
PHYS 410/555 Computational Physis: The Orbiting Dumbbell(Following Giordano, Computational Physis, Setion 4.6)Bakground: With the exeption of Hyperion, whih is one of Saturn's satellites, all of the moonsin the solar system are \spin-loked"; a moon whih is spin-loked has a rotational frequeny, !about its own spin axes whih is the same as its orbital frequeny, 
. The supposed mehanism bywhih the spin-loking omes about is somewhat involved; however the point is that Hyperion issomehow exeptional|study of its !(t) suggests that it is tumbling haotially in its orbit aboutSaturn, whih is presumably due to both to its peuliar shape (like that of an egg), and the fatthat it is in an elliptial orbit about Saturn.To investigate the e�ets of a non-spherial distribution of mass on a satellite's spin as it orbitsits parental body, we onsider the model of an \orbiting dumbbell".
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Consider two test masses, m1, m2 onneted by a massless rigid rod of length d, in orbit abouta mass, M � m1;m2 as shown in the �gure above. Let (xi; yi); i = 1; 2 be the oordinates of thetwo test masses, let (x; y) be the oordinates of the dumbbell's enter of mass, and let � be theangle the rod makes with the x-axis. De�ning� � m2m1 +m2the distanes of the masses from the enter of mass ared1 = �d d2 = (1� �)dthen xi = x � di os � yi = y � di sin �The moment of inertia of the dumbbell about (x; y) isI = m1d12 +m2d22 = m1m22(m1 +m2)2 d2 + m2m12(m1 +m2)2 d2 = m1m2m1 +m2d2The equations of motion for the body are(m1 +m2) a = (m1 +m2) �r =XF = F1 + F21



I� = I �� =X � = d1 � F1 + d2 � F2where F1 = �GMm1r13 [x1; y1℄F2 = �GMm2r23 [x2; y2℄are the gravitational fores ating on m1 and m2 respetively. The translational equations yield:(m1 +m2) �x = �GM �m1r13x1 + m2r23x2�(m1 +m2) �y = �GM �m1r13 y1 + m2r23 y2�or �x = �GM �1� �r13 x1 + �r23x2��y = �GM �1� �r13 y1 + �r23 y2�The rotational equation gives:I �� = d1 � F1 + d2 � F2 = �GMm1r13d1 (os �y1 � sin �x1) +GMm2r23 d2 (os �y2 � sin �x2)= �GMm1r13d1 (os �y � sin �x) +GMm2r23d2 (os �y � sin �x)= GM �m2r23d2 � m1r13d1� (os �y � sin �x)= GM m1m2m1 +m2d� 1r13 � 1r23� (sin �x � os �y)so �� = GMd � 1r13 � 1r23� (sin �x � os �y)Summarizing, we have: �x = �GM �1� �r13 x1 + �r23x2��y = �GM �1� �r13 y1 + �r23 y2��� = GMd � 1r13 � 1r23� (sin �x � os �y)where � � m2m1 +m2d1 = �dd2 = (1� �)dxi = x � di os �yi = y � di sin �ri3 = �xi2 + yi2�3=22



The total (onserved) energy of the system isEtot = Ttrans + Trot + Vgravwhere Ttrans � 12 (m1 +m2) � _x2 + _y2�Trot � 12 m1m2m1 +m2 d2 _�2Vgrav � �GM �m1r1 + m2r2 �
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