulas also exist for certain values of t3(q) and t2(q):

o A(L+p+p?) (L+4p+p?)?
1) == = 22+ )1+ 2)
g - 200 +p+1p2)° (1-2p—2p?)°
! p(1—p?)(2+p)(1+ 2p)?
4(1-p)°
p(2+p)(1+2p)’
4(1+4p+p*)?
A -p?)2+p)

The main difficulty with Lemma 4.2.4 is the fact that very few values of
5j(£q¢™) reduce to rational functions of p. Consider the set
{SQ(q), s2(—q), 2 (—qz) , 82 (q2)} as an example. While Lemma 4.2.4 shows
that s2(q), sa(—q), and s (—qz) are all rational with respect to p, the for-
mula for so (q2) involves radicals. Recall that if a = p(2 + p)3/(1 + 2p)3,

then
4(1+vVI—a)

52 (%) = ——5F—"

a2Vi—a

)

ta(q) = —

ta(—q) =
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where /1 —a = @;22)2\/(1 — p2)(1 + 2p). Since the curve X2 = (1—p?)(1+
2p) is elliptic with conductor 24, it follows immediately that rational sub-
stitutions for p will never reduce so (q2) to a rational function. For the sake
of legibility, we will therefore avoid all identities which involve those four
functions simultaneously. By avoiding pitfalls of this nature, we can derive
several interesting results from Lemma 4.2.4.

Theorem 4.2.5. For |z| sufficiently large

g1 (3 (Z 4 2_1)) Zile <M> if <9(3+22)4> ., (4.2.21)

20 26 26

92(z) = — ffs <(16_Z)> + %fg ( (4- Z>3> . (4.2.22)

z

Proof. These identities follow from applying Lemma 4.2.4 to equations (4.2.19)
and (4.2.20). If we consider Eq. (4.2.19), then Lemma 4.2.4 shows that #3(q),
s4(q), and s4 (¢*) are all rational functions of p. Forming a resultant with
respect to p, we obtain

4(1+p+p2)° (1+4p+p2)° _ 2
pA-p) 2+p)+2p)

16 (1 + 14p + 24p? + 14p% 4 p*)*
p(1 = p)°(1 +p)%(2+p)3(1 + 2p)?

Simplifying with the aid of a computer, this becomes

0 = Res
P

— 84(q)

0=si(q)+ (12+ t%(q))4 — s4(q) (—288 + 352t1(q) — 42t1(q) +5(q)) -

If we choose z so that ¢1(¢) =3 (2 4+ z71), then s4(q) =9 (3 + 22)4 275 and
a formula for s4 (q3) follows in a similar fashion. O

If we let w = 1/z with z € R and sufficiently large, then Eq. (4.2.22)
reduces to the following infinite series identity:

SO0

n=1
1 (1 —16u) 4u 43579 108u
71 F sgegedsdte T T 7
5 ((1 4u )8) 50— 16wt (3 222 77 (1 16u)?
3242

4 3
— . Fy | 322
51— 4P’ 4< :
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Similarly, if we let u = 1/2% then Eq. (4.2.21) is equivalent to:

S (o) (R0

2 27(1 + u)® 4u? 53719, 256U
:—log _|_ 5F4 1029405 e
5 (3 +u)3(1 + 3u) 5(3 + u)? 222 7 9(3 + u)?
37
1274

+ 4u F g T, 256u
15(1 + 3u)t> 4\ 2222 791+ 3u)t )

(4.2.24)

In Section 4.3 we will differentiate equations (4.2.23) and (4.2.24) to obtain
several new formulas for 1/7. But first we will conclude this section by
deducing some explicit 5Fy evaluations.

Recall that for certain values of u, Bertin evaluated g;(u) and ga(u) in
terms of the L-series of K3 surfaces. She also proved equivalent formulas
involving twisted cusp forms. Amazingly, her formulas correspond to cases
where the right-hand sides of equations (4.2.21) and (4.2.22) collapse to one
hypergeometric term. We can combine her results with equations (4.2.23)
and (4.2.24) to deduce several new 5Fj evaluations.

Corollary 4.2.6. If g(q) = q(q q ) (q q ) then

135 810v/3
5Fy (sz e ) = 1810g(2) + 27log(3) - ——~L(9.3).  (4.2.25)

I 1(0) =g (0% (6% (6% 9 (a5 %)%, then

531 256 5120v/2

5 Fy (47?5;1; 1) S log(2) - o5 L(£.3). (4.2.26)

While many famous 5 Fy identities, such as Dougall’s formula [81], reduce
special values of the 5 Fy function to gamma functions, equations (4.2.25) and
(4.2.26) do not fit into this category. Rather these new formulas are higher
dimensional analogues of Boyd’s conjectures. In particular, Boyd has con-
jectured large numbers of identities relating two-variable Mahler measures
(that mostly reduce to 4F3 functions) to the L-series of elliptic curves [87].
The most famous outstanding conjecture of this type asserts that

1 1 15
m(1+:v++y—|—> = —2Re [4F3 (%% 16)] T L(f2),
T Yy dm
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where

ﬁ (1) (1 g") (1~ ) (1— ™).

and “=” indicates numerical equality to at least 50 decimal places. Re-
cently, Kurokawa and Ochiai proved a formula [93] which simplifies this last

conjecture to
111 1\ 9 15
o F 212732,
32(371716> (fv)

Of course it would be highly desirable to rigorously prove Boyd’s conjectures.
Failing that, it might be interesting to search for more hypergeometric iden-
tities like equations (4.2.25) and (4.2.26). This line of thought suggests the
following fundamental problem with which we shall conclude this section:
Open Problem: Determine every L-series that can be expressed in terms
of generalized hypergeometric functions with algebraic parameters.

4.3 New formulas for 1/7

In the previous section we produced several new transformations for the 5F}
hypergeometric function. Now we will differentiate those formulas to obtain
some new 3F transformations, and several accompanying formulas for 1/7.
The following formula is a typical example of the identities in this section:

- 3n+1) on — 2k\ [2k\ [n)>

-3 Z(n—k)(k)(k:) (43.1)
n=0 k=0

Ramanujan first proved identities like Eq. (4.3.1) in his famous paper “Mod-

ular equations and approximations to 7" [94]. He showed that the following
infinite series holds for certain constants A, B, and X:

1_ Z /2)an (4.3.2)

Ramanujan determined many sets of algebraic values for A, B, and X by
expressing them in terms of the classical singular moduli G,, and g,. He
also stated (but did not prove) several formulas for 1/7 where (1/2)? is
replaced by (1/a), (1/2), (1 —1/a), for a € {3,4,6} (for more details see
[84] or [89]).
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Ramanujan’s formulas for 1/7 have attracted a great deal of attention be-
cause of their intrinsic beauty, and because they converge extremely quickly.
For example, Mathematica calculates 7 using a variant of a Ramanujan-type
formula due to the Chudnovsky brothers [97]:

1(135914 4513013

4.3.3
n'3 3n) (6403203 )"+1/2 (43.3)

More recent mathematicians including Yang and Zudilin have derived for-
mulas for 1/7 which are not hypergeometric, but still similar to Eq. (4.3.3).
For example, Yang showed that

mﬁ Z 4n+1 Z(Z>4

k=0

and Zudilin gave many infinite series for 1/ containing nested sums of
binomial coefficients [98]. All of the formulas that we will prove, including
Eq. (4.3.1), are essentially of this type.

Theorem 4.3.1. For |u| sufficiently small

112 108u? L (20— 2k (2K (n)?
ow (it o)~ 0w e 2 () () ()

(4.3.4)

i 9(1236;@4) - ((111313) i <9(1 i u)2>" (25) k:zn:_o <2:> <Z)2

n=0
(4.3.5)

Proof. Applying the operator udd—u to Eq. (4.2.23), and then simplifying
yields

S (2K (20— 2k (m) (1 + 32u) 112 108u
! - T R (s - ——
nzzou ;)<k><n—k><k> 51— 16w)° 2\ "1 T (1= 16u)8
16(1+2u) (112 108u?
A (1 —4u) )

Eq. (4.3.4) then follows from applying a standard 3F5 transformation:

1132 108u (1 —16u) 112 108u?
312 <3’?"’5_(1 - 16u)3> = A aw 2 (‘ B 3'(14u)3)' (4.3.6)
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We can prove Eq. (4.3.5) in a similar manner by differentiating Eq. (4.2.24)
and then using

113 25603 (3+u) 113 256u

While the infinite series in Theorem 4.3.1 are not hypergeometric since
they involve nested binomial sums, they are still interesting. In particular,
those formulas easily translate into unexpected integrals involving powers of
modified Bessel functions. For |z| sufficiently small, Eq. (4.3.4) is equivalent
to

o 2
(et ugs gy dy = —— 2o, (3552000} g
/0 e o (2u) du 3(1—|—3x2)3 2| e 27 ) (4.3.8)

where Iy(u) is the modified Bessel function of the first kind. Recall the series
expansions for In(2u) and I3 (2u):

o 2n Sl 2n
u 2n\ u
Io(2u) = E R 1§(2u) = E <n>n'2

n=0 n=0

While it is not obvious that the Laplace transform of I§(2u) should equal
a hypergeometric function, M. Lawrence Glasser has kindly pointed out
that equation (4.3.8) is essentially a well known result. A variety of similar
integrals have also been studied by Joyce [92], Glasser and Montaldi [90],
and others.

Finally, we will list a few formulas for 1/7. Notice that equation (4.3.10)
first appeared in the work of Chan, Chan and Liu [88].

Corollary 4.3.2. Let ap, = Y (2Z:ik) (Qkk) (2)2, then the following for-
mulas are true:

2oy, (43.9)
n=0
8v3 = (bn+1)
- _nzz;) T (4.3.10)
9+:\/§ :i(m +3-V3) <?’\/i_5> . (4.3.11)
n=0
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Let b, = (2:) > h—o (Zkk) (2)2, then the following identity holds:

2 (64 +29v3) & 80v3— 139"
= > (520n +159 — 48\/3) <484 by, (4.3.12)

n=0

Proof. We can use Eq. (4.3.4) to easily deduce that if

nl3 1—4u

then A = a(1 —4u)/(2+4u), and B = a(—4u)(1 — 4u)/(2 + 4u) + b(1 — 4u).

108u>?
, (1—4u)3) €

(852) (Fat) B -5V8 & - 8va -+ 25V it s
easy to verify equations (4.3.9) through (4.3.11) [89].

We can verify Eq. (4.3.12) in a similar manner by combining Eq. (4.3.5)
with Ramanujan’s formula

8_

= i(QOn +3)
n=0

Since the left-hand side of this last formula equals 1/7 when (a, b

(L/402(1/2)n(3/4) <1>

T 3 4

4.4 Conclusion

We will conclude the paper by suggesting two future projects. Firstly, it
would be desirable to determine whether or not a rational series involving
by, exists for 1/m. Secondly, it might be interesting to consider the Mahler
measure

fo(u) =m <u - (z + 2_1)6 (y + y_1)2 (1+ x)3a:_2) ,

since fg(u) arises from Ramanujan’s theory of signature 6.
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Chapter 5

Trigonometric integrals and
Mahler measures

Mathew D. Rogers*

5.1 Introduction

In this paper we will undertake a systematic study of each of the inverse
trigonometric integrals

1pao—1 -1
(v, w) :/ tan™*(vz) tan™ (wx) dz,
0

x
11 L
S(, w) :/ sin™ (vz) sin (wx)dx?
0 x
1 -1 sa—1
TS (v, w) :/ tan (vx)xsm (wx)dx
0

This class of integrals arises when trying to find closed form expressions for
the Mahler measures of certain three-variable polynomials.

Recall that the Mahler measure of an n-dimensional polynomial, P(z1,...,zy),
can be defined by

1 1
w (Plorse) = [ [Clog|p (e fagy s,
0 0
In the last few years, numerous papers have established explicit formulas

relating multi-variable Mahler measures to special constants. Smyth proved
the first result [102] with

m(1+x+y+z)=%§(3),

4 A version of this chapter has been published. Rogers, M. D. (2006) A study of inverse
trigonometric integrals associated with three-variable Mahler measures, and some related
identities. J. Number Theory 121:265-304.
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where the Riemann zeta function is defined by ((s) = 300 | L.

In this paper, we will prove a number of new formulas relating three-
variable Mahler measures to the aforementioned trigonometric integrals.
Many of our identities generalize previously known results. We will list
a few of our main results in this introductory section.

For our first example, we can use various properties of T(v,w) to show

that
1—a)? 1—2\\?
1A (=% 2
w0 (552) (e (552)) )
4 [?tan~! 1\ 1 1-z\?
:f/ mn(u)duiT(v,>+m<lv4( x))
T Jo U m v 2 1+z

(5.1.1)

This reduces to one of Lalin’s formulas [107] when v = 1:

m((1+y)(1+2)+ (1 —2)(z —y)) = %{(3) n 10g2(2). (5.1.2)

We can use the double arcsine integral, S(v, w), to prove that if v € [0, 1]:

™ u

4 (Lig(v) - Lig(v)) |

2 2

vsin~!(u
m(l+z)+y+2) 2/ Adu—%S(v,l)
0 (5.1.3)

The second equality has been proved by Vandervelde [115]. Slightly more
complicated arguments lead to expressions that include

1
2 (2 sin™!(u) 12./11
1—z!/0 :f/ ——Zdu— =S|, = 5.1.4
m( * —i—y—i—z) T Jo U " 727\ 272 ( )

This fractional Mahler measure is defined by
1
m(l—xl/ﬁ+y+z) :/ m(l—e%i“/6+y+z> du,
0

notice that m (1 — 26 4y + z) #m(l —x +y + 2z). We can simplify the
right-hand side of Eq. (5.1.4) by either expressing S (%, %) as a linear com-
bination of L-functions, or in terms of a famous binomial sum:

11 T 1
S<272> :Zzng(%).
n=1 n
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Condon [105] proved an identity that Boyd and Rodriguez Villegas con-
jectured:

m(l4z+(1—2)y+2) = %4(3). (5.1.5)
His proof also showed (in a slightly disguised form) that
TS(2,1) = ~ /2 fan = (w) g, Tem). (5.1.6)
2 Jo U )

We have generalized Condon’s identity to show that

m(l—i—x—i—%(l—m)(y—i—z)) :2/0

™

Y tan~!(u)

4
" du — ETS(U, 1), (5.1.7)

where Eq. (5.4.18) expresses TS(v,1) in terms of polylogarithms. We can
use this result to prove a number of new formulas, including:

m <x+ %(1 +a)? + (y+ g(l +x))22>
= i/ov tan:(u) du — %TS(’U, 1)+ %m <m + Uzz(l + m)2> .
(5.1.8)

When v = 2 this reduces to an interesting identity for {(3) and the golden
ratio:

m (e 4 (1+2)+ (142 +1)%) = %g(:a) +log (1 *2*/5> . (5.1.9)

We will show that all of the integrals TS(v,w), T(v,w), and S(v,w)
have closed form expressions in terms of polylogarithms. The special case of
TS(v, 1) will warrant extra attention, as it is related to an interesting family
of binomial sums. Our closed forms are all derived through elementary
methods.

5.2 Preliminaries: A description of the method,
and some two dimensional Mahler measures

Although there are many conjectured formulas for multi-variable Mahler
measures, most are extremely difficult, if not impossible, to prove. Rather
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than attempting to prove any of these conjectures, we will take an easier ap-
proach. By investigating promising functions, and rewriting them as Mahler
measures, we can recover a number of useful formulas.

Our first step was to determine a class of functions that we could relate
to Mahler’s measure. We chose the three integrals TS(v,w), S(v,w), and
T(v,w), based on Condon’s evaluation of TS(2,1), Eq. (5.1.6). Condon’s
formula naturally suggested the existence of a generalized Mahler measure
formula involving TS(v,1). From there, it was a small step to consider the
similar functions TS(v, w), T(v,w), and S(v, w).

We will use the following method to express TS(v, 1), S(v, 1), and T(v, 1/v)
as three-variable Mahler measures. First, a simple integration by parts
changes each function into a two-dimensional integral, containing either a
nested arcsine or arctangent integral. Recall that the following integrals
define the arctangent and arcsine integrals respectively:

w -1 U oin—1
/ tan™ (u) du, / sin™ (u) du.
0 0

u u

A typical formula for TS(v,1), Eq. (5.3.8), can be proved with little trouble:

TS(v,1) = & / fan” () g, /ﬂ/2 /m(e) fan(2) 3. qp.
2 Jo u 0 0 z

Next, substituting a two-dimensional Mahler measure for the nested arctan-

gent or arcsine integral will allow us to obtain a three-dimensional Mahler

measure evaluation. Theorem 5.3.2, Proposition 5.5.2, and Theorem 5.7.3

contain our main results from using this method.

Expressing the arcsine and arctangent integrals in terms of Mahler’s
measure represents the main difficulty in this approach. In the remainder
of this section we will establish four two-variable Mahler measures for the
arctangent integral, and one two-variable Mahler measure for the arcsine
integral.

Since many of our results involve polylogarithms, this will be a good
place to define the polylogarithm.

Definition 5.2.1. If |z| < 1, then the polylogarithm of order k is defined by

Lij(2) =

NE

n=1

We call Lig(z) the dilogarithm, and we call Liz(2) the trilogarithm.
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Theorem 5.2.2 requires a formula of Cassaigne and Maillot [111]. In
particular, Cassaigne and Mallot showed that
D (%‘e”) + alogla| + Blog [b] + ylog|c|, if “A”

mm(a+bxr+cy) = { )
mlog (max {|al, |b], |c|}), otherwise.

The “A” condition states that |a|, |b|, and |c| form the sides of a triangle.
If “A” is true, then «, §, and + denote the radian measures of the angles
opposite to the sides of length |a|, |b|, and |c| respectively. In this formula,
D(z) denotes the Bloch-Wigner dilogarithm. As usual,

D(z) =Im (Lia(2)) + log |z| arg(1 — 2).

Now that we have stated Cassaigne and Maillot’s formula, we will prove
Theorem 5.2.2.

Theorem 5.2.2. If0 < v <1 and w > 0, then

UV ot —1
/ S 4y 2T 204y + 2) (5.2.1)
0 u 2

w ¢ —1
/ anT(u)du =gm(Ltw’ + (y+w)z) ~ Tlog(L+u?)  (522)
0

Proof. To prove Eq. (5.2.1) first recall the usual formula for this arcsine
integral,

v sin” ! (u) 1 . 2isin—1(v) -1
/0 Tdu = §Im (ng (e )) +sin” " (v) log(2v),  (5.2.3)

which is valid whenever 0 < v < 1.
Now apply Cassaigne and Maillot’s formula to m(2v 4+ y + 2); we are in
the “A” case since 0 < v < 1. It follows from a little trigonometry that

mm(2v+y+2)=D (e%sm_l(”)) + 2sin~ ! (v) log(2v),

o2t sin—1 (v)

Since ‘ =1,D (e%sm_l(“)) = Im (Lig (e%sm_l(”)>>, hence we

obtain
mm(2v 4+ y + z) = Im (L12 (eQiSinil(”)>) + 2sin"! (v) log(2v).

Comparing this last formula to Eq. (5.2.3), we have

Vo1
gm(2v+y+z):/ Mdu.

0 u
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To prove Eq. (5.2.2) first recall that if 0 < w < 1, then

/w 0 () 4 (Lig (i)
0

u

Next observe that by Cassaigne and Maillot’s formula

mm (V14 w2 +wy+z) =D (e™?w) + tan" (w) log(w +zlog 1+ w?
(V58 ) - st + S (VT
= Im (Liz(iw)) + Zlog (14 w?).

After a change of variables in the Mahler measure, it is clear that

m<m+wy+z> zl{m( 1+w2+(1+wy)iz)+m(\/1+w2—(1+wy)iz>}

2

%m (1+ w? + (1+ wy)222)

1
Jm (14w + (y + w)*2) .

It follows that for 0 < w < 1 we have

w —1
/ Mduzim(uw%(ww)%)—zlog(1+w2)-
0 u 2 4

We can extend this formula to the entire positive real line. Suppose that
w = 1/w’ where w' > 1, then

1w tan=1(u) ™ 1 12 T 1
= gm (1 +w” + (y+ w’)QZ) - glog (1+w") - glog(w’).

Since the arctangent integral obeys the functional equation [112]

w’ tan—! 1/w tan—!
/ an7(u)du _ log(w') +/ an7(u)du, (5.2.4)
0 U 2 0 U

it follows that

w' t —1
/ an7(u)du:gm(ler'?+(y+w’)2z)fglog(ler’Q).
0 u

Therefore Eq. (5.2.2) holds for all w > 0. O

100



Chapter 5. Trigonometric integrals and Mahler measures

The next theorem proves that Eq. (5.2.2) is not unique. Using results
from Theorem 5.6.5, we can derive three more Mahler measures for the
arctangent integral.

Theorem 5.2.3. Suppose that w > 0, then

/0’” wd“ —Tm ((L+ )1 +y) +wl -y E+),  (5.25)

/ Cian )y, —sm ((y—y ) +uwE+z), (5.2.6)
0

/w Mdu 7rrn <4(1+y)2 B (Z+Zil)2) (1+WQ)2
0 u 4 + (2 271)2 (14 y)2(1 — w?)? (5.2.7)
— glog(Q) - glog(l + w).

Proof. Since all three of these formulas have similar proofs, we will only
prove Eq. (5.2.5) and Eq. (5.2.7). It is necessary to remark, that while Eq.
(5.2.5) follows from Eq. (5.6.25), and Eq. (5.2.7) follows from Eq. (5.6.19),
we must start from Eq. (5.6.16) to prove Eq. (5.2.6).

Now we will proceed with the proof of Eq. (5.2.5). From Eq. (5.6.25)

we have
1+k 2 , Usin™ (u)
— ZIm (Li = —=d
4k1 (1 —k) pm (Liz(in)) /0 1— k22"
where k = %, and 0 < k < 1. After an integration by parts this becomes
1 2
I—k log (ﬂ;) —%Im (Lig(ir))

_ Ty 1+k 1/110 1+ ku du
e B\1T—%) 2w ), P\ k) Ao

It follows immediately that

1 1+ ksin(t)
- dt
Im (Lig(ir) 4/0 (1—l<: n(t)>
2m
1/ 1+ Eksin(t) gt
8 Jo 1—ksin(t)
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Changing the “log™ | - |” term into a Mahler measure, which we can do by
Jensen’s formula, yields

1+ k2t
Im (Lig(ir)) = %m (y + 2) .

+—l

Since k = r-&-%’ we have

LT r+r 4 (z+ 271
Im (Lig(ir)) —Zm <y + R (A 21)>

T ()47 + (= )z +27)

- gm (7" +r = (24 z_l))

zgm (L+y)r+r )+ -y)(z+2h)

-2 <log+(r) +log* (i))

In order to substitute the arctangent integral for Im (Liz(ir)), we will assume
that 0 < r < 1. With this restriction, the formula becomes

[ g =T @+ ) e +2)

T 1
Tl ()
zgm (1+y)(1 +r3 +r(1 —y)(z—i—zil)) (5.2.8)

We can manually verify that Eq. (5.2.8) holds when r = 0 and » = 1, and
using Eq. (5.2.4) we can extend Eq. (5.2.8) to all »r > 1. Therefore, Eq.
(5.2.5) follows immediately.

Next we will prove Eq. (5.2.7). Using Eq. (5.6.16), we can show that

- 1 sin™!(u
2Im (Liy(ip)) = 5 log(p) +/0 u\/(l — u2)((1 )_ k2u2)du’

where k = };—pz, and 0 < k < 1. To satisfy this restriction on k, we will

assume that 0 < p < 1. After several elementary simplifications, the right-
hand side becomes

— T log(p) + “log 14+ —— +/1lo Y du
=3 og(p 9 0og /71—162 0 g 1 — k22 (1—’U,2)
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T T (1 +p)2> /”/2 cos(h)
~Tlog(p) + Slog (S ) [ hog (14— ag
2 &) 2 % < 2p 0 : 1 — k2sin?()

T (1 +p)2) 1 /2” 4 cos(6)

=—1lo + - log" |1 + ————|df
2 g( 2 2Jo & 1 — k2sin?(9)
Since cos(m — 0) = — cos(f), we have
" m (1 ‘HD)Q) 1 /27r n cos(6)
2Im (Liz(ip)) == lo + - lo 1+ ————————|dd
(Lialip)) = g( 2 1o 1 — k2 sin?(6)
27
+ 1/ 10g+ 1— L@ de.
4 Jo 1 — k2sin?(0)

Applying Jensen’s formula yields

2Im (Liz(ip)) :glog <(1 J;p>2> + ! /OZTrm ((1 + )2 COSQ(%) de

4 1 — Kk2sin?

2 2+ 2z ?
=5ox (52 ) 4 G (“ R +(k2+<z —)>>
—3 log <(1 —;p)2> —gm (4482 (=717

+2m (4092 = (7)) + R0+ (- 277

We can simplify the one-dimensional Mahler measure as follows:
m (4 + k2 (z— 271)2> =2m (2 + ik (2 — zil))

— 2log (1+\/1—k2)

(1+p)?
=21 .
Og( 1+ p?
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Eliminating k yields

ot i) = 1o (52— g (L£2)

2 2 1+ p?
2\ 2
m ((4(1 +y)? = (2 + z*l)Q) + G ;;) (1+y)? (= - 21)2>
log(2) — mlog(1 + p)
r (4042 = (4 27)7) (147

2 2(1 - p2)?

+

ST T

+(1+y)?(z—2")
Since 0 < p < 1, it follows that

2/p tan=! (u) du =" (4(1 +y)? - (2 + 271)2) (1+p*)?
o U 2\t 4y (-2 - p?)? (5.2.9)
- glog(2) —7mlog(1+p).

It is relatively easy to verify that Eq. (5.2.9) holds when p =0 and p = 1.
Using Eq. (5.2.4), we can also extend Eq. (5.2.9) to p > 1, which completes
the proof of Eq. (5.2.7).

O

5.3 Relations between TS(v,1) and Mahler’s
measure, and a reduction of TS(v, w) to
multiple polylogarithms

The first goal of this section is to establish five identities relating TS(v, 1) to
three-variable Mahler measures. We will prove these formulas in Theorem
5.3.2, using the methods outlined in Section 5.2. Corollary 5.3.3 examines
a few special cases of these results.

Theorem 5.3.5 accomplishes the second goal of this section, which is
to express TS(v,w) in terms of multiple polylogarithms. This result, which
appears to be new, is stated in Eq. (5.3.14). The importance of Eq. (5.3.14)
lies in its easy proof, and more importantly in the fact that it immediately
reduces TS(v, 1) to multiple polylogarithms. Finally, Proposition 5.3.6 will
demonstrate that the multiple polylogarithms in Eq. (5.3.14) always reduce
to standard polylogarithms.

We will need the following simple lemma to prove Theorem 5.3.1.
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Lemma 5.3.1. Assume that v and w are real numbers with v > 0 and
€ (0,1], then

w i —1 tan~1(v) 2 tan(0) iy —1
TS(v,w):tan_l(v)/ bm(z)dz—/ / Mdzd@,
z 0 0 z

0
(5.3.1)
) R A A e,

Proof. To prove Eq. (5.3.1) first integrate TS(v,w) by parts to obtain:

v sin~!(z
TS(v, w) :tan_l(v)/o %dz
La W sin~t(z
—/O Tu (tan~ l(vu))/o %dzdu.

Making the u-substitution 6 = tan=!(vu) we have:

tan~1(v) % tan(0)
TS(v, w) :tanfl(v)/ s (2) zf/ / st ) dzdé,

0

which completes the proof of the identity.
The proof of Eq. (5.3.2) follows in a similar manner. O

The fact that Lemma 5.3.1 expresses TS(v,w) as a double integral in
two different ways, makes TS(v,w) more versatile than either S(v,w) or
T(v,w). These two different expansions will allow us to combine TS (v, w)
with Mahler measures for both arctangent and arcsine integrals.

Theorem 5.3.2. The following Mahler measures hold whenever v > 0:

m(l—i—x—i—%(l—m)(y—i—z)) :2/0

Y tan~! 4
fan () 4,, STS(w1)  (533)

™

m(x+f(1+x)2+ (y+g(1+x))2z>

v -1 2
= 2/0 Mdu - %TS(U, 1)+ %m (CL’ + %(1 + CL’)2>

™ u

u

(5.3.4)
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m ((1 +y) (1 + U;(m + x‘1)2> - g(l —y) (z+ah) (2 + fl))

4 Y tan"t(u) 8 (5:3.5)
- Tr/o e Sdu— 5 TS(v, 1)
m (== + S@+a )y +y)
7 g v tan_l(u) u i ; (5.3.6)
_ Tr/o - S T8(0,1)

(0002 = (=) (14 <x+xl>2)2

m 2
—i—(z—z_l)Q(l—l-y)2 (1— (z+x 1)2>
:é/ Md TSU 1) +4/ log (1 + vsin()) d
T Jo U ™ Jo
+ log(2)
(5.3.7)

Proof. We will prove Eq. (5.3.3) first, since it has the most difficult proof.
Letting w = 1 in Eq. (5.3.1) yields

L(w) ptan( v gin~ )

tan™
TS(v,1) = log ) tan~ / dzdé.

Since 0 < % < 1, we may substitute Eq. (5.2.1) for the nested arcsine
integral to obtain

- - tan~—!(v) 9
TS(v,1) =5 log(2) tan™!(v) — 2/0 m <v tan(f) +y + z> de
w/2
= log(2) tan*(v) — z/ m (2 tan(6) +y + z) dé
2 2 0 v

x [T/? 2
-I-*/ m<tan(9)+y+z> de.
2 tan=1(v) v

In the right-hand integral % > 1, hence by Cassaigne and Maillot’s
formula ) 5
m ( tan(0) + y + z> log < tan(9)> .
v
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Substituting this result yields:

/2
TS(v,1) :g log(2) tan™!(v) + g/t - )log <12} tan(G)) dé

7'!'/2 2
—z/ m<tan(9)+y+z>d9
2 0 v

[V tan"!(u) r [T/? v
—2/0 ———du — 2/0 m(tan(9)+§(y+z)) de

u
7 [V tan"!(u) 2 v
—2/0 — du—zm<1+x+§(1—m)(y+z)).

Eq. (5.3.3) follows immediately from rearranging this final identity.
The proofs of equations (5.3.4) through (5.3.7) are virtually identical,
hence we will only prove Eq. (5.3.5). Letting w = 1 in Eq. (5.3.2), we have

Y tan—! w/2  prusin(6) tan—!

TS(v,1) = f/ fan” () g, / / a2 ag, (5.3.8)
2 0 u 0 0 z

Substituting Eq. (5.2.5) for the nested arctangent integral yields

v -1
TS(v,1) :g/o Wdu

™

w/2
— Z/ m ((1 +vy) (1 + 02 sinQ(G)) +ousin(@)(1 —y)(z + z_l)) do
0

v -1
:I/ tan (u)du
2 0 u
T (049 (1= S =) + L pa—a )+
gm y Tz 5 Yz —z7 ) z+2 .
Letting © — iz, we obtain

v -1
TS(v, 1) —g/o Wdu

- %Qm ((1 +) (1 + %2(93 + x1)2> + g(l —y)@+a7)(z+ Zl)) :

Eq. (5.3.5) follows immediately from rearranging this final equality.
Finally, we will remark that the while Eq. (5.3.5) follows from substitut-
ing Eq. (5.2.5) into Eq. (5.3.8), we must substitute Eq. (5.2.2) to prove Eq.
(5.3.4), Eq. (5.3.6) follows from substituting Eq. (5.2.6), and Eq. (5.3.7)
follows from substituting Eq. (5.2.7). O
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Corollary 5.3.3. The formulas in Theorem 5.3.2 reduce, in order, to the
following identities when v = 2:

m((l+x)+(1—-2)(y+2)) = ?C(S), (5.3.9)

m(z+(1+z)+(1+x+y)?z) = 52%{(3) + log <1 +2\/5> . (5.3.10)

m(l+z+z) I+ +2 ) +yl+a—2) (1+a'—271))

56 (5.3.11)
= 2a),
m((z = =) + () () = gl3) (5.3.12)
(@) = (1 2)) (1430 +x2)2> 56 16,
<+(1—z)2(1+y)2 (1+2+a?)° 5t g (5.3.13)
+ log(2).

In Eq. (5.3.13), and throughout the rest of the paper, G denotes Catalan’s
constant. In particular, G =1 — 3% + 5% — 7—12 + ...

Proof. As we have already stated, Condon proved Eq. (5.3.9) in [105]. His
proof also showed that

TS(2,1) = 7;/02 wom - 24(3).

Using this formula, equations (5.3.10) through (5.3.13) follow immediately
from Theorem 5.3.2. O

Theorem 5.3.2 shows that we can obtain closed forms for several three-
variable Mahler measures by reducing T'S(v, 1) to polylogarithms. We have
proved a convenient closed form for TS(v,1) in Eq. (5.4.18). Corollary 5.4.6
also shows that this closed form immediately implies Condon’s evaluation of
TS(2,1). We will postpone further discussion of Eq. (5.4.18) until Section
54.

We will devote the remainder of this section to deriving a closed form
for TS(v,w) in terms of multiple polylogarithms. For convenience, we will
use a slightly non-standard notation for our multiple polylogarithms.
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Definition 5.3.4. Define F;(x) by

v 2 Lig(e) - Lig(—a)
Fj(z) = Z:: 2n+ 1) 2 ’

and define Fj(x,y) by
0 g2+l n 2m+1

2n—|—11 Zo 2m+1

Fj,k(xv y)

We will employ this notation throughout the rest of the paper.

Theorem 5.3.5. If 7 ¢ (—ioco, —i] U [i,i00) and w € [~1,1], then we can
express TS(v,w) in terms of multiple polylogarithms. Let R =

1+\/1+ %
and let S = iw + V1 — w?, then
TS(’U7 w) :2F3(R) — Fg(RS) — Fg(R/S) — 4F172(R, 1)
+2F12(R,S) +2F1 2(R,1/5
. .1,2_<1 ) 172( / ) (5314)
+ 2s1n (w) {FQ(RS) - FQ(R/S)
72F171(R, S) + 2F1’1(R, 1/5)} .
Proof. First note that by u-substitution
sin™ ! (w) v
TS(v, w) = / fan~1 (f sin(a)) cot(6)8d6. (5.3.15)
0 w

Since w € [—1,1], it follows that our path of integration is along the real
axis. Next substitute the Fourier series

1[0V . ©  R2n+1 .
tan (Ebln(ig)):2Z2n+181n((2n+1)6‘), (5.3.16)

n=0

into Eq. (5.3.15). Swapping the order of summation and integration, we
have

R2n+1 sin~ ! (w)
TS(v, w) —2} :2 +1/ sin ((2n + 1)) cot (8)6d.
n

Uniform convergence justifies this interchange of summation and integration.
In particular, Eq. (5.3.16) converges uniformly whenever |R| < 1 and 6 € R.
It is easy to show that |R| < 1 except when > € (—ioo, —i]U[i,i00), in which
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case |R| = 1. If |R| = 1, then Eq. (5.3.16) no longer converges uniformly,
and hence the following arguments do not apply.
Evaluating the nested integral yields

X, Rt " 'sin ((2k + 1)sin™(w))
TS =1 in~!
(v, w) 2_%2714—1{8111 (w); 2% + 1
" , (5.3.17)
i 1 — cos ((2k + 1)sin~*(w)) }
_ 2 7
2 2k +1)
n /!
where Y ar = ap+- - -+ an—1 + % . Simplifying Eq. (5.3.17) completes our
k=0
proof. O

Eq. (5.3.14) deserves a few remarks, since it is a fairly general result.
Firstly, observe that a closer analysis of Eq. (5.3.16) would probably allow
us to relax the restriction that w € [—1,1]. Secondly, Eq. (5.3.14) most
likely has applications beyond the scope of this paper. For example, we can
use Eq. (5.3.14) to reduce the right-hand side of the following equation

(=)™ 20 fwy2etl G (—1)FFL
712_:1(2”“)2(”) () ; K (5.3.18)

W gin~H(¢ log(2) [ sinh~!(t
:TS(Lw)—Z/O Smt()dt+ Og; )/0 = . 1) gy,

to multiple polylogarithms.

We can use the final result of this section, Proposition 5.3.6, to reduce
TS(v,w) to regular polylogarithms. This proposition allows us to equate
TS(v,w) with a formula involving around twenty trilogarithms. While a
clever usage of trilogarithmic functional equations might simplify this result,
it seems more convenient to simply leave Eq. (5.3.14) in its current form.

Proposition 5.3.6. The functions F11(z,y) and F12(x,y) can be expressed
in terms of polylogarithms, we have:

4F11(z,y) =Lis <x(11:f)> —Lip (93(11+—y))

X

~ Lis (—951(1_4;«@)) i <_xl(1_;y)> | (5.3.19)
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To reduce Fi2(x,y) to polylogarithms, apply Lewin’s formula, Eq. (5.7.5),
four times to the following identity:

Fia(z,y) =F3(zy) — %log (1 — m2) Fa(zy)
z log (1 — u?) log (1+yu) (5.3.20)

1 1—yu
— du.
—1-4/0 " U

Proof. To prove Eq. (5.3.20), first swap the order of summation to obtain

0 2n+1 n £L‘2k+1

B Y
Fia(z,y) = F3(zy) + F1(z)Fa(y) — T;) (2n + 1)2 — 2%k +1°

Substituting an integral for the nested sum yields

St y2n+1 T _ u2n+2
Fia(e.9) = Falon) + Pa(o)Fa(o) — Y- sy [ S
n=0

T
u
= F3(zy) —I—/ ﬁFg(yu)du.
0 —Uu
Integrating by parts, the identity becomes

Fia(z,y) =F3(zy) — %log(l — $2)F2(11y)

4

u,

0

u

which completes the proof of Eq. (5.3.20).
We can verify Eq. (5.3.19) by differentiating each side of the equation

with respect to y.
O

Finally, observe that we can obtain simple closed forms for Fy o(x, 1) and
F21(1,z) from Eq. (5.4.9).

5.4 An evaluation of TS(v,1) using infinite series
This evaluation of TS(v,1) generalizes a theorem due to Condon. Condon
proved a formula that Boyd and Rodriguez Villegas conjectured:
28
m(l+z+(1-z)(y+z) = ﬁg(?’)'
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Condon’s result is equivalent to evaluating T'S(2, 1) in closed form. As The-
orem 5.3.2 has shown, generalizing this Mahler measure depends on finding
a closed form for TS(v,1). Eq. (5.4.18) accomplishes this goal by expressing
TS(v, 1) in terms of polylogarithms.

This calculation of TS(v, 1) is based on several series transformations.
The first step is to expand TS(v,1) in a Taylor series; observe that the
following formula holds whenever |v| < 1:

o o

Z 71)kv2k+1 1 Z ( (1) (21})%“. (5.4.1)

TS(v,1)
0 (2k +1)? 2k +1)3 (215)

T
2

We can easily prove Eq. (5.4.1) by starting from Eq. (5.3.8). Formula
(5.4.1) shows that TS(v,1) is analytic in the open unit disk. Unfortunately
Eq. (5.4.1) does not converge when v = 2, and hence it can not be used to
calculate TS(2,1). It will be necessary to find an analytic continuation of
TS(v,1) in order to carry out any useful computations.

The following family of functions will play a crucial role in our calcula-
tions.

Definition 5.4.1. Define h,(v) by the infinite series,

© k (21})2k+1
kZ:O %H G (5.4.2)

Using the definition of hg(v), combined with the identity

$ U [,
2]€ + ]. 0 u ’

k:O

it follows that Eq. (5.4.1) can be rewritten as

v -1
TS(v, 1) = ;r/o wozu - %hg(v). (5.4.3)

Finding a closed form for TS(v,1) we will entail finding a closed form
for hs(v). Theorem 5.4.5 accomplishes this goal, however several auxiliary
lemmas are needed first. The idea behind our proof is very simple: first find
a closed form for hs(v), and then integrate it to find a closed form for hg(v).

Batir recently used this method in an interesting paper [99] to obtain
a formula that is equivalent to Eq. (5.4.15). Unfortunately Batir seems
to have missed Eq. (5.4.12), so we will provide a full derivation of this
important result.
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Lemma 5.4.2. The function ha(v) is analytic if v € (—ioo, —i] U [i,i00).
Furthermore, we can express ho(v) in terms of the dilogarithm,

00 2k+1
% e ()
= ( 2k+1 1+ V1402

(5.4.4)
9Li ( ) 9Li ( 2 >
=2Lig( ———— ) — 2Lig| —————|.
? 1+\/1+112 N1+ VIt
Proof. We use the following elementary identity to prove Eq. (5.4.4),
24k > (—1) 2k)!
(=1) (2£) (5.4.5)

2k +1)2(%F) ]Z_% 2j+1(k+j+ k-5
Substituting Eq. (5.4.5) into the definition of hy(v), we have

(_1)k (2U)2k+1

(2k + 1)2 (Qk’“)

iNgE

hQ('U) =
k=0

> 21c+1Oo (2Kk)!
Z Z]+1 (k+j7+1I(k—5)

k=0 7=0

Il
W

If we assume that |v| < 1, then the series converges uniformly, hence we may
swap the order of summation to obtain

o0
=45
j:O

> 2j+1

42 2]+1 ( )

Jj= k=0

i 42 (2k + 2j)! (g)2k+2j+1
P (k+2j + )&

o~ (0 + )kl + D (=0)*
(27 +2) k!

M

where (7), = F(FI(I)H). But then we have

S ARSI RS W ES TR
420 23+1 () 2F1[2§+2|_U}’
J:

where o F [a&b|x] is the usual hypergeometric function. A standard hyper-
geometric identity [106] shows that

92j+1
PP -] = e
2j+2 (1+ 1+v2)2j+1’
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from which we obtain
o

1 v 25+1
h v) =4 )
2(v) ;(2j+1)2<1+\/1+v2>

concluding the proof of the identity.

We can use Eq. (5.4.4) to analytically continue ho(v) to a larger domain.
Recall that Lig(r) — Liag(—r) is analytic whenever r ¢ (—oo, —1]U[1, 00), and
ﬁ is analytic whenever v ¢ (—ioco, —i]U[i,400). Since we have already

assumed that v &€ (—ioco, —i]U[i, i00), we simply have to show that the range
of r = ﬁ does not intersect the set {(—oo, —1] U [1,00)}.

Some elementary calculus shows that |r| = ’ﬁ

<1 for all v € C,
with equality occurring only when v € (—ioco, —i] U [4,400). It follows that
ha(v) is analytic on C — {(—ioco, —i] U [i,i00)}. O

Since we have now expressed hs(v) in terms of dilogarithms, we can find
a closed form for hi(v) by differentiating Eq. (5.4.4):

hi(v) = v+ V1+0v?). (5.4.6)

2
————1lo
V1402 8

In Theorem 5.4.5, we will integrate Eq. (5.4.4) to find a closed form
for hg(v) involving trilogarithms. To prove this theorem, we first need to
establish two lemmas. Lemma 5.4.3 evaluates a necessary integral, while
Lemma 5.4.4 expresses Fo 1(1,2) in terms of polylogarithms.

. . . _ .
Lemma 5.4.3. If j > 0 is an integer, and r = TV then we have the
following identity:

v u 2j+1 147 r20+1 J p2k+1
- —— du =1 —2 . (5.4.7
/0 u<1+\/1+u2> “ Og(l—r>+2j+1 ;O%Jrl (54.7)

Proof. To evaluate the integral

v 2j+1
w-(v):/ <u> du
! 0 uU\1++V1+u? ’

e _ “ .
first make the substitution z = TV In particular we can show that

u =

2
13‘2 > and 3—’2‘ =2 ((111_;2))2. Therefore we have

r ) 1+22
_ 2
wj(v)—/0z3<1_22>dz

r 2 T — 27 L 2542
[ [ i,
0 1—=2 0 1—2 0 1—2z
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Next substitute the geometric series 111222'7 = Zi;é 2% into each of the right-

hand integrals, and swap the order of summation and integration to obtain

J
r2k+1

r9 Il okt
. — dz — _

1 2j+1 J o 2k+1
—10g< +7‘>+r QZT .

1—r) " 2j+1 “&2%k+1

Lemma 5.4.4. The following double polylogarithm
o0 1 n p2ktl

F21(1,2) = Z 2
o (2n+1) — 2k +1

(5.4.8)

can be evaluated in closed form. If |x| <1,

8F1(1,2) =4Lis(z) — Lis(2?) — 4Lis(1 — z) — 4Lis (ﬁx) +4¢(3)

1 2 2
+ log (1+$> Lig(2?) + % log(1+ ) + % log(1 — x)
— T

2
+3 log®(1 + z) — 2log(z) log?(1 — )
(5.4.9)

Proof. We will verify Eq. (5.4.9) by differentiating each side of the identity.
First observe that the infinite series in Eq. (5.4.8) converges uniformly
whenever |z| < 1, hence term by term differentiation is justified at all points
in the open unit disk. It follows that

d e 1 1 — g2n+2
—F2 (1 =
dz 21(1,) ;(2n+1)2 ( 1— a2 )

_ _12 - Liy() - ~Lip(s?) )
8(1 x) 1 a:< 4 )

whenever |z| < 1.
Let ¢(z) denote the right-hand side of Eq. (5.4.9). Taking the derivative

(5.4.10)
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of ¢(x) we obtain:

2 4
log?(1+ ) — - log?(1 — x) + T log(z) log(1 — )

(5.4.11)

1+zx

We can simplify Eq. (5.4.11) by eliminating Lis(1 — ) and Lig (ﬁ) with

the functional equations:

2
Lio(1—2) = i log(x)log(1l — z) — Liy (z),

1 1
Lis (1 ix) =3 log?(1 + ) + Lig(z) — 5Lig(:cz’).

Substituting these identities into Eq. (5.4.11) and simplifying, we are left

with
— = — L —-L
dr " <1—x2> 1—z? < iz() 4 f2(27)

d
= @ {8F271(1,5L‘)} .

Eq. (5.4.10) justifies this final step. Since the derivatives of 8F5 (1, z) and
o(z) are equal on the open unit disk, and since both functions vanish at
zero, we may conclude that 8F31(1,z) = (). O

The proof of Eq. (5.4.9) requires a remark. Despite the fact that the
right-hand side of Eq. (5.4.9) is single valued and analytic whenever |z| < 1,
the individual terms involving Liz(1 — z) and log(z) are multivalued for z €
(—1,0). To avoid all ambiguity, we can simply use F2 1(1,2) = —F21(1, —x)
to calculate the function at negative real arguments .

Theorem 5.4.5. The function hs(v) is analytic on C—{(—ioco, —i] U [i, 100)}.
If v & (—ioco, —i) U [i,i00), then h3(v) can be expressed in terms of polyloga-
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v

rithms. Let r = TESY et then

1
hs(v) =3Lis(r?) + 4Lis (1 — ) + 4Lis <1+> - 4¢(3)
1 2 2 9
-Tr

+ 2log(r) log?(1 — r).
We can recover an equivalent form of Condon’s identity by letting v = 2:

14
hs(2) = 3((3). (5.4.13)
Proof. This proof is very simple since we have already completed all of the

hard computations. Observe from Eq. (5.4.2) that if |v| < 1,

ha(v) = /0 Chalw)y,, (5.4.14)

u

Lemma 5.4.2 shows that ha(v) is analytic provided that v & (—ioo, —i] U
[i,700). If we assume that the path of integration does not pass through
either of these branch cuts, then it is easy to see that Eq. (5.4.14) provides
an analytic continuation of hg(v) to C — {(—ico, —i] U [i,700)}.

Next we will prove Eq. (5.4.12). Substituting Eq. (5.4.4) into Eq.
(5.4.14) yields an infinite series for h3(v) that is valid whenever v & (—ico, —i|U
[i,i00). We have

e 1 vl u antl
hs(v) =4 —_— / —| —— du.
0 =12 51 ), u<1+m>
. . _ "
The nested integrals can be evaluated by Lemma 5.4.3. Letting r = T s
it is clear that
oo n 5
1 1+7r r2ntl r2it+l
h =4 — 1 -2
3(v) Z(2n+1)2<0g<1—r>+2n+1 szﬂ
n=0 J=0 (5.4.15)
2 1 1
=" log <1f:> +4Lig(r) = 5Lis(r?) - 8F2a(1,7),

where Fg1(1,7) has a closed form provided by Eq. (5.4.9). Since |r| < 1
whenever v ¢ (—ioco, —i] U [i,700), we may substitute Eq. (5.4.9) to finish
the calculation.
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Observe that when v = 2, we have r = @ It is easy to verify that

335 =2 =1 —r = (. Using Eq. (5.4.12), it follows that

17 3—VH 1 5 3—Vb
he(@) =i (225~ ae3) - 310 [ LEY5 | 1y (25
2 2 2 2
42 1+v5) 26, 4(1++5
+ —log — —log .
3 2 3 2
Eq. (5.4.13) follows immediately from substituting the classical formulas

for Lig (3_—2\/5) and Lip (3_—2\@) into Eq. (5.4.16) (see [100], pages 248 and
249). O

(5.4.16)

Notice that Eq. (5.4.13) is equivalent to a new evaluation of the 4Fj3
hypergeometric function,

1,1, 1 7
aFy |5 PP —4) = —=C(3). (5.4.17)
20272 10
Corollary 5.4.6. If r = 1+\/v1+T and v & (—ioco, —i] U [i,i00), then

7 [V tan"!(u) 1. 5 . . r
TS(v,1) =— ——~du— -L —2Li3(1 —r) — 2L
(v,1) 5 /0 " U 1 iz(r<) is( T) i3 15

1 T+r\.. , o 7
+2¢(3) + B log <1—r> Liy(r7) + 3 log(1—r)
L _ 201 _
+ 3 log®(1 4 r) —log(r)log“(1 — r),
(5.4.18)

m 2 an~ ' (u
TS(2,1) :2/0 %du—%{@). (5.4.19)

Proof. Eq. (5.4.18) follows immediately from substituting Eq. (5.4.12) into
Eq. (5.4.3), while Eq. (5.4.19) follows from combining Eq. (5.4.13) with
Eq. (5.4.3). O

The fact that we can reduce hy(v), ha(v) and hg(v) to standard poly-
logarithms is somewhat miraculous. Integrating Eq. (5.4.15) again, we can
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show that

w2 9 1—r . (1—r (147
ha(v) =T <log(1 —7r°)log <1+7“> + 2Lip <2> — 2Liy < 5 ))

+ w2Fy(r) 4+ 4F3(r) — 8F31(1,7) — 8Fa2(1,7)
+ 16F27171(1, 1,7‘).

(5.4.20)

Considering the complexity of these multiple polylogarithms, it seems un-
likely that h,(v) will reduce to standard polylogarithms for n > 4.

5.5 Relations between S(v,1) and Mahler’s
measure, and a closed form for S(v,w).

In this section we will study the double arcsine integral, S(v, w). Recall that
we defined S(v,w) with an integral:

Lsin™ (va) sin™H(wz
S(v,w) :/0 (ve) ( )dx.

T

First, we will show that both S(v,1) and S(v,v) reduce to standard poly-
logarithms. Next, we will discuss several interesting results relating S(v, 1)
and S(v,v) to Mahler’s measure and binomial sums. Finally, Theorem 5.5.4
concludes this section by expressing S(v,w) in terms of polylogarithms.

Theorem 5.5.1. If 0 < v < 1, then S(v,v) and S(v,1) both have simple
closed forms:

7 [Ysin~!(x) Liz(v) — Liz(—v)
S(v, 1) _2/0 T ( > ) (5.5.1)
Lis (62isin*1(v)) + Lis (e—Qisin’l(v)) <(3)
S(v,v) = 1 -
Lis (62isin_1(v)) — Lis (672isin_1(v)> (552)
+sin~!(v) oF
{2

+ (sin! () *1og(2v).

Proof. To prove Eq. (5.5.1), we will substitute the Taylor series for sin~! (vz)

1 sin~!(vz)sin~

into the integral S(v,1) = [, fl(x)dx. After swapping the order
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of summation and integration, we have

> 1 2n\ svy\2nt+l 1
1 — 2 _ so—1 2n
S(v:1) nZ:() 2n +1 (n> (2) /0 sin” ()2 da

- / n<> o <L13<v> —2L13<—v>> |

sin(t)

To prove (5.5.2) make the u-substitution = = , and then integrate

by parts as follows:

2

1 (sin~! (vz
S(v,v):/o 7( (v2))

T

sin™!(v)
dz = / t2 cot(t)dt
0

sin ™! (v)

= (sin‘l(fu))2 log(v) — 2/ tlog(sin(t))dt.

0

Next substitute the Fourier series for log(sin(t)) into the previous equation.

Recall that -
log(sin(t)) = —log(2) — Z cos(2nt)

n
n=1

is valid for 0 < t < m. Integrating by parts a second time completes the
proof. O

The function S(v,v) provides a connection to a second family of inter-
esting binomial sums. If we recall the formula (see [106], page 61)

n=1 n? ( n )
then it is immediately obvious that if |v| < 1 we must have
1 = (20)%"
S(v,v) == . 5.5.3
i e oo

Comparing Eq. (5.5.3) with Eq. (5.5.2

)
11 e 1 1 <X cos (T~ 3) 71X sin (2
$(3) = 1 2 =32 - e X 6

n=1 n=1

yields a classical formula:
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Proposition 5.5.2. Ifv € [0,1] and w € (0,1], we have

Y sin~t(u
S(v, w) :sinfl(w)/ Adu

0 u
sin ™! (w) 9
—E/ m<vsin(9)+y+2> de.
2 0 w

Proof. This proof is similar to the proof of Proposition 5.3.1. After an
integration by parts, and the u-substitution u = sin()/w, we obtain

v ogin—1 sinTH(w) pZsin() oip,—1
S(v,w) = sin~(w) / g, T / / S (%) 4, a0,
u 0 0

0 z

(5.5.5)

Since 0 <v <1 and 0 <w <1, it follows that 0 < 2 sin(f) < 1. Therefore
we may complete the proof by substituting Eq. (5.2.1) for the nested arcsine
integral. 0

Corollary 5.5.3. We can recover Vandervelde’s formula by letting w = 1
in Eq. (5.5.5):

Y sin~!(u
m(l+z)+y+2)= 72T/0 T()du— %S(v,l)
4 Lig(v) - Li3(—1})
= (B

(5.5.6)

2

Notice that if v =w = % in Eq. (5.5.5), we have

11 7 (Y2 sin"(u) m [T/6 )

1/2 & —1( ) 2 )
_r sm o) T _ 1/6
=2 /0 —%du— Tom (1 26 4y z) (5.5.7)

Comparing Eq. (5.5.7) to Eq. (5.5.4) allows us to express a famous binomial
sum as the Mahler measure of a three-variable algebraic function.

The final result of this section allows us to express S(v,w) in terms of
standard polylogarithms.
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Theorem 5.5.4. Suppose that 0 < v < w < 1, and let 0 = sin_l(w) —
sin~!(v). Then we have

2S(v, w) =S(v,v) + S(w, w) — S (sin(0), sin(§))

i (2) i (1) + s ()
— ifLis (%ew) 0Ly (%e—w) (5.5.8)

62 v 2v
+ Elog (1 + el Cos(9)> .

Notice that Eq. (5.5.2) reduces S(v,v), S(w,w), and S (sin(#), sin(d)) to
standard polylogarithms.

Proof. The details of this proof are not particularly difficult. First observe
the following trivial formula:

- sin_l(vu))2

1 (sin ! (wu
S(v,v) — 2S(v, w) + S(w,w) = /0 ( (wu) du.

u
Rearranging, and then applying the arcsine addition formula yields
2S(v,w) =S(v,v) + S(w, w)
2
/1 (sin*1 (wux/ 1 —v2u? —vuy1 — w2u2)> (5.5.9)
— d

u.
0 U
This substitution is justified by the monotonicity of the arcsine function. In
particular, 0 < v < w < 1 implies that 0 < sin~!(wu) — sin™!(vu) < % for
all u € [0,1].
Next we will make the u-substitution z = wuv'1 — v2u? — vuv/1 — w2u?.

In particular, we can show that

2
z
u2f

w2402 — 20wVl — 22

and we can easily verify that

1du 1 VWZ

udz 2z (02 4 w? - 20wV1— 21— 22
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Observe that the new path of integration will run from z = 0 to z = sin() =
wv1 —v2 — vy/1 — w?. Therefore, Eq. (5.5.9) becomes

2S(v,w) =S(v,v) + S(w, w)
sin@ 21 vwz
_/O (sm (Z)) <z_ (0% + 0 — 2001 = 22) 1_Z2>dz
=S(v,v) + S(w,w) — S (sin(d), sin(9))

. /sin(0) (s' _1 ( ))2 Vw2 q
in~" (z 2.
0 (V2 + w? — 2vwv1 — 22)V/1 — 22

If we let t = sin~!(z), then this last integral becomes

2S(v, w) =S(v,v) + S(w,w) — S (sin(), sin(h))

n /9 .2 vw sin(t) & (5.5.10)
o v+ w?—2vwcos(t)

Since 0 < v < w < 1, a formula from [106], page 48, shows that

vwsin(t) _ i (2" sin(ne) (5.5.11)

v2 + w? — 2vw cos(t) w

n=1

The Fourier series in Eq. (5.5.11) converges uniformly since v < w. It follows
that we may substitute Eq. (5.5.11) into Eq. (5.5.10), and then swap the
order of summation and integration to obtain:

25(v, w) =S(v,v) + S(w,w) — S (sin(), sin(h))
— v\ [* 2 in (5.5.12)
+nz_:1(w) /O t2 sin(nt)dt.

Simplifying Eq. (5.5.12) completes the proof of Eq. (5.5.8). O]

5.6 ¢-series for the dilogarithm, and some
associated trigonometric integrals

In this section we will prove several double ¢-series expansions for the dilog-

arithm. While these formulas are relatively simple, it appears that they are

new. The first of these formulas, Eq. (5.6.8), follows from a few simple
manipulations of Eq. (5.5.1). The remaining formulas follow from integrals
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that we have evaluated in Theorem 5.6.5. Recall that Theorem 5.6.5 figured
prominently in the proof of Theorem 5.2.3.

In this section, the twelve Jacobian elliptic functions will play an im-
portant role our calculations. Recall that the Jacobian elliptic functions are
doubly periodic and meromorphic on C. The Jacobian sine function, sn(u),
inverts the incomplete elliptical integral of the first kind. If © € C is an
arbitrary number, then under a suitable path of integration:

sn(u) dz
0 V(L —=22)(1— k222)

The Jacobian amplitude can be defined by the equation sn(u) = sin(am(u)),
and the Jacobian cosine function is defined by cn(u) = cos(am(u)). As usual
the complementary sine function is given by dn(u) = /1 — k2sn?(u). Notice
that every Jacobian elliptic function implicitly depends on k; this parameter
k is called the elliptic modulus.

Following standard notation, we will denote the real one-quarter period
of sn(u) by K. Since sn(K) = 1, we may compute K from the usual formula

u =

1
K = K(k) = dz

!

Let K/ = K(v/I — k2), and finally define the elliptic nome by g = e ™ .

Proposition 5.6.1. If k € (0,1), then we have the following integral:

K 7sin! is(k) — Lig(—
/0 am(u)en(u)du = o k(k) - <L 2(k) 2kL 2 k)) ~ (5.6.1)

Proof. Taking the derivative of each side of Eq. (5.5.1), we obtain:

A1) = /01 sini(z) o wsinTl(R) (Liz(k) — Liy(—k)

dk 2 v T2 & 2%

(5.6.2)
Making the u-substitution z = sn(u) completes the proof. O

We will need the following two inversion formulas for the elliptic nome.
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Lemma 5.6.2. Let g be the usual elliptic nome. Suppose that ¢ € (0,1),
then q is invertible using either of the formulas:

o — (-1 g2
k = sin (47;0 14 | (5.6.3)
0 1 qn+1/2
= . 5.6.4
k tanh(4§2n+1(l_q2n+l) (5.6.4)

Proof. To prove Eq. (5.6.3) observe that

sin~ (k) = k:/l _de
0 V1—k2z?
K
= k/ cn(u)du (5.6.5)
0
Recall the Fourier series expansion for cn(u) (see [106], page 916):

27 = gt/ (7(2n+1)
TRE &1t P\ T2k YY)
n=0

cn(u) (5.6.6)

Since 0 < ¢ < 1, this Fourier series converges uniformly. It follows that
we may substitute Eq. (5.6.6) into Eq. (5.6.5), and then swap the order of
summation and integration to obtain:

o2 o " H1/2 K m(2n + 1)
] o
sin <’“>—anzol+q2n+l/o (21{“) du

0 (_1)n qn+1/2
=4 . 5.6.7
Z 2n +1 (]_ + q2n+1) ( )

n=0

Eq. (5.6.3) follows immediately from taking the sine of both sides of the
equation.
Eq. (5.6.4) can be proved in a similar manner when starting from the
integral
1
dx
—1 _

O

Next we will utilize the Fourier-series expansions for the Jacobian elliptic
functions to prove the following theorem:
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Theorem 5.6.3. If q is the usual elliptic nome, then the following formula
holds for the dilogarithm:

Lis(k) — Lio(—k) :i 1 g2
8 — (2n +1)% (1 + ¢*+1)
00 1 n+m-+1/2
+4 2 2 gm 2n+1
— (2n+ 1) = 2m)% (1 + @2™)(1 + 1)
m=1

(5.6.8)

Proof. We have already stated the Fourier series expansion for cn(u) in Eq.
(5.6.6). We will also require the Fourier series [106] for am(u):

n

o0
T 1 gq . /TN
am(u) = Yol +2 E P T sin (fu) . (5.6.9)
n=1

Substituting Eq. (5.6.6) and Eq. (5.6.9) into the integral in Eq. (5.6.1), and
then simplifying yields:

Lig(k) — LiQ(—k‘) . m

3 3 sin_l(k)
T — (=) qn+1/2 o0 1 q”+1/2
DY +

2 7;)27”L+1 (1+q2n+1) nZ:O (2n—|—1)2 (1+q2n+1)

o0

1 n+m-+1/2

+4 Z 2 2 g i)

2 20+ 1)% = 2m)? (14 ¢@™)(1 + ¢>*F)

m=1

(5.6.10)

This proof is nearly complete, the final step is to substitute the identity

. — (-D)" ¢
1 k) =4 (
sSin ( ) §2n+1(1+q2n+1)

n+1/2

into Eq. (5.6.10). This formula for sin~!(k) follows immediately from
Lemma 5.6.2.
O

The fact that Eq. (5.6.8) follows easily from an integral of the form

/0 " am(u)p(u)du,
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suggests that we should try to generalize Eq. (5.6.8) by allowing ¢(u) to
equal one of the other eleven Jacobian elliptic functions. Theorem 5.6.5
proves that ten of these eleven integrals reduce to dilogarithms and elemen-
tary functions. First, Theorem 5.6.4 will prove that the one exceptional
integral can be expressed as the Mahler measure of an elliptic curve.

Theorem 5.6.4. The following formulas hold whenever k € (0,1]:

(4 1 1)
m| - +x+— +y+—
k x Y
k 2 (1 sinTl(x)
=—log | ——— —1——/ —————dx (5.6.11
g<1+\/1—k2> T Jo xzv1— k22 ( )

k 2 K cn(u)
=—log| ——— —i-f/ am(u du. (5.6.12
g(l—i—\/l—k?) T Jo ( )Sn(u) ( )
Proof. First observe that if £ € R and 0 < k < 1, then
4 1 1 k k 1 1
m(-+z+-—+y+—|=—log(—-|+m|l+—-(z+—-+y+—-]].
k x Y 4 4 x Y

For brevity let (k) = m (1 + % (3: + % +y+ %)) Making the change of

variables (z,y) — (z/y, yz), we have:

(k) =m (1 + % (z+27") (y +y1))
= ) en ) o)
=log (Z) +m (:c2 +% <y +1y1> x+1> .

Applying Jensen’s formula with respect to a reduces (k) to a pair of one-
dimensional integrals:

¢(k) = log (i) +217r/027r

1 2m
+ — / log™*
2 0

The right-hand integral vanishes under the assumption that 0 < k& < 1.
Therefore, it follows that Eq. (5.6.13) reduces to

m/ \/1—Ek?*cos
cp(k)—log<i>+i/0 210g<1+ L k2 2(9)>d9.

1 — k2 cos?(0)
k cos(6)

(5.6.13)
1—+/1— k2 cos?(0)

k cos(0)

dé.

k cos(6)
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With the observation that fW/Q log (cos(f)) df = —7 log(2), this formula

becomes:
2 [/ 1+ +/1—k2cos?(f
o) = 2 / log( * cos™( )> do. (5.6.14)
m™Jo 2
Making the u-substitution of x = cos(f), we obtain

1 141 — k222 1
p(k) = E/ log( * < dz.
0

s 2 1— 22
Integrating by parts to eliminate the logarithmic term yields:
1+V1— k2 2 [tsinH(z) (1 V1 — k222
plk)=log| ——— | +— dz
2 ) @ Ngyer
<1+\/1k2> +2 sin~!(x) _sin(z) o 2/1 sin_l(x)d
0

X

V1 — k222 ™

= log x.

Since fl sin_ - sin_ (@) 4y = 2 7 log(2), it follows that

1+V1I—k2) 2 (' sin™!
o(k) = log 1+vIi-&° + ,/ de,
4 T Jo zv1— k222

from which we obtain

4 1 1 k )
m(—4z4+-4y+-|=—log| —— |+ = | —Z_dz
<k’ z Y y) g<1+\/1—/~c2> T Jo zv1 — k222

To prove Eq. (5.6.12) simply make the u-substitution x = sn(u). O

The elliptic curve defined by the equation 4/k+z+1/z+y+1/y = 0 was
one of the simplest curves that Boyd studied in [103]. Rodriguez Villegas
derived g¢-series expansions for a wide class of functions defined by the Mahler
measures of elliptic curves in [113]. We can recover one of his results by
substituting the Fourier series expansions for am(u) and cn(u)/sn(u) into
Eq. (5.6.12).

If we let k = sin(#), and then integrate Eq. (5.6.11) from § =0to 6 = T,
we can prove that

1 4 4 ('sin™!
m<8+<z+1> <m+1+y+>>:G+2 Sln7(36)1((3:)@5.
z T Y T 7™ Jo z
(5.6.15)
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Using Mathematica, we can reduce the right-hand integral to a rather com-
plicated expression involving balanced hypergeometric functions evaluated
at one.

Theorem 5.6.5. We will assume that 0 < k < 1 and that each Jacobian

elliptic function has modulus k. Let p = \/};—2, r o= M/%T’ and s =

W’ then
K
/ am( usin~ u) du
; \/ 1 —u2)(1 — k2u?) (5.6.16)
LIQ Ll?( )
2]{:@
" cen(u)du = 1 M U
/0 am(u)en(u)d —/0 T (5.6.17)
_ zsin_l(k) _ Lig(k) — Liy(—Fk)
2k 2k
K 7'(2
/ am(u)dn (u)du = (5.6.18)
0
K 1 e sin™!(u) Y
/0 am(“)sn(md“_/o uy/(1 —u?)(l—k%?)d (5.6.19)
- _glog( " Lis (ip) —iLiz(—ip)
K 1
/ am(u) on(u) du = o0 (5.6.20)
0
K o 1 Y 1 sin ! (u) u
/0 am(u) e _/0 (1—k2u2)md (5.6.21)
()
VI-K2\ 8 2
K sn(u)
/ am(u) en(u) du = o0 (5.6.22)
0
Kam U sn(u) w = ' usin_l(u) U
f Rt [ e (5.6.23)

_ le(?“) — Liz(-?")
 kVI— k2
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/OK am(u) en(u) du = /01 uSinl(u)du

sn(u) VI—k? ) X (5.6.24)
= glog(r)—i-gm <k+x+x+y+y>
Kam " cn(u) - Lsin=t(u) "
[ o= [ 32 kZuZdL. ) (5.6.25)
_ —%log(p) N 12(17“) P 12( )
K
/ am (u) :;’((Z)) du = 2G (5.6.26)
0
K n(u
/ am(u) (cin((u; du = o (5.6.27)
0

Proof. First observe that Eq. (5.6.20), Eq. (5.6.22), and Eq. (5.6.27) all
follow from the fact that cn(K) = 0. Similarly, Eq. (5.6.18) and Eq. (5.6.26)
both follow from the formula %am(u) = dn(u).
We already proved Eq. (5.6.17) in Proposition 5.6.1, and Eq. (5.6.24)
was proved in Theorem 5.6.4. This leaves a total of five formulas to prove.
To prove Eq. (5.6.16), observe that after letting u = v/1 — 22, we have

usin~ (u) d is [1!sin” (\/ 1-— 22)
u = —
\/ 1 —u?)(1 — k?u?) ki V1 — (is)?2?

If 0 < k < 1/4/2, then |s| < 1. With this restriction on k, we may expand
the square root in a Taylor series to obtain:

_ L m(_1)m(_1/2> (is)2mH1 /01 sin~1(v/1 = 22)22"dz

ki m
m=0

_ii (i8)2m+1
ki A= (2m A+ 1)?

_ Liy(is) — Lis(—is)
o 2ki '

(5.6.28)

Notice that Eq. (5.6.28) extends to 0 < k < 1, since both sides of the
equation are analytic in this interval. Therefore, Eq. (5.6.16) follows imme-
diately.

To prove Eq. (5.6.19) make the u-substitution u = . Recalling

1k2
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that sin—!

(\/#W) =tan~! (\/127?)’ we obtain

z.

/1 sin " (u) 1 /°° ! () q
0

0w/ -1 - ka?) 1122

Using Mathematica to evaluate this last integral yields:

1
= —Tlog(p) + V1 — k23 F [23’21 1-— kQ}
2 272
2n+1
- & (Vi-R)
=——1lo + =
2 8P 5 = n+1)2(%)

_ _g log(p) + 2 <Liz(ip) - Lia(—ip)) ,

27

where Eq. (5.4.4) justifies the final step.
To prove Eq. (5.6.21) observe that after the u-substitution u = sin(f)
we have

1 1
/ sin / P
o (1- k:2u2)\/1 - u2 1- k’2 sin?(6)
Now substitute the Fourier series

V1=
7]{_1+22 m(__k
1 — k2sin?( 14++/1— k2

into the integral, and simplify to complete the proof.
The proof of Eq. (5.6.23) follows the same lines as the derivation of Eq.
(5.6.21). Observe that

/1 wsin™!(u) 0sin(6) 40
0o (1—k2u2)Vv1-— 1 —k2sin?(9)

Now substitute the Fourier series

— 2m+1
k\/ﬁsm _o Z m(__k sin ((2m + 1)6)
11— k2sin(9) = 1+vV1—k2

>2m cos(2mf)  (5.6.29)

m=1

(5.6.30)
into the integral, and simplify to complete the proof.
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Finally, we are left with Eq. (5.6.25). Expanding 1/(1 — k*u?) in a
geometric series yields:

1 -1 00 1
/0 7ilri kg(zg du = Z kQ”/ Sin_l(u)uzndu

n=0 0
:ik2n< T/2 92n )
o 2n+1  (2n+1)2(%)
o (LR ha(ik)
T Take B\11k 2k

Substituting the closed form for ha(ik) provided by Eq. (5.4.4) completes
the proof. O

We can obtain each of the following g¢-series by applying the method
from Theorem 5.6.3 to the formulas in Theorem 5.6.5.

Corollary 5.6.6. Let p = 1/%;—:, and let r = 1+\/]€1—T' The following
formulas hold for the dilogarithm.:

Lig(k) — Lig(—k) _ i 1 qn+1/2
8 = (21’L + 1)2 (1 + q2n+1)
4 > 1 qm+n+1/2
+ )
7;) 2n+1)2 — (2m)2 (1 + ¢@™)(1 + g2 )
m=1
(5.6.31)
Lig(r) — Lig(=r) _ i 1 g2
4 = (21’L + 1)2 (1 + q2n+1)
4 > (_1)m qm+n+1/2
+ )
2 Gt 1 G (L B )
m=1
(5.6.32)
Lip(ip) — Lis(—ip) G = 2 (=) g2t
=4 —1
8t 4 * 16 og(p) + nz:;) (2n +1)2 (1 — ¢*n+2)
s (=1)ntm gm+entl
4 .
" 2:: (2n 4+ 1)2 = (2m)* (1 + ¢*™)(1 — ¢*"*?)
m=1
(5.6.33)
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Proof. As we have already stated, each of these formulas can be proved by
substituting Fourier series expansions for the Jacobian elliptic functions into
Theorem 5.6.5.
Using the method described, we have already proved Eq. (5.6.31) in
Theorem 5.6.3. Eq. (5.6.32) follows in a similar manner from Eq. (5.6.23).
Eq. (5.6.33) is a little trickier to prove. Expanding Eq. (5.6.26) in a
g-series yields the identity

nl+ g% 27 +1

n=1 j=0
i (_1)71 q2n+1
= 2 I+l (5.6.34)
Z2n+ 1)1+ ¢
o0
—1)ntm m+2n+1
D D e e e
ot 2n+1)2—-(2m)2 (1+¢*)(1+g¢q )
m=1
Next expand Eq. (5.6.19) in the g-series
Lig(ip) — Lisg(—ip) G 7
=— + =1
4 g g loslp)
o] n—1 ; 00
1 n —1)7 —1)" 2n+1
P T T e PR g
n=1 q j=0 J n=0 q
oo
—_1)ntm m+2n+1
D I e e
2 Ga 12— @m) (15 @)1 — &)
m=1

and then combine it with Eq. (5.6.34) to complete the proof of Eq. (5.6.33).
O

It is important to notice that the nine convergent integrals in Theorem
5.6.5 only produce three interesting g-series for the dilogarithm. The other
g-series we may obtain from Theorem 5.6.5 really just restate known facts
about the elliptic nome. For example, if we expand Eq. (5.6.21) in a ¢-
series, we will obtain Eq. (5.6.31) with ¢ replaced by ¢ and k replaced

2
by 2. This is equivalent to the fact that g <<1+\/k1—W> > = ¢*(k). If we

2
let £ = <1+\/%7> , then clearly k and £ satisfy a second degree modular
equation [101].
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5.7 A closed form for T(v,w), and Mahler
measures for T (v, %)

Recall that we defined T(v, w) using the following integral:

1ian—1 tan—1
/ an ' (vzx) tan (wa:)dx.
0

T(v,w) = .

(5.7.1)

Since this integral involves two arctangents, rather than one or two arcsines,
T(v,w) possesses a number of useful properties that S(v,w) and TS(v,w)
appear to lack.

First observe that T(v,w) obeys an eight term functional equation. If

-1
we let T(v) = OU de, then we can use properties of the arctangent
function to prove the following formula:

e r (L) 150 7(20)

:727<T(v)+T<;> —T(%) —T(1)>.

If [v] <1 and |w| < 1, we can substitute arctangent Taylor series expan-
sions into Eq. (5.7.1) to obtain:

(5.7.2)

| ()t O
T(v’w)_g (2n + 2)2 mZO om + 1

$o D s (w/o)
(2n +2)? 2m+1
m=0

(5.7.3)

Eq. (5.7.3) immediately reduces T(v,w) to multiple polylogarithms. Theo-
rem 5.7.1 improves upon this result by expressing T(v,w) in terms of stan-
dard polylogarithms.

134



Chapter 5. Trigonometric integrals and Mahler measures

Theorem 5.7.1. If v and w are real numbers such that |w/v| < 1, then
Y . w [ 1—wt 1+ v
—4T (v, w) =2Li3 <;) — 2Lig (—;) + Lig (1 — wz) + Lig <1 n wz)
~ Lis l—o—m' ~ Lis l—vz'
1—wi 1+wi
Lis w(l—v%) Lis w(l—ﬁ—m.)
v(1 —wi) v(1 + wi)
_ w(l + vi) . w(1l — vi)
Lig (- 22T gy (27
+ l3< (1 —wi)> s ( o(1 + wi)
1+ v? . (W ) w
+log (1+u12) (L2 () - 122 (=)
Lio(wi) — Lis(—wi
— 4tan~'(v) ( iz (i) - i wz))

21

— 4tan"(w) (Li?W) - Pi2(vi)>

21

—7lo LUQ tan~!(w) + 4log(v) tan!(v) tan ! (w)
g 1+ w2 g .
(5.7.4)

Proof. Substituting logarithms for the inverse tangents, we obtain
1 . .
1 1 d
—4T (v, w) :/ log ( + wu) log ( + zwu> &
0 1 —vu 1—dwu/ u

/iwl 1+ 2u 1 1+wu) du
= O 0] .
0 & 1—2u 8\1-u)

The identity then follows (more or less) immediately from four applications
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of Lewin’s formula

z d
/ log (1 — 2)log (1 — c2) &
0 z
1-— 1
=Lij <C.T> + Lig ) +L13(1)
11—z c

~ Lig(1 — ez) — Lig(1 — 2) — Lis (1_“”>
C

(1-2) (5.7.5)
+log(1 — cx) [Lig i) - Lig(m)}
+log(1 — z) {Lig(l — cx) — Liy C) + 7;2]

1
+ 5 log(e) log?(1 — =),
which was proved in [110], page 270. Condon has discussed the intricacies
of applying this equation in [105]. O]

This closed form for T(v,w) is quite complicated. Notice that a slight
change in the integrand in Eq. (5.7.1) produces a remarkably simplified
formula:

)2n+1

v w
/1 tan”" (va) tan_l(wx)dm _ ”i (1+\/1+u2 1142
0

— T (5.7.6)

n=0

To prove Eq. (5.7.6), make the u-substitution z = sin(f), and then apply
Eq. (5.3.16) twice.

There are two special cases of Eq. (5.7.4) worth mentioning. First
observe that T (U, %) reduces to a very simple expression. If we let w — 1/v
in Eq. (5.7.4), and perform a few torturous manipulations, we can show
that

1 ™ 1
T (v, =~ | ==Im [Lis(iv)] — = (Liz(v?) — Lig(—v?)
< v) 2 1 ’ y (s ’ ) (5.7.7)
+ ng(v) (Lig(v2) — LiQ(—'UZ)) .

Lalin obtained an equivalent form of Eq. (5.7.7) using a different method.
(See Appendix 2 in [107]. Lalin’s formula for T(v,1) + T(1/v,1) reduces to
Eq. (5.7.7) after applying Eq. (5.7.2) with w = 1/v). Observe that when
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w=v in Eq. (5.7.4), we have

-t (122) (1) o
+2tan~ ! (v)Tm [Liz(iv)] — log(v) (tan™'(v))*.

Finally, it appears that T(v,1) does not reduce to any particularly simple
expression. Letting w — 1 fails to simplify Eq. (5.7.4) in any appreciable
way. Expanding T(v,1) in a Taylor series results in an equally complicated
expression:

1 o0 v2n+1 n (_1)k+1
T, 1) =5 (2n + 1) D
=0 TS (5.7.9)

7 [V tan" Nz 0
4/0 %dx—%(mg(v)—mg(—v)).

_|_

Theorem 5.7.3 relates T(v,w) to three-variable Mahler measures, and
generalizes one of Lalin’s formulas. Once again, we will need a simple lemma
before we prove our theorem.

Lemma 5.7.2. If v and w are positive real numbers, then

tan~!(v) ¥ tan(9)
T(v,w) = tan_l(v)/ fan_ (1) u—/ / tan_ Z)dzdﬁ
0
(5.7.10)

v -1 /2 o2 tan(6) -1
T <U7 1) _T / tanH(u) 1 / / a2 hLap. (5.7.11)
v 2 0 u 2 0 0 z

Proof. While we can verify Eq. (5.7.10) with a trivial integration by parts,
the proof of Eq. (5.7.11) is slightly more involved.
To prove Eq. (5.7.11), first let w = % in Eq. (5.7.10). This produces

T (UD — tan~ 1(v)/l/v Mdu

tan(G)

tan~1(v)
/ / tan™ d a0,

Letting v — 1/v in Eq. (5.7.12) gives

(5.7.12)

1
g

v -1 tan’l( 7) v? tan(9) -1
T (1,0) — tan! <1) / fan” () 4, / / fan”(2) 1.4
v v 0 u 0 0 z
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2
:(”—mwﬂm)/wwnlwhu—/MQ /Mw”mlwdmm9

2 0 U tan—1(v) JO z
Now apply Eq. (5.2.4) twice, which transforms this last identity to

T <11),v> = (g - tan_l(v)) (/011) wdu + ;Tlog(v)>

/2 g tan—1(2) T 1
- /t </0 —dz — §log (1)2 tan(0)> dé

(5.7.13)

an—1(v)

To complete the proof, simply add equations (5.7.12) and (5.7.13) together,
]

and then simplify the resulting sum.
Theorem 5.7.3. If v > 0, then the following Mahler measures hold:

m(1-—2v 2 2+ + v? - 22
1+a 4 1+a
U tan 1\ 1 1—2\?
4/m<wdu_§T(v,)+m(1_v4( m)>,
0 m v 2 1+2

W u (5.7.14)
s G L B
=5 [ B ().
m ((y—y_l) +0? G _D (Z_Z—1)>
-—iA”miﬁ$wr—;T<ui>, (5.7.16)
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(s ew = r =) (10 (ﬁ))

+
(=) (1) <1+v4 1x>

1+z
8 vt -1 16 1 4 /2
— ,/ L(u)du - =T <v, ) + —/ log (1 + v*tan(f)) do
T Jo U m v T Jo
+ log(2).

(5.7.17)

Proof. Each of these results follows, in order, from substituting Eq. (5.2.2),
Eq. (5.2.5), Eq. (5.2.6), and Eq. (5.2.7), into Eq. (5.7.11). O

Corollary 5.7.4. The following identities are true:

m((l+z2)(1+y)+1—-2)(z—y) = 2—;4(3) + 10%(2), (5.7.18)
m (4(1 +y) ) (z—z ) (z—27")) = %g(?,) (5.7.19)
m((l+z)(y—y )+(1-2)(z—27")) = ?72“3) (5.7.20)
m(161+y 4z (1492 (-2 ) (@t a 1)2)

4 (5.7.21)

Proof. To prove Eq. (5.7.18), let v = 1 in Eq. (5.7.14). From Eq. (5.7.7)
we know that T(1,1) = §G 7{( ), hence

%C(?ﬁ +1log(2) = m (1 - (Li)l <y+ 1+ﬁ>2z>

—m (42 + (1 2y + (1 - 2))2).

Now let (z,y,2) — ( e ) to obtain

%Q(S) +1log(2) =m (435 —((Q+z)y+0- a:)z)2 .73)

=m (4 —(I+z)y+ (11— a:)z)Q)
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=2m(2+ (1+2)y+ (1 —x)z).

With the final change of variables (z,y, z) — (z, y%v ﬁ), we have

7 _om 1+2) (-2
ﬁf(3)+log(2)—2 (2+ e + -z )

=2m ((1+2)(1+y) + (1 = 2)(z —y)),

completing the proof of Eq. (5.7.18).

The proof of Eq. (5.7.19) through Eq. (5.7.21) follows almost immedi-
ately from our evaluation of T(1,1). The proof Eq. (5.7.21) also requires
the fairly easy fact that foﬂ/Q log (1 + tan(f)) df = G + 7 log(2)

O]

5.8 Conclusion

In principle, we should be able to apply the techniques in this paper to
prove formulas for infinitely many three-variable Mahler measures. The
main difficulty, which is significant, lies in the challenge of finding infinitely
many Mahler measures for the arctangent and arcsine integrals. In Section
5.2 we proved one such formula for the arcsine integral, and four formulas
for the arctangent integral.
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Chapter 6

Conclusion

6.1 Computational proofs?

We will conclude this thesis by raising the question as to whether or not
computational proofs exist for formulas like (1.1.1) and (1.1.2). Indeed,
algorithms such as the PSLQ algorithm and the WZ algorithm now make
it possible for computers to both discover and prove interesting formulas
with relatively little human assistance (see [119] and [116]). For example,
Guillera recently proved the following hypergeometric series for 1/7% using
purely computational methods [118]:

128 & (=1)" /2n\°
22(22031(:) (82002 + 180n + 13) . (6.1.1)

n=0
The novelty of Guillera’s approach is that it applies to both Ramanujan’s
original formulas for 1/7 [120], and to computationally discovered examples
such as (6.1.1). At the very least, it seems extremely likely that a WZ
proof should exist for equation (1.1.1), since that identity closely resembles
formulas in [118]. Such an approach could also be used to eliminate the
algebraic K theory from proofs of similar formulas in [121] and [117].

It seems more difficult to speculate on whether or not computational
proofs should exist for identities such as (1.1.2). In Chapter 2 we reduced
that identity to an equivalent relation between a lattice sum and a hyper-
geometric function:

]./16 2n+1
( ) 2n+1
4

? 0 (_1)n1+n2+n3+n4
- nZ_m (611 — 1)2 + 3(6m2 — 1)% + 5(6m5 — 1)2 + 15(6m — 1)2)°
16{1, 3,4}
(6.1.2)

For reasons outlined in Section 2.4, it seems likely that equation (6.1.2) is
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Chapter 6. Conclusion

really a special case of a more general formula involving Meijer G-functions.
So far, we have been unable to prove or disprove this last statement.
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